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Eigenweights
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Motivation

Hasse—Weil zeta function

Riemann zeta function,
built from natural numbers:

Riemann

Burak Aricioglu

A Closed Formula for Eigenweights

Hasse—Weil zeta function,
built from a curve C over F:

1
Z (qdeg(D) )s

DEDiVZO C

.

Hasse Weil
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Shtukas are Shtukas!
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Shtukas

Shtukas are Shtukas!
o Russian for thing

e Geometric objects built from a curve C over F; and a group G.
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Motivation

Shtukas

Shtukas are Shtukas!

o Russian for thing

e Geometric objects built from a curve C over F; and a group G.

@ The space of all Shtukas has a volume we can measure!
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Motivation

Arithmetic volume of Shtukas

Theorem (Feng—Yun—Zhang, 2026)

For a split semisimple group G, a minuscule coweight p, and a curve C
over [Fy, we have

Vol(Shtg’#) = q(g_l)dimG (=logq)™"

(&)

n
g P92 [ Celens s+ d;)

j=1

s=0

@ g is the genus of C.
@ n is the rank of G.

e The ¢, ; are called eigenweights. They depend on G, 1, and j.
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Eigenweights

Lie groups

Wang—Wei (2026) computed eigenweights using Lie algebras and their
representations.
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Eigenweights
Lie groups
Wang—Wei (2026) computed eigenweights using Lie algebras and their
representations.
Definition

A Lie group is a smooth space (a manifold) with smooth
multiplication and inverse operations.
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Eigenweights
Lie groups
Wang—Wei (2026) computed eigenweights using Lie algebras and their
representations.

Definition

A Lie group is a smooth space (a manifold) with smooth
multiplication and inverse operations.

Example

9o+ g

o Lie group: the rotations of the plane.

go=1 e Group operation: g, gs = 90+
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Eigenweights

Lie algebras

A
™ +
Definition £%
A Lie algebra is the tangent space :i/l &
at the identity of a Lie group. et Tangent space at T

Figure: SO(3) > so0(3) [Mat21]
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Eigenweights

Lie algebra classifications

We're only concerned with complex, simple Lie algebras.

These Lie algebras have been classified into 9 types (Killing & Cartan).
There are four infinite types and five exceptional types:
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Eigenweights

Lie algebra classifications

We're only concerned with complex, simple Lie algebras.

These Lie algebras have been classified into 9 types (Killing & Cartan).
There are four infinite types and five exceptional types:

e Type G2 (14)

Type Fy (52)

Type Eg (78)

Type E7 (133)

Type Eg (248)

e Type A, (sly41)
(502n+1)
o Type Cy (spy,)
e Type D,, (s02,)

o Type B,
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Eigenweights

Lie algebra classifications

We're only concerned with complex, simple Lie algebras.

These Lie algebras have been classified into 9 types (Killing & Cartan).

There are four infinite types and five exceptional types:

e Type G2 (14)

(52)

e Type Eg (78)

e Type E7 (133)
(

e Type Eg (248)
We'll use Type A, (sl,+1) for now. Let n’ =n+ 1.

o Type Ay, (sln+1)
e Type B, (s02,+1)
o Type C, (spy,)

e Type D,, (s02,)

o Type Fy

SLn’ = {g S Mn/xn’((c) | det(g) = ].}

sl = {X € Mn’xn’(c) | tl”(X) = 0}
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Eigenweights

Setup

We'll use the basis v, ..., v, of C".
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Eigenweights

Setup
We'll use the basis v, ..., v, of C".
e
@ e: v; — v;41 (one step up) vy V9 v —S 50y
® e v — Vit (J steps up) \X/
o fj: wvi— vi_; (j steps down) I2
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Eigenweights

Setup
We'll use the basis v, ..., v, of C".
€2
@ e: v; — v;41 (one step up) mmm
® e v — Vit (J steps up) \X/
o fj: v+ v—; (j steps down) f2
00 0O
. 10 00
101 0 0
00 10
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Eigenweights

Setup
We'll use the basis v, ..., v, of C".
es
@ e: v; — v;41 (one step up) vlmm
® e v — Vit (J steps up) \X/
o fj: wvi— vi_; (j steps down) I2
00 0O
, / 1000
p=(1,0""") — ATC" ““lo10o0
00 10
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Eigenweights

Setup
We'll use the basis v, ..., v, of C".
e
@ e: v; — v;41 (one step up) mmm
® e v — Vit (J steps up) \X/
o fj: v+ v—; (j steps down) f2
00 0O
) / 1 000
p=(17,0""") — A"C" ““lo1oo
0010
In A" C", we move one factor at a time (product rule):

e(v1 Avg) = v9 Avg + v1 A vy = v Avs.
=0
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- Digonweights
Eigenweights

Proposition (Wang—Wei, 2026)

_ ku(es, f)
Hod /imin(eﬁ f])

[m]

5 =
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Eigenweights

Eigenweights

Proposition (Wang-Wei, 2026)

€ = ku(es, i)
Hed Hmin(eja f])
Let V =A\"C",
U_ =0V A+ AV, and Uy = Vyp/_pp1 A -+ Avy. The operator e goes
+ + g

from u_ to uy in M, =r(n’ —r) steps.
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Eigenweights

Eigenweights

Proposition (Wang—Wei, 2026)

€ = ru(ej, fi)
Hed ﬂmin(eja f])
Let V =A\"C",
U_ =0V A+ AV, and Uy = Vyp/_pp1 A -+ Avy. The operator e goes
+ + g

from u_ to uy in M, =r(n’ —r) steps.

Definition

In sl : Kmin(ej, fj) = tr(e;fj) = n —j J
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Eigenweights

Eigenweights

Proposition (Wang—Wei, 2026)

_ kulegs fj)
Cug =
ﬂmin(eja f])
Let V =A\"C",
U_ =01 A---Avp, and Uy = vp/—pr1 A --- A vy, The operator e goes
from u_ to uy in M, =r(n’ —r) steps.
Definition
In 5[n’ : Hmin(ej, f]) = tr(ejfj) =n —j )
Definition

kulej, f5) Z(e e f; eMr=sqy_, u+>

s=0

= = = &
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Examples

Standard representation

Definition
M, —
kulej, fj) = E <e ejfie  Pu_, u+>
s=0
/
In C™, we have u_ = vy, uy = v, and My = n.
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Examples

Standard representation

Definition
M, —
kulej, fj) = E <e ejfie” " Pu_, u+>
s=0
/
In C™, we have u_ = vy, uy = v, and My = n.
One term of x,(ej, fj):
eMr—s fj e; e’
U = V] —— Up/ g Vp/ g j V) g —> Upy = Uy
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Examples

/\" Std representation

_ @ e can move factors in any order.
v3 ANVy = Ut y

4 e ¢; and f; don’t have to move the

V2 AUy same factor.
v1 A Vg v9 A U3 e jumping over a factor flips the sign.
N S
v1 A\ U3
)

V1 ANV = U—

/\2 C*: using only e
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Examples

/\" Std representation

_ @ e can move factors in any order.
v3 ANVy = Ut y

4 e ¢; and f; don’t have to move the

U2 A\ U4 same factor.
v1 A Vg v9 A U3 e jumping over a factor flips the sign.
N S
vl ? vs 1\ 1 2 3 4 5
UL Ay = U= ACt 4 2 4
A?C*: using only e /\2 Ch 4 6 9 13

A*CE 198 54 98 110 170
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Examples

/\" Std representation

_ @ e can move factors in any order.
v3 ANVy = Ut y

4 e ¢; and f; don’t have to move the

U2 A\ U4 same factor.
N ) ) . .
v1 A Vg v9 A U3 e jumping over a factor flips the sign.
N S
vl ?“3 1\ 1 2 3 4 5
UL Ay = U= ACt 4 2 4
A?C*: using only e /\2 Ch 4 6 9 13
A*CE 198 54 98 110 170
ASCIS, 5 =1

1,485,946,646,567,707,720,057,749,412,147,123,200
(37 digits)
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Past Work

Other formulas

Feng (2026) found a formula for eigenweights in type A,:

min(j,r—1) _
o i (G+H1=1,1%)+(n'—7)"
€u,j = Z (-1) X(j,1Mr+1) .
=0
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Past Work

Other formulas

Feng (2026) found a formula for eigenweights in type A,:

min(j,r—1)

. -+17-’1i + ! \T
€u,j = Z (*1)1X871Mr:1)) o=,
=0

Wang-Wei (2026) expanded x,(ej, fj) directly to get

€u,j = Z Z Z sgn(o)-

a=1b=10€S,
rr/ +1

<r’+(0'(1)—1),...,7"’—1—(0'((1)—a)—j+1,...,r’+(0'(b)—b)—i—j,...

where ' =n/ —r.

ko))
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New Approach

Dynkin diagrams

Every simple Lie algebra can be encoded by its Dynkin diagram:

jg
i

G, O=0 Fy, 0—0=0—0

B, o—o—b—0—0
~ E7o—o—g—o—o—o
@<§ Ego—o—g—o—o—o—o

1
3

|

Burak Aricioglu A Closed Formula for Eigenweights October 2026 14 /23



New Approach

Dynkin diagrams

Every simple Lie algebra can be encoded by its Dynkin diagram:

A, O—0- - -0—0 Gy O=0 Fy O0—0=0—0
B, 0—0O- - -0==0 FEg O—O—g—O—O

¢, 0—0— - —0=0 E; O—O—g—O—O—O

D, O—O——O<2 FEg O—O—g—O—O—O—O

Definition (Simply laced)
The Cartan matrix is an n X n

matrix with a 2 for every vertex
(the diagonal) and —1’s for edges.
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New Approach

Dynkin diagrams

Every simple Lie algebra can be encoded by its Dynkin diagram:

A, 0—0O- - -0—0 G, O0=0 Fy 0—0==0—0

B, O0—0O— - —0==0 Eg o—o—g—o—o
C, 0—O— - —0=0 E; o—o—g—o—o—o
D, o—o—o(i Eq o—o—g—o—o—o—o

1 2 3
A3 O——0—0

Definition (Simply laced) ’
The Cartan matrix is an n x n ! 2 3
matrix with a 2 for every vertex 12 -1 0
(the diagonal) and —1’s for edges. 2l -1 2 ~1
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New Approach

New approach

We can store the number of paths at vertex r on the Dynkin diagram
in one function. M, =r(n’ —r).

tMr
7(t) = {exp(te)u_,uy) = (#paths) - Ta

.
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New Approach

New approach

We can store the number of paths at vertex r on the Dynkin diagram

in one function. M, =r(n’ —r).

M,

7(t) = {exp(te)u_,uy) = (#paths) - v

!
Theorem (The Toda equation, Kostant, 1979)

" \2
TrTy — (Tr) + Tr—1Tr41 = 0
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New Approach

New approach

We can store the number of paths at vertex r on the Dynkin diagram

in one function. M, =r(n’ —r).

M,

7(t) = {exp(te)u_,uy) = (#paths) - Ta

!
Theorem (The Toda equation, Kostant, 1979)

" \2
77, — (1)) + Tre1Tp41 = 0

Let’s check sly. We know already that 7 = g—:}; =73 and T = 2%.

4\ [t BY2 /3?1 1 1)
2- ) (2% ) — (2% L B _0
( 4!) < 2!> < 3!> * (3!) (12 9+36>

Burak Aricioglu A Closed Formula for Eigenweights October 2026

15/23



New Approach

Eigenvectors

Second-order perturbation (£2 =0 = 7?):

T (t:6,m) = (1 +nej) exp (te + £f5)) u—, uy)
=7t (1 + Lz, t/T + it/ + K, t)
—— —— ——

one f; one e; both, ck,(ej,f;)
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New Approach

Eigenvectors

Second-order perturbation (£2 =0 = 7?):

7 (t:€,m) = (1 +nej) exp (t(e +£/5)) u—, uy)
() (1 + Exp /T 4 palt™d + K, t)
—— ——— —

one f; one e; both, ck,(ej,f;)

o This still satisfies the Toda equation!
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New Approach

Eigenvectors

Second-order perturbation (£2 =0 = 7?):

7 (t:€,m) = (1 +nej) exp (t(e +£/5)) u—, uy)
ﬂ(t)-(l + Exp tIT 4ol I 4 5n1(rt)
~—— —— ——

one f; one e; both, ck,(ej,f;)

o This still satisfies the Toda equation!
e The ¢ terms, with D = diag(M,):
Mr(2x7"7$r—1*x7“+1):j(j+1)'r7” — DA'I:](]+1)‘:C

row r of the Cartan matrix A

Tr—1 Xr Tr41
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New Approach

Closed formula in type A,

Theorem (Aricioglu-Wang, 2026)
Let V, = N C" and M, = r(n/ — 7). For1<j<n,

(=) (M, +1) 7!

T T ) g(n'—r+i)!'K“ where
Ky = M2w(r) + 72( + 1) zn:rmn(r ,1) (nn/—max(r ,1)) w(i)?,
_j_l_ i (n—1-=)GE+75+1)! r—1
w“")_;( Y )G DG —1-0) (]+1)< i )
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New Approach

Closed formula in type A,

Theorem (Aricioglu-Wang, 2026)
Let V), = /\T(C”/ and M, =r(n' —r). For1<j<n

M 1 ' r—1
Cud = Ui s H 'Kr, where
7 (”+J+1 oo (=7 4)!

K = M2 w(r)? + 12(j +1)° Z min(r, 7) (nn/— max(r,1)) w(i)?,

i (n=NCE+DIG -1 =G +1)\ @
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New Approach

Closed formula in type A,

Theorem (Aricioglu-Wang, 2026)
Let V, = N C" and M, = r(n/ — 7). For1<j<n,

(n— NN (M, +1)! T i!
€u,j = (n+j+1) H (TL'—T+Z)| -Km

where
i=0

n

K. =M w(r)’+5°(G +1) mer’

(n' — max(r i))

w(i)?,

IS (n—1—)!(i+j+1) r—1
) = L GG G -1 0 <J+1>< i )

e Steps, eigenvector
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New Approach

Closed formula in type A,

Theorem (Aricioglu-Wang, 2026)
Let V, = N C" and M, = r(n/ — 7). For1<j<n,

DM S
s = (n+j+1)! 1}) (W —r+1i)! - K, where
Kr = M2 w(r)® +5°(j +1)* zn: min(r, %) (”'n/— max(r, i)) w(i)?,
—H_ i (n=1-9)l@E+j+1)! r—1
w(T)—;( 1) (n—j)!(i—i—l)!(j—1_i)!j(j+1)< i >

o Steps, eigenvector, (Cartan matrix) |
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New Approach

Closed formula in type A,

Theorem (Aricioglu-Wang, 2026)

Let V,, = N'C" and M, =r(n' —r). For1<j<n,

'_(n—j)!(Mr—l-l)!ﬁ il .
Wy UG

Ky =M2w(r)?+72(+1)*)

i=1

K., where

min(r,2) (n’ — max(r, 7)) w(i)Q,

n’

Jj—1

w(r):Z(_l)i ( (n=1-l@E+j+1)! (r—.1>.

e n—NE+NG-1-)iG+1)\ 4

e Steps, eigenvector, (Cartan matrix),

o All parts of this come from the Dynkin diagram!
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New Approach

Closed formula in type A,

Theorem (Aricioglu-Wang, 2026)
Let V,, = N'C" and M, =r(n' —r). For1<j<n,
r—1

(n— ) (M, +1)! il
_ K, h
€u,j (TL+]+1)' 1}) (n/ —’I"+Z)' whnere

n

K. = M,? w(T)Q n jz(j n 1)2 Z min(r,z) (n’ — max(r,1)) w(i)Q,

71//

Sy (n—1-9)!(i+j+1)! r—1
w(r)—;( 1) (n—j)!(i+1)!(j—1_i)!j(j+1)( ; )

e Steps, eigenvector, (Cartan matrix):,-l

o All parts of this come from the Dynkin diagram!
o The strategy we just used for Type A,, works well for other types.
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Thank you!

Any questions?

Burak Aricioglu A Closed Formula for Eigenweights October 2026 19/23



References 1

[Fen26]

[FYZ26]

[FZ99]

[KoshH9]

[KosT9]

Tony Feng. Eigenweights for arithmetic hirzebruch
proportionality, 2026. https://arxiv.org/abs/2601.23245.

Tony Feng, Zhiwei Yun, and Wei Zhang. Arithmetic volumes
of moduli stacks of shtukas, 2026.
https://arxiv.org/abs/2601.18557.

Sergey Fomin and Andrei Zelevinsky. Double Bruhat cells and
total positivity. J. Amer. Math. Soc., 12(2):335-380, 1999.

Bertram Kostant. The principal three-dimensional subgroup
and the Betti numbers of a complex simple Lie group. Amer.
J. Math., 81:973-1032, 1959.

Bertram Kostant. The solution to a generalized Toda lattice
and representation theory. Adv. in Math., 34(3):195-338,
1979.

Burak Aricioglu A Closed Formula for Eigenweights October 2026 20 /23



References 11

[Mat21] Matias Mattamala. Reducing the uncertainty about the
uncertainties, part 2: Frames and manifolds, Feb 2021.

[WW26] Zeyu Wang and Wenqging Wei. Arithmetic volume of shtukas
and langlands duality, 2026.
https://arxiv.org/abs/2604.03763.

Burak Aricioglu A Closed Formula for Eigenweights October 2026 21 /23



Contents

@ Motivation
© Eigenweights
@ Examples
@ Past Work

© New Approach

Burak Aricioglu A Closed Formula for Eigenweights

October 2026

22/23



Extras

1 2 3 1 2 3
B 0—0==0 C3 O0—O0===0
2 3 2 3
1 2 -1 0 1 2 =1 0
21 -1 2 =2 21 -1 2 -1
3 o -1 2 3 0o -2 2
1 2 3
Dy 0—C
4 1 2
Gy O==0
2 3 4
/2 -1 0 0 too2
ol -1 2 -1 -1 1<2 —1>
sl o -1 2 o0 2\-3 2
4 0O -1 0 2
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