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Background: Voting Regime

Our research used the following regime:
o Fixed, odd number of voters, m=2¢ -1
@ Large number of alternatives/candidates, n — oo

Recent developments in LLMs motivate the study of this regime.
o Fixed number of expert labelers (voters)

@ Large number of model responses (alternatives)

@ Each voter provides a preference ranking over all alternatives

o Ex. Pizza > Tacos > Hamburgers
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Background: Voting Distributions

To study this mathematically, we employ two voting distributions:
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Background: Voting Distributions

To study this mathematically, we employ two voting distributions:

Impartial Culture

All voters independently choose one of the n! possible preference rankings
uniformly at random.

Luce Model

Each alternative has a weight \; € [A, B] representing how likely it is to be

ranked highly. Each voter independently samples a preference ranking from
the following distribution:

_ >\I'1 >\I'2 A’.nfl
= X X oo X ——.
Aip + oo A A+ A Ay + A,

P(iy > ip = ... > ip)
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Background: Majority Digraph

Strict Majority Digraph

A graph G = (V, E) where V is the set of alternatives and (v1,v2) € E if
a strict majority of voters prefer v; over vs.

A-B>~C>=D>E
D-~B>~A~-E>~C
E-B>-A>~D>C
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Background: Condorcet Winner

Condorcet Winner

A Condorcet winner is an alternative that is preferred by a majority of
voters over any other alternative in pairwise comparisons.
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Background: Condorcet Winner

Condorcet Winner

A Condorcet winner is an alternative that is preferred by a majority of
voters over any other alternative in pairwise comparisons.

Condorcet Paradox

Consider three alternatives A, B, C, and three voters who rank

A=-B>C B-=C>A C’

(e —®)

C-A~-B

Then, no Condorcet winner exists.
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Background: Smith Set

One generalization of the Condorcet winner is dominating sets.
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Background: Smith Set

One generalization of the Condorcet winner is dominating sets.

Dominating Set

A set of alternatives is dominating if all alternatives in the set are preferred
by a majority of voters over all alternatives outside the set.

There can be multiple dominating sets. For example, V' is always a
dominating set. However, dominating sets form a strict chain under set
inclusion.

The Smith set S is the smallest dominating set.
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Background: Smith Set + Majority Digraph

A-B>~C~=D>E
D-B>-=A~E>C
E-B-A>-D>C

S=1{AB,D}
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Background: Smith Set + Majority Digraph

A-B>~C~=D>E
D-B>-=A~E>C
E-B-A>-D>C

S={A,B,D}

Majority Cycle
A set of alternatives forms a majority cycle if their induced subgraph is
Hamiltonian.
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Our Question

Let Sy, be the Smith set under a specified voting regime with an odd
number of voters m and n — oo alternatives. For any integer 1 < s < n,
what is the asymptotic probability that |Sp, | = s7
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Our Question

Let Sy, be the Smith set under a specified voting regime with an odd
number of voters m and n — oo alternatives. For any integer 1 < s < n,
what is the asymptotic probability that |Sp, | = s7

We conjectured that majority cycles occur with high probability, so we
used the upper bound

P(Sm,n = S) < IP(S is dominating).
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Simulations
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Impartial Culture and Luce Model Results

Foralll<s<n-—1

min{s,n — s} | P(|Sm.n| = s) Decay Rate
Constant Polynomial
w(1) Super-Polynomial
O(n) Exponential
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Impartial Culture and Luce Model Results

Foralll<s<n-—1

min{s,n — s} | P(|Sm.n| = s) Decay Rate
Constant Polynomial
w(1) Super-Polynomial
O(n) Exponential

Theorem (Majority Cycle)

The probability that the majority digraph has a Hamiltonian cycle is

1 0 ()
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Impartial Culture Results

Let m=2¢ — 1. Then,

Let v, be a constant whose formula is omitted for conciseness. Then, all
integers 1 < s < n/2 satisfy,

s\ s(¢-1)/¢
P(|Smn| = 5), B(|Smn| = n—5) < <,Ym,;) ‘
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Impartial Culture Results

Let m=2¢ — 1. Then,

Let v, be a constant whose formula is omitted for conciseness. Then, all
integers 1 < s < n/2 satisfy,

s\ s(¢-1)/¢
P(|Smn| = 5), B(|Smn| = n—5) < <,Ym,;) ‘

Let (&) : [0,1] — [0,1] be a function whose formula is omitted for
conciseness. Then, for sufficiently large n and some e = O (n_l/ (’"+1)),

P(Snal =5) < (1) (¢ (£) +9)".
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Impartial Culture Results cont.

The majority cycle theorem lets us calculate tight lower bounds,

For any fixed cardinality s > 3,

P(|5m,n

=5s) :@(n*#).

As n — oo, uniformly over integers n/v/Inn <s<n-—1,

(25=9) "¢ 2) o).

S

Zachary Berchenko Smith Set Cardinality October 2026 12/19



Acknowledgements

Zack Berchenko would like to thank Kaizhao Liu for his amazing
mentoring throughout this research process. Zack is also incredibly
grateful to the MIT PRIMES program for the opportunity to conduct this
fascinating research.

Zachary Berchenko Smith Set Cardinality October 2026 13/19



References |

B
B
[

Arrow, Kenneth J (2012). Social choice and individual values. \ol. 12.
Yale University Press.

Bell, Colin E. (1978). “What happens when majority rule breaks
down?" In: Public Choice 33, pp. 121-126.

— (1981). "A Random Voting Graph Almost Surely Has a
Hamiltonian Cycle When the Number of Alternatives Is Large”. In:
Econometrica 49.6, pp. 1597-1603. 1ssN: 0012-9682. DOT:
10.2307/1911423. JSTOR: 1911423. (Visited on 10/03/2025).
Brandt, Felix et al. (2016). Handbook of Computational Social Choice.
Cambridge University Press.

Camion, Paul (1959). “Chemins et circuits hamiltoniens des graphes
complets”. In: Comptes Rendus Hebdomadaires Des Seances De L
Academie Des Sciences 249.21, pp. 2151-2152.

Zachary Berchenko Smith Set Cardinality October 2026 14 /19


https://doi.org/10.2307/1911423
http://www.jstor.org/stable/1911423

References Il

[4 Condorcet, Nicolas de et al. (2014). Essai sur I'application de I'analyse
a la probabilité des décisions rendues a la pluralité des voix. Cambridge
University Press.

[4 Cover, Thomas and Joy Thomas (2006). Elements of Information
Theory. Second. John Wiley & Sons, Inc.

[d Dai, Zheng and David Gifford (2023). “Fundamental limits on the
robustness of image classifiers”. In: The Eleventh International
Conference on Learning Representations. URL:
https://openreview.net/forum?id=gpmL0OD4VjN4.

[d Easley, David, Jon Kleinberg, et al. (2010). Networks, crowds, and
markets: Reasoning about a highly connected world. Vol. 1. Cambridge
University Press.

[§ Garman, Mark B and Morton | Kamien (1968). “The paradox of
voting: Probability calculations”. In: Behavioral Science 13.4,
pp. 306-316.

Zachary Berchenko Smith Set Cardinality October 2026 15/19


https://openreview.net/forum?id=gpmL0D4VjN4

References IlI

[4 Gehrlein, William V (2006). Condorcet’s paradox. Springer.

[4 Guilbaud, Georges Théodule (1952). “Les théories de I'intérét général
et le probleme logique de I'agrégation”. In: Economie appliquée 5.4,
pp. 501-584.

[4 Harary, Frank and Leo Moser (1966). “The Theory of Round Robin
Tournaments”. In: The American Mathematical Monthly 73.3,
pp. 231-246. 1SsN: 00029890, 19300972. URL:
http://www.jstor.org/stable/2315334 (visited on 08/15/2026).

@ Harper, L.H. (1999). “On an isoperimetric problem for Hamming
graphs”. In: Discrete Applied Mathematics 95.1, pp. 285-309. ISSN:
0166-218X. pDoI:
https://doi.org/10.1016/50166-218X(99)00082-7. URL:
https://wuw.sciencedirect.com/science/article/pii/
S0166218X99000827.

Zachary Berchenko Smith Set Cardinality October 2026 16 /19


http://www.jstor.org/stable/2315334
https://doi.org/https://doi.org/10.1016/S0166-218X(99)00082-7
https://www.sciencedirect.com/science/article/pii/S0166218X99000827
https://www.sciencedirect.com/science/article/pii/S0166218X99000827

References IV

[4 Liu, Kaizhao et al. (2026). “Statistical impossibility and possibility of
aligning LLMs with human preferences: From Condorcet paradox to
Nash equilibrium”. In: The Annals of Statistics 54.4, pp. 2110-2135.
1SSN: 0090-5364, 2168-8966. DOI: 10.1214/26-A0S2643.

[4 May, Robert M (1971). “Some mathematical remarks on the paradox
of voting”. In: Behavioral Science 16.2, pp. 143-151.

[4 Mossel, Elchanan (Mar. 2010). “Gaussian Bounds for Noise Correlation
of Functions”. In: Geometric and Functional Analysis 19.6,
pp. 1713-1756. 1sSN: 1420-8970. DOT:
10.1007/500039-010-0047-x. (Visited on 04,/20,/2026).

[4 Munos, Remi et al. (2024). “Nash Learning from Human Feedback” .
In: International Conference on Machine Learning. PMLR,
pp. 36743-36768.

Zachary Berchenko Smith Set Cardinality October 2026 17 /19


https://doi.org/10.1214/26-AOS2643
https://doi.org/10.1007/s00039-010-0047-x

References V

[ Ouyang, Long et al. (2022). “Training language models to follow
instructions with human feedback”. In: Advances in Neural Information
Processing Systems 35, pp. 27730-27744.

[4 Polyanskiy, Yury and Yihong Wu (2025). Information theory: From
coding to learning. Cambridge University Press.

[4 Sauermann, Lisa (2022). “On the probability of a Condorcet winner
among a large number of alternatives”. In: arXiv preprint
arXiv:2203.13713. URL: https://arxiv.org/abs/2203.13713.

[4 Sen, Amartya (2017). Collective choice and social welfare: Expanded
edition. Penguin UK.

[4 Shi, Zhekun et al. (2025). “Fundamental limits of game-theoretic llm
alignment: Smith consistency and preference matching”. In: arXiv
preprint arXiv:2505.20627.

Zachary Berchenko Smith Set Cardinality October 2026 18/19


https://arxiv.org/abs/2203.13713

References VI

B

B

Shoham, Yoav and Kevin Leyton-Brown (2008). Multiagent Systems:
Algorithmic, Game-Theoretic, and Logical Foundations. Cambridge
University Press.

Smith, John H (1973). “Aggregation of preferences with variable
electorate”. In: Econometrica: Journal of the Econometric Society,
pp. 1027-1041.

Tsetlin, Ilia, Michel Regenwetter, and Bernard Grofman (2003). “The
impartial culture maximizes the probability of majority cycles”. In:
Social Choice and Welfare 21, pp. 387-398. URL:
https://doi.org/10.1007/s00355-003-0269-z.

Xiao, Jiancong et al. (2025). “Theoretical tensions in RLHF:
Reconciling empirical success with inconsistencies in social choice
theory” . In: arXiv preprint arXiv:2506.12350.

Zachary Berchenko Smith Set Cardinality October 2026 19/19


https://doi.org/10.1007/s00355-003-0269-z

