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Elementary symmetric polynomial

The k-th elementary symmetric polynomial ek is the polynomial over ℓ ≥ k
variables defined by

ek(x1, x2, . . . , xℓ) =
∑︂

1≤i1<i2<···<ik≤ℓ

xi1xi2 . . . xik

Example (e2)

e2(x1, x2, x3, x4) = x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4

Rohith Thomas Symmetric Polynomial Maps on Partitions October 24, 2026 2 / 17



Elementary symmetric polynomial

The k-th elementary symmetric polynomial ek is the polynomial over ℓ ≥ k
variables defined by

ek(x1, x2, . . . , xℓ) =
∑︂

1≤i1<i2<···<ik≤ℓ

xi1xi2 . . . xik

Example (e2)

e2(x1, x2, x3, x4) = x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4

Rohith Thomas Symmetric Polynomial Maps on Partitions October 24, 2026 2 / 17



What is prek?

Definition
For a partition λ and integer k , the map prek is the partition composed of the
summands of ek evaluated at λ (Ballantine, Beck, and Merca [1]).

Example
▶ λ = (4, 3, 2, 1)
▶ k = 2

e2(λ1, λ2, λ3, λ4) = λ1λ2 + λ1λ3 + λ1λ4 + λ2λ3 + λ2λ4 + λ3λ4

= 12 + 8 + 4 + 6 + 3 + 2

pre2(λ) = (12, 8, 6, 4, 3, 2)
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Study of injectivity

We say prek is injective over P(n) if for any two partitions λ, µ of size n,

prek(λ) = prek(µ) =⇒ λ = µ.

Remark

Why study over P(n):
▶ λ = (2, 2) ∈ P(4)
▶ µ = (4, 1) ∈ P(5)

pre2(λ) = (4) = pre2(µ)
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Previous work on prek

Theorem (Li [2])

For integers n ≥ 2, the map pre2 is injective on P(n).

Theorem (Ballantine, Nazir, Tenner, Westrem, Zhao. [3])

For integers n ≥ k ≥ 2, the map prek is injective over the set of partitions with at
least k 1’s or (k − 1) 1’s and at least one prime part.

Theorem (Hadelyn, Niergarth, Li, Li. [4])

For integers n ≥ k ≥ 3, the map prek fails to be injective over partitions of size n
with length 2k.
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Our work on prek I

Theorem (T.–Tung)

Let ℓ ≥ k ≥ 2 and λ, µ ∈ Pℓ(n). If λi = µi for 1 ≤ i ≤ k − 1 and
prek(λ) = prek(µ), then λ = µ.

Example

If k = 2:
λ1 = µ1
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Our work on prek II

Theorem (T.–Tung)

For integers m ≥ k ≥ 2 and n ≥ 0, the map prek is injective on the set of m-ary
partitions of n with at least k parts.

Example
▶ n = 16, m = 3, k = 3, pre3(λ) = (81, 27, 27, 9).
▶ 1′s = 1
▶ 3′s = 2
▶ 9′s = 1

Thus, λ = (9, 3, 3, 1).
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Complete homogenous polynomials and prhk

The k-th complete homogenous symmetric polynomial hk is the polynomial over ℓ
variables defined by:

hk(x1, x2, . . . , xℓ) =
∑︂

1≤i1≤i2≤···≤ik≤ℓ

xi1xi2 . . . xik .

Example (h2)

h2(x1, x2) = x21 + x1x2 + x22

Definition
For a partition λ and integer k , the map prhk is the partition composed of the
summands of hk evaluated at λ.

Example (prh2)

prh2(λ1, λ2) = (λ2
1, λ1λ2, λ

2
2)
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Injectivity of prh

We say prhk is injective over P(n) if for any two partitions λ, µ of size n,

prhk(λ) = prhk(µ) =⇒ λ = µ.

Theorem (T. – Tung)

For positive integers k, the map prhk is injective over P.
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Young diagrams

The Young diagram of a partition λ := (λ1, λ2, . . . , λℓ) is collection of boxes
arranged in left-justified rows with ℓ total rows, and with row i having λi

boxes.

Example

λ = (3, 2, 1)

The skew shape λ/µ is the shape represented as the Young diagram of λ without
the Young diagram of µ.

Example

λ/µ = (3, 2, 1)/(2, 1)
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Semi-Standard Young Tableaux

A skew semi-standard Young tableau (SSYT) of shape λ/µ is a filling of the
squares of λ/µ with positive integers such that

▶ the entries are weakly increasing along every row

▶ the entries are strictly increasing down every column

For a given SSYT T and a set of variables x = (x1, x2, . . . , xn), we let

xT = x#1′s
1 x#2′s

2 · · · x#n′s
n .

Example

λ = (3, 2, 1) T = 1 1 2

2 3

3

If x = (x1, x2, x3), then xT = x21 x
2
2 x

2
3 .
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(Skew) Schur symmetric polynomial

The (skew) Schur polynomial sλ/µ(x) where x = (x1, x2, . . . , xℓ) is defined
as

sλ/µ(x) =
∑︂

T∈SSYT

xT

where the SSYT’s are over the set {1, 2, . . . , ℓ}.

Example

λ = (2, 1), µ = ∅, x = (x1, x2, . . . , xn) for n ≥ 3. 1 ≤ i < j < k ≤ n

i j

k

i k

j

i i

j

i j

j

Thus, it follows that

s(2,1)(x1, . . . , xn) =
∑︂

1≤i<j≤n

(x2i xj + xix
2
j ) + 2

∑︂
1≤i<j<k≤n

xixjxk .
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What is prsλ
Definition
For a partition λ, the map prsλ′/µ′ is the partition composed of the summands of
sλ′/µ′ evaluated at λ.

Example

λ′ = (2, 1), µ′ = ∅, λ = (10, 5, 3).

s(2,1)(x) = x21 x2 + x1x
2
2 + x21 x3 + x1x

2
3 + x22 x3 + x2x

2
3 + x1x2x3 + x1x2x3

prs(2,1)(λ) = (500, 300, 250, 150, 150, 90, 75, 45)

We say prsλ′/µ′ is injective over P(n) if for any two partitions λ, µ of size
n,

prsλ′/µ′(λ) = prsλ′/µ′(µ) =⇒ λ = µ.

▶ prs(1k ) = prek

▶ prs(k) = prhk
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Results on prsλ

Theorem (T.– Tung)

For all positive integers n ≥ 2, the map prs(2,1) is injective on the set of partitions
of n with at least two parts.

Sketch of proof:

▶ Suffices to show λ1 = µ1.

▶ s(2,1) =
1
3 (p

3
1 − p3)

▶
∑︁

λ3a

i =
∑︁

µ3a

i

▶ λ1 = lima→∞(
∑︁

λa
i )

1/a
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∑︁

λa
i )

1/a
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Future directions

For every two-row partition λ′ the function prsλ′ is injective on P(n)?

s(2,1) =
1

3
(p31 − p3)

s(1,1) = e2 =
1

2
(p21 − p2)

sλ =
1

n
(pn1 − pn)?
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