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Introduction




NLP and Word Embeddings

Natural language processing (NLP) is the study of how computers can
work with human language.

Definition (Word embedding)

A word embedding assigns to every word in a vocabulary V a vector in RY,
where the dimension d is much smaller than the number of words |V/|.

e Typically d is between 50 and 600, ¥ queen
while |V| is between 10* and 10°. %
@ Good embeddings encode meaning in
their geometry. For example, d
——wbdman

. o
king — man + woman = queen. man

e Embeddings are still trained from scratch for medical, legal, and
scientific text, so training speed matters.
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The word2vec Models

Introduced by Mikolov et al. in 2013:

Definition (word2vec)

word2vec is a family of two models that learn embeddings with a shallow
neural network.

The idea is that a word is described by the words around it, the C words on
each side of a target word (the “context” words).

In “the young fellow named John loved math” with C = 2, the target word
is John and its context words are fellow, named, loved, and math.

e Continuous bag-of-words (CBOW) averages the context words and
predicts the target word.

o Skip-gram uses the target word to predict each context word.

Kulkarni, Sheng, Wu Directional Curvature for word2vec 3/25



CBOW as an Optimization Problem

Every word gets two vectors, one used when it appears as context and one
used when it is the target.

We write v,, and u,, for the two vectors of a word w.

Definition (CBOW model)

Let h be the average of the 2C context vectors. The CBOW model gives
each word w the probability p,, o e{tw:h),

Definition (Loss)

The loss on one example is — log p,,, where w is the correct word. Training
minimizes the average loss L(6) over all 2|V/|d numbers 0.
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First-Order and Second-Order Optimization

Definition (Direction & distance)

A direction is a vector A with ||A|| = /A2 + .-+ A2 = 1. The distance
is the number t > 0 we travel, giving the update 6 < 6 + t A.

A = (0.6, 0.8) has |A]| = 1; with t = 0.5, § moves by (0.3, 0.4).

o First-order methods (SGD, Adam) use only the gradient, so the
distance must be hand-tuned.
@ Second-order methods also use the curvature, which tells us how far

to go.
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The Loss Along a Line

Fix 0 and A, and write ¢(t) = L(0 + t A) for the loss along the line.

Definition (Rate of decrease & curvature)

The rate of decrease along A is g = —¢/(0), and the curvature along A is
r = 0"(0).

We can then do the following second order taylor like expansion to get the
optimal step size:

£(t) zé(O)—gtvL%/itz = t =

= |0

Note that this resembles Newton's method!
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The RED Algorithm

RED (Rescaled-Exponential-Decay) uses the curvature to choose the
distance. We need just one number, «; the algorithm proceeds as follows.

© Take A from a base optimizer (we use the normalized negative
gradient).

© Measure g and x along that one direction.
© Step 0 + 0+ (g/r) A.

Fact (de Gournay—Gossard, 2022)

If the curvature along the line stays below 2k, this step is guaranteed to
decrease the loss.

Kulkarni, Sheng, Wu Directional Curvature for word2vec 7/25



Motivating Questions

Training word embeddings means minimizing a loss.

Second-order methods also use the curvature of the loss.

Hence, we were curious about the following questions:

Question #1

Can we compute the curvature of word2vec as efficiently as its gradient?

Question #2

How does the curvature behave during training?

Question #3

Does curvature-aware training give better word embeddings?
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Theoretical Results




Scores and Their Rates

Definition (Score)

The score of a word w is s, = (uy, h).

Definition (Rate)

The rate of s, along A is §, = % sw(f + tA)!tZO.

o

Example

The score of John is Sjonn = (Ujohns h). If Sjonn > 0, the model becomes
more confident in John. )
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A Formula for the Curvature

Fact (Kulkarni—-Sheng—Wu, 2026; cf. Schraudolph, 2002)

As we move along A, the score of every word changes at its own rate s,
and ‘
k = Varp () + 2 < Z (pw — 1w = target]) i, h>
~———

w
always >0 ~ ~~ 4

the only part that can be negative

where $,, = (i, h) 4 (uy, h), and the dot means the rate of change along
A.

v

o Both terms are constructed from quantities the gradient already
computes.

@ A similar formula holds for skip-gram.
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On the Computation of Curvature

In general, x costs a constant number of gradient computations.

Theorem (Kulkarni-Sheng—\Wu, 2026)

For CBOW and skip-gram, a one-pass algorithm gives the gradient and
together in O((|V|+ C)d) time.

© Average the 2C context vectors. O(Cd)
@ Score every word in the vocabulary. Oo(|V|d)
© Construct the gradient and ~ from the scores. Oo(|V|d)

Answer to Question #1

Yes! Same order as the gradient alone, and this is optimal.
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Curvature Bounds

Let B be the largest norm of any word vector.

Theorem (Kulkarni-Sheng—\Wu, 2026)

For CBOW with 2C distinct context words, every direction satisfies

1 1 1 1
——= <k < B(SHoc)+—=

JC = 2" 2¢c) T T

Adding a penalty 3||0||? to the loss shifts both bounds up by \.

v

With C = 10, we get —0.32 < x < 0.55 B2 + 0.32.

Once \ > l/ﬁ the curvature is positive and bounded.

Kulkarni, Sheng, Wu Directional Curvature for word2vec 12 /25



Curvature Bounds in Practice

Curvature for each batch (the examples used in one step), with C = 10
and A =10"".

o Directional Curvature and Theoretical Bounds

—— Lower bound

s Upper bound (off scale) Effective Step Sizes Over Training

10"

o
2

Directional Curvature
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Answer to Question #2

The curvature stays bounded, inside the range the theorem predicts.
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Experimental Results




Experimental Setup

@ We trained the same word2vec model on the Simple English Wikipedia
dataset (13 million words).

@ Each time, we changed only the optimizer, with 3 runs per optimizer.

@ We noted the loss throughout training.
o An epoch is one pass through the data.
o The test loss is the loss on text not used for training.

@ We evaluated the embeddings on WordSim-353, SimLex-999
(similarity), and the Google Analogy Test Set.

@ Our code can be found on GitHub! for reproducibility.

Thttps://github.com/ak4774971/PRIMES-2026-Code
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The Curvature-Rescaled Step

Every optimizer computes a search vector p, from the gradient and moves
in the direction Ay = —py /|| pxl|-

o Baselines step a fixed amount, 0,11 = 0x — 1 px.
@ The RED family travels the distance t, = ¢ - orr Ek , where gy is the
Fr'
rate of decrease along Ay, Rk is a running average of recent
curvatures, and ¢ is a constant.

If recent curvatures were 0.9, 1.1, 1.0, then 7y ~ 1.0. With ¢ = 2, this is
the step t = g/ from before.
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The Six Optimizers

Optimizer Search vector py Step
SGD [Robbins & Monro, 1951] gradient ﬂxed n
Adam [Kingma & Ba, 2015] momentum, rescaled per coordinate | fixed n

AdaHessian [vao et al, 20217 | momentum, rescaled by curvature | fixed n

RED [de Gournay & Gossard, 2022] gradient tk
RED-M [ours momentum ty
RED-Hessian [our same as AdaHessian ti

Table: Green entries change SGD; red entries are the same as in SGD.

Momentum is a running average of the past gradients.
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Results (Loss)

Test Loss
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RED reaches a higher test loss than SGD.
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Results (Embedding Quality)

Optimizer . Similarity (p) Google Analogy (%)
SimLex-999 | WordSim-353 | Top-1 | Top-3 | Top-5

SGD 0.275 0.633 61.08 | 77.76 | 82.14
Adam 0.306 0.649 58.44 | 76.28 | 81.08
AdaHessian 0.305 0.594 47.40 | 64.32 | 70.18
RED 0.267 0.641 50.86 | 77.10 | 81.82
RED-M 0.306 0.643 57.66 | 75.50 | 80.38
RED-Hessian 0.289 0.523 40.83 | 57.04 | 63.39

Table: Best and worst in each column.

Answer to Question #3

Not in general. Adam is best on similarity and SGD on analogy. Plain RED

is worse than SGD in four of the five columns.
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Comparison of Test Loss and Embedding Quality

601 & 8 %8, e SGD
J .*'o%Q' O .:.. Adam

50 ° o ° 0‘ g ® o o AdaHessian
o ° 8 % s RED

o ° o RED-M
o RED-Hessian

*
401 ¢
)
30 4 ‘ *
20 1

10

Google top-1 accuracy (%)

6.25 6.50 6.75 7.00 7.25 7.50 7.75 8.00 8.25
Test loss

At the lowest test loss, embedding quality spans a large range.
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Conclusion




Conclusion

The curvature of word2vec costs the same as the gradient.
The curvature is bounded, and positive under a penalty.
RED reaches a higher test loss than SGD.

Adam has the best similarity score, SGD is the best for analogy scores.

Lowest test loss does not mean the best embeddings.
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Thank you! Any questions?
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