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Motivation

The Uncertainty Principle states that a wave cannot be simultaneously
concentrated in both position and frequency.
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Uncertainty Principle
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Uncertainty Principle

The fractal uncertainty principle (FUP) says that a function and its
Fourier transform cannot both be strongly concentrated on fractal sets.
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Discrete Cantor Sets

We use discrete Cantor sets as our fractals, constructed from alphabets
of allowed digits.
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Discrete Cantor Sets

We use discrete Cantor sets as our fractals, constructed from alphabets
of allowed digits.

An alphabet A C {0,1,...,M — 1} is a set of allowed base-M digits. In
this project, we study the square alphabet.

Let M =5 and A = {0%,12,2?}. \
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Discrete Cantor Sets

Choose base M and alphabet A C {0,1,..., M — 1} of allowed digits.
Definition

Ck :{ao-l—alM—|--~-+ak_1Mk_1 D aj E.A} CZMk
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Discrete Cantor Sets

Choose base M and alphabet A C {0,1,..., M — 1} of allowed digits.

Definition

Ck :{ao-l—alM—|--~-+ak_1Mk_1 D aj E.A} CZMk
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M=5and A={0,1,4}

. . . . | A
The Hausdorff dimension of these Cantor sets is given by § = %lml'
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Discrete Fourier Transform
Suppose that we have a function
f:{0,--- ,N-1} - C.

We view f as a vector in CN. The discrete Fourier transform on CN, where
N € N, is defined as

Definition
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Discrete Fourier Transform
Suppose that we have a function
f:{0,--- ,N-1} - C.

We view f as a vector in CN. The discrete Fourier transform on CN, where
N € N, is defined as

Definition

The norm | f|| for functions f € CV is defined as

Definition

N-1
111 = IF(D2.
=0
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Example of Fourier transform

Let £ = (1,0,0,0,0,0,0,0).

sl
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Discrete Cantor sets and Fourier transform
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Discrete Cantor sets and Fourier transform
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Discrete Cantor sets and Fourier transform
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Fractal Uncertainty Principle (FUP)

The fractal uncertainty principle measures how difficult it is for a function

and its Fourier transform to both remain concentrated on the same Cantor
set.

Theorem (FUP Dyatlov—Jin)

There exists > max(0, % — ) such that for any € > 0

|Le, Fnle,|| < CN-PTe, N = Mk
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Theorem (FUP Dyatlov—Jin)
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5 is called the fractal uncertainty exponent and is given by

I 1 1
k—00 k log M
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Fractal Uncertainty Principle (FUP)

The fractal uncertainty principle measures how difficult it is for a function
and its Fourier transform to both remain concentrated on the same Cantor
set.

Theorem (FUP Dyatlov—Jin)

There exists > max(0, % — ) such that for any € > 0

|Le, Fnle,|| < CN-PTe, N = Mk

5 is called the fractal uncertainty exponent and is given by

I 1 1
k—00 k log M

Main Goal: A larger § value signifies faster decay and stronger
uncertainty.
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Question

Does FUP still hold with dilated Cantor sets?
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Dilated Cantor Sets

Instead of studying original Cantor sets Cy, we stretch these sets by a
factor of a € [1, M).

Definition

Ce(N) = {[aj] :j€C}, N=aMk
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Dilated Cantor Sets

Instead of studying original Cantor sets Cy, we stretch these sets by a
factor of a € [1, M).

Definition

Ce(N) = {[aj] :j€C}, N=aMk

Cantor set
fo—o O —o——]
0
Dilated Cantor set
(dilated by a)
po—c- > ]
0
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Results

Theorem (Li)

lete>0,1>06>0 and A={0212,..., (M° —1)%}. Then,

H]lck(N)}—NﬂCk(N)H < N*(%*Xﬂs)ﬂ, N = aMk

for all but a small proportion of values of o that vanishes as M — oo, and
0< X1 <1

v
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Results

Theorem (Li)
lete>0,1>06>0 and A={0212,..., (M° —1)%}. Then,

H]lck(N)]:Nﬂck(N)H < N*(%*Xﬂs)ﬂ, N = aMk

for all but a small proportion of values of o that vanishes as M — oo, and
0< X1 <1

v

This theorem improves on the previous lower bound

1
6>§_57

which has total possible improvement of g. This theorem improves this
previous lower bound by (1 — X1)J.
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Results

Lete>0,1>6>0 and A={0212,...,(M° —1)°}. If & =2 €Q
and ¢ (M‘s — 1) <b<C (I\/I‘s — 1) for some constants ¢, C > 0, then

Le, o Fule,ml| < NG+ N = amk,

where 0 < X, < 1.
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Results

Lete>0,1>6>0 and A={0212,...,(M° —1)°}. If & =2 €Q
and ¢ (M‘s — 1) <b<C (M‘s — 1) for some constants ¢, C > 0, then

H]lck(/v)f/vﬂck(/v)ﬂ < N‘(%—X25)+f, N = aM¥k,

where 0 < X, < 1.

This theorem gives the stronger lower bound

52%—)(2(5—6.

This improves on the general lower bound of 1 — 4 on 3 by (1 — X29).
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Details of Proof

Theorem (Kangabire)

If N=aMkeN for M,k € N and o € QN [1, M), then there exists a
global constant C such that

[ Le, (nFnleymll* < aCGK
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Details of Proof

Theorem (Kangabire)

If N=aMkeN for M,k € N and o € QN [1, M), then there exists a
global constant C such that

[ Le, (nFnleymll* < aCGK

Definition

L

—27il?
§ :e 2rilcy
0

L
G=M1 supz ( sup
=

x€R q=0 Y€Jx,q

>, L=M°—1.

Jg=Xx+ qu +[0,p], ~v= p>0 (small)

o
M’
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Details of Proof

(REDACTED)

Until further notice

Bounds on Fractal Uncertainty Exponent October 2026 14 /17



Future work

@ Find a optimal lower bound for 3
o Consider alphabets Ay = {09,19,....(M° — 1)}, d>3
@ Consider any alphabet A
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