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(1+x)"=1+nx+(’2’)x2+---+x".



A warm-up
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Figure: Coefficients [x™](1 + x)", with n = 100.
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A warm-up

n n 2 n
(T+x)"=1+nx+ (5)x" 4+ +x".
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Figure: Coefficients [x™](1 + x)", with n = 100.

As n — oo, the graph is well-approximated by a (scaled) Gaussian centered at o = 1/2
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with variance - in a.
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Another simple example

Pick P(x) =14 x+ 3x2.
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Another simple example

Pick P(x) = 1 + x 4 3x2. Look at the coefficients of P(x)".
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Another simple example

Pick P(x) = 1 + x 4 3x2. Look at the coefficients of P(x)".
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Figure: Coefficients [x™]P(x)"; P(x) =1+ x +3x?, n= 1.
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Another simple example

Pick P(x) = 1 + x 4 3x2. Look at the coefficients of P(x)".
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Figure: Coefficients [x™]P(x)"; P(x) =1+ x +3x?, n = 2.
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Another simple example

Pick P(x) = 1 + x 4 3x2. Look at the coefficients of P(x)".
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Figure: Coefficients [x™]P(x)"; P(x) =1+ x + 3x?, n = 4.
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Another simple example

Pick P(x) = 1 + x 4 3x2. Look at the coefficients of P(x)".
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Figure: Coefficients [x"]P(x)"; P(x) =1+ x +3x?, n=17.
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Another simple example

Pick P(x) = 1 + x 4 3x2. Look at the coefficients of P(x)".
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Figure: Coefficients [x™]P(x)"; P(x) = 1+ x + 3x?, n = 10.
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Another simple example

Pick P(x) = 1 + x 4 3x2. Look at the coefficients of P(x)".
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Figure: Coefficients [x™]P(x)"; P(x) = 1+ x + 3x2, n = 20.
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Another simple example

Pick P(x) = 1 + x 4 3x2. Look at the coefficients of P(x)".
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Figure: Coefficients [x™]P(x)"; P(x) = 1+ x + 3x2, n = 100.
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Another simple example

Pick P(x) = 1 + x 4 3x2. Look at the coefficients of P(x)".
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Figure: Coefficients [x™]P(x)"; P(x) = 1+ x + 3x2, n = 100.

As n — oo, the graph is well-approximated by a (scaled) Gaussian centered at o = 7/5

. . 16 -
with variance 2% in a.
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Another motivating example

Take P(x) =5+ 24x + x5.
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Another motivating example

Take P(x) =5+ 24x + x5.
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Figure: Coefficients [x™]P(x)", with n = 100.
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Another motivating example

Take P(x) =5+ 24x + x5.
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Figure: Coefficients [x™]P(x)", with n = 100.

As n — oo, the graph is well-approximated by a (scaled) Gaussian centered at o =1
with variance 2 in a.
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Try P(x) = 2+ 2x 4+ x* — 2x% 4 2x*.



Multiple peaks

Try P(x) =2+2x+ x? — 2x3 4+ 2x*.
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Figure: Coefficients [x™]P(x)", with n = 200.
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Multiple peaks

Try P(x) =2+2x+ x? — 2x3 4+ 2x*.
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Figure: Coefficients [x™]P(x)", with n = 200.

Oscillations within Gaussian envelopes.
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Non-Gaussian

There are other limiting distributions.
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Non-Gaussian

There are other limiting distributions. Take P(x) = —1 + 5x + 5x2:
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Non-Gaussian

There are other limiting distributions. Take P(x) = —1 + 5x + 5x2:
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Figure: Coefficients [x™]P(x)", with n = 200.
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Non-Gaussian
There are other limiting distributions. Take P(x) = —1 + 5x + 5x2:
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Figure: Coefficients [x™]P(x)", with n = 200.
Spoiler: Airy-type
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Try P(x) =1 — 4x — 3x% — 4x3 + x*.



Non-Gaussian

Try P(x) =1—4x — 3x% — 4x3 + x*
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Figure: Coefficients [x™]P(x)", with n = 200.
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A menagerie

P(x) = —1+43x+ x* + x>
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Figure: Coefficients [x™]P(x)", with n = 500.
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A menagerie

P(x)=5—19x — 6x2 — 14x3 + x* + x5:
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Figure: Coefficients [x™]P(x)", with n = 500.

Note the Gaussian peak is wider.
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Let P(x) € R[x].



The question

Let P(x) € R[x].

Let Fnp(a) = [x*"]P(x)", where o = m/n.
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The question

Let P(x) € R[x].
Let Fnp(a) = [x*"]P(x)", where o = m/n.

What does the graph of F, p look like as n — co?
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The question

Let P(x) € R[x].
Let Fnp(a) = [x*"]P(x)", where o = m/n.
What does the graph of F, p look like as n — co?

o Is it like a collection of peaks?
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The question

Let P(x) € R[x].
Let Fnp(a) = [x*"]P(x)", where o = m/n.
What does the graph of F, p look like as n — co?

o Is it like a collection of peaks?

o What are the possible limiting distributions?
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The question

Let P(x) € R[x].
Let Fnp(a) = [x*"]P(x)", where o = m/n.

What does the graph of F, p look like as n — co?

o Is it like a collection of peaks?

o What are the possible limiting distributions?

We will focus on intuition and examples over technical proofs.
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@ Nonnegative Coefficients and Central Limit Theorem

© Local Limit Theorems



Generating functions

Let P(x) = ap + aix + - - - + axx” have nonnegative coefficients.

P(Z=0) =2

M
Z Pr(Z=1) =24
P(Z=2) =2

The generating function for Z is E[x?] = P(x)/P(1).

Anderson Hao (MIT-PRIMES) Limit Laws for Coefficients of Polynomial Powers October 24, 2026

12/23



Generating functions

Let P(x) = ap + aix + - - - + axx” have nonnegative coefficients.

PH(Z=0) =2
Pr(Z=1) =24

ZoNPr(Z=2) =2

B
E

The generating function for Z is E[x?] = P(x)/P(1).

Then E [XZ”'”*Z"] = P(x)"/P(1)" is the generating function for Z; + - - - + Z,.
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Generating functions

Let P(x) = ap + aix + - - - + axx” have nonnegative coefficients.

PH(Z=0) =2
Pr(Z=1) =24

ZoNPr(Z=2) =2

B
E

The generating function for Z is E[x?] = P(x)/P(1).

Then E [XZ”'”*Z"] = P(x)"/P(1)" is the generating function for Z; + - - - + Z,.

We want to know the distribution of Z1 + - -- + Z,, since graphing
P(1)" Pr[% = a} against « yields F, p.
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Central Limit Theorem

Theorem (Central Limit Theorem)

Let Z1, 25, ... be iid. copies of a scalar random variable Z of finite mean u := E[Z]
and finite nonzero variance o := Var(Z). Let S, := Zi + --- + Z,. Then the random
variables 4 (S—H" — u) converge in distribution to a random variable with the standard
normal distribution N(0,1).
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Central Limit Theorem

Theorem (Central Limit Theorem)

Let Z1, 25, ... be iid. copies of a scalar random variable Z of finite mean u := E[Z]
and finite nonzero variance o := Var(Z). Let S, := Zi + --- + Z,. Then the random
variables 4 (S—H" — u) converge in distribution to a random variable with the standard
normal distribution N(0,1).

Then &4 is approximated by a normal distribution with mean 4 and variance
2
o /n.
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Central Limit Theorem

Theorem (Central Limit Theorem)

Let Z1, 25, ... be iid. copies of a scalar random variable Z of finite mean u := E[Z]
and finite nonzero variance o := Var(Z). Let S, := Zi + --- + Z,. Then the random
variables 4 (S—H" — u) converge in distribution to a random variable with the standard
normal distribution N(0,1).

Then &4 is approximated by a normal distribution with mean 4 and variance
a?/n. In terms of P, we have
P’(1) 2 PYP'(M)-P'(1)® | P'(1)

o= P(1) TR

Anderson Hao (MIT-PRIMES) Limit Laws for Coefficients of Polynomial Powers October 24, 2026 13/23



Try P(x) = 1+ x + 3x°.



Try P(x) =1+ x+3x* Then p =1, 0° =1,



An example

Try P(x) =14 x+3x*. Then p =1, 0®> = 2, and F, p(ar)/P(1)" is close to

251
1 (a—p)
2mwno? exp (7 202 /n )
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An example

Try P(x) =14 x+3x*. Then p =1, 0®> = 2, and F, p(ar)/P(1)" is close to
a— 2
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Figure: Plot of F, p(c)/P(1)" against the predicted Gaussian, n = 100.
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An issue

The Central Limit Theorem gives only convergence in distribution.
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An issue

The Central Limit Theorem gives only convergence in distribution.
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Figure: This shape converges in distribution to the dotted line.
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An issue

The Central Limit Theorem gives only convergence in distribution.
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Figure: This shape converges in distribution to the dotted line.
We want a stronger pointwise convergence.
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@ Nonnegative Coefficients and Central Limit Theorem

e Local Limit Theorems



The Theorem (Gaussian Case)

Let P(x) € R[x] have nonnegative coefficients and not be a polynomial in x (d > 2)

after factoring out the lowest power. Then |P(z)| achieves its maximum on the unit
circle uniquely at z = 1. Let ap = %, and assume ¢, = W + P((l))

nonzero. Then for real y,

1 2
T, P(Oto+lu7 1/2) ~——— g H /2627

P(l) V2mnc

a Gaussian with variance c;.
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The Theorem (Gaussian Case)

Let P(x) € R[x] have nonnegative coefficients and not be a polynomial in x (d > 2)
after factoring out the lowest power. Then |P(z)| achieves its maximum on the unit
circle uniquely at z = 1. Let ap = %, and assume ¢, = W + P((l))

nonzero. Then for real y,

1 2
——— Fnp(ao+pn~ 1/2)N - e /A/ZCz7

P(l) V2rnc,

a Gaussian with variance c;.

Thus F, p converges pointwise to a Gaussian.
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What about non-Gaussians?
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Figure: Coefficients [x™]P(x)"; P(x) = —1 4 5x 4 5x2, n = 200.
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The Theorem

Let P(x) € R[x]. Assume |P(z)| has a unique maximum M on the unit circle, achieved
at zg. Let ¥ = z%, a0 = Plog P(z), and ¢4 be the first nonzero value of 99 log P(z)

—a iarg P(z)

for g > 2. Then for real p, letting e'® = z, e , we have

= = 1 in
w7 Fnp(co + pn /9y o p 1/"% /Rexp(—i,us + %cqiqsq) ds-e™

away from the zeros of the real-valued function Aq(p) = fR exp(fi,us + %cqiqsq) ds.
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The Theorem

Let P(x) € R[x]. Assume |P(z)| has a unique maximum M on the unit circle, achieved
at zg. Let ¥ = z%, a0 = Plog P(z), and ¢4 be the first nonzero value of 99 log P(z)

—a iarg P(z)

for g > 2. Then for real p, letting e'® = z, e , we have

= = 1 in
w7 Fnp(co + pn /ey o p 1/"% /Rexp(—i,us + %cqiqsq) ds-e™

away from the zeros of the real-valued function Aq(p) = fR exp(fi,us + %cqiqsq) ds.

If the maximum of |P(z)| is not unique, then we may sum the RHS over the maxima
with the same ayp.
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The Theorem

Let P(x) € R[x]. Assume |P(z)| has a unique maximum M on the unit circle, achieved
at zg. Let ¥ = z(f , ag = v log P(zo) and cq be the first nonzero value of 97 log P(z)

—a iarg P(z)

for g > 2. Then for real p, letting e® e , we have

= = 1 in
w7 Fnp(co + pn /ey o p l/qg/exp(—l,us—i— 2 cqifs )ds e
R

away from the zeros of the real-valued function Aq(p) = fR exp(fl,us + = qu sq) ds.

If the maximum of |P(z)| is not unique, then we may sum the RHS over the maxima
with the same ayp.

o When z =1 and P(1) > 0, the phase vanishes.
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The Theorem

Let P(x) € R[x]. Assume |P(z)| has a unique maximum M on the unit circle, achieved
at zg. Let ¥ = z(f , ag = v log P(zo) and cq be the first nonzero value of 99 log P(z)

for ¢ > 2. Then for real p, letting e® “e’ g P(z0) e have

= = 1 in
w7 Fnp(co + pn /ey o p l/qg/exp(—l,us—i— 2 cqifs )ds e
R

away from the zeros of the real-valued function Aq(p) = fR exp(fl,us + = qu sq) ds.

If the maximum of |P(z)| is not unique, then we may sum the RHS over the maxima
with the same ayp.

o When z =1 and P(1) > 0, the phase vanishes.
@ When g = 2, the amplitude A, is a Gaussian.
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The Theorem

Let P(x) € R[x]. Assume |P(z)| has a unique maximum M on the unit circle, achieved
at zg. Let ¥ = z(f , ag = v log P(zo) and cq be the first nonzero value of 99 log P(z)

for g > 2. Then for real u, letting e'® zy el e P(20) e have

= = 1 in
w7 Fnp(co + pn /ey o p l/qg/exp(—l,us—i— 2 cqifs )ds e
R

away from the zeros of the real-valued function Aq(p) = fR exp(fl,us + = qu sq) ds.

If the maximum of |P(z)| is not unique, then we may sum the RHS over the maxima
with the same ayp.

o When z =1 and P(1) > 0, the phase vanishes.
@ When g = 2, the amplitude A, is a Gaussian.
@ When g = 3, the amplitude A;(p) = fR exp( i(pus + %‘753)) ds is Airy-type.
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The Theorem

Let P(x) € R[x]. Assume |P(z)| has a unique maximum M on the unit circle, achieved
at zg. Let ¥ = z(f , ag = v log P(zo) and cq be the first nonzero value of 99 log P(z)

for g > 2. Then for real u, letting e'® zy el e P(20) e have

= = 1 in
w7 Fnp(co + pn /ey o p l/qg/exp(—l,us—i— 2 cqifs )ds e
R

away from the zeros of the real-valued function Aq(p) = fR exp(fl,us + = qu sq) ds.

If the maximum of |P(z)| is not unique, then we may sum the RHS over the maxima
with the same ayp.

o When z =1 and P(1) > 0, the phase vanishes.

When g = 2, the amplitude Aq is a Gaussian.
@ When g = 3, the amplitude A;(p) = fR exp( i(pus + %‘753)) ds is Airy-type.
On the graph, the width of a peak is of order n=1*/9.

©
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P(x) = —1 4 5x + 5x%.



Example: Airy

P(x)=-1+45x+ 5x%. Then

1 1
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Example: Airy

P(x)=-1+45x+ 5x%. Then

1 1
a]:n,P (g + un72/3) ~ n71/3§‘/kexp(—lus — /8%5 ) ds,

and

[x™P(x)" ~ 9",rl/~°’7 Ai (\3[( 3),72/3)

near o = 2, where o = m/n.
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Example: Airy

Fola)/M"
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0.00 -

—0.05 4

—0.10 4

1.500 1.550 1.600 1.650 1.700 1.750
a=mjn

Figure: Coefficients [x"]P(x)"; P(x) = —1 4 5x 4 5x2 near a = 5/3, n = 200.
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Example: Airy

n=10*

0.04
0.031
0024 °

0.014

Fola)/M"

—0.01 4

=0.02

—0.031

1.6560 1.6600 1.6640 1.6680 1.6720
a=mjn

Figure: Coefficients [x™]P(x)"; P(x) = —1 4+ 5x + 5x? near a = 5/3, n = 10*.
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Example: Airy

n=10°

0.020 1 —— exact
0.015 -
0.0109 i
0.005

0.000 -

Fpla)/M"

—0.005 -

—0.010 A

—0.015

1.66480 1.66560 1.66640 1.66720
a=mjn

Figure: Coefficients [x™]P(x)"; P(x) = —1 4+ 5x + 5x? near a = 5/3, n = 10°.
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Example: Airy

Fala)/M"

n=10°

0.0100
0.0075 A
0.00501 ;"
0.0025 {]
0.0000
~0.0025 {

—0.0050 1

—0.0075 1

1.66615 1.66630 1.66645 1.66660 1.66675 1.66690
a=mjn

Figure: Coefficients [x™]P(x)"; P(x) = —1 4+ 5x + 5x? near a = 5/3, n = 10°.
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Fpla)/M"

Example: Airy

n=10°

0.00100 A

0.00075

0.00050 -

0.00025 -

0.00000 -

—0.00025 -

—0.00050 -

—0.00075 -

1.6666615 1.6666630 1.6666645 1.6666660 1.6666675 1.6666690
a=mjn

Figure: Coefficients [x™]P(x)"; P(x) = —1 4+ 5x + 5x? near a = 5/3, n = 10°.
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Fpla)/M"

Example: Airy

n=10°

0.00100 A

0.00075

0.00050 -

0.00025 -

0.00000 -

—0.00025 -

—0.00050 -

—0.00075 -

1.6666615 1.6666630 1.6666645 1.6666660 1.6666675 1.6666690
a=mjn

Figure: Coefficients [x™]P(x)"; P(x) = —1 4+ 5x + 5x? near a = 5/3, n = 10°.

Very nice :)

Anderson Hao (MIT-PRIMES) Limit Laws for Coefficients of Polynomial Powers October 24, 2026

21/23



Acknowledgements

| would like to thank my PRIMES Mentor, Dmitry Krachun, for his patience and
guidance throughout the past year. | would not have come nearly as far without his
mentorship.

| am also grateful to the MIT-PRIMES organizers for making this program possible.

| would also like to thank to my friends and family for all of their support.

Anderson Hao (MIT-PRIMES) Limit Laws for Coefficients of Polynomial Powers October 24, 2026 22/23



Thank you for your attention!

Questions?
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