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Introduction

Purpose: To bridge the gap between old and now behind-the-times
literature, and new and difficult to understand research, facilitating
access to the fascinating applications of the Kelly Criterion

▶ Presentation centers around the mathematical foundations
and applications of the Kelly Criterion

▶ Background knowledge

▶ Deriving the Kelly Criterion

▶ Applications of the Kelly Criterion

▶ Avenues for further research
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Sports betting

Edward Thorp turned $50,000 into $173,000 within the span of
101 days. He did this using the Kelly Criterion to calculate the
optimal bets.

Edward Thorp. Source: facts.net



Probability basics

P = # of favorable outcomes
# of total outcomes

Definition
The sample space is the set of all possible outcomes.

Definition
Events are a set consisting of possible outcomes in an experiment.
They are a subset of the sample space.



Random Variables

Definition
Random variable: a function which gives each outcome in a
sample space a value. Types: continuous and discrete.

A die has a sample space. A random variable could attach values
1-6 to faces of the die.

Definition
▶ Probability mass function: Represents outcomes and

probabilities for a discrete random variable

▶ P(xi ) where xi is a particular outcome of X

▶ Discrete:
∑

p · xi = 1



Expected Value

▶ Formula for expected value

E [X ] =
∑n

i xip(xi )

▶ Each variable is weighted by the probability that it occurs.

▶ Expected Value of a dice roll:
E [X ] = 1(16) + 2(16) + 3(16) + 4(16) + 5(16) + 6(16) = 3.5

▶ Linearity of expected value

E [X1 + X2 + X3...+ Xn−1 + Xn] =
E [X1] + E [X2] + E [X3] + ...E [Xn−1] + E [Xn]

and also

E [cX ] = cE [X ]

where c is a constant.



Variance

Definition
Metric of spread of outcomes from mean

Var(X ) = E [(X − E [X ])2]

Variance is not linear because it is the expectation of squared
distances from E [X ] but

Var(aX + b) = a2Var(X )

Source: serokell.io



Introducing the Kelly Criterion

Let’s start with a game:

▶ f is a fraction of the bankroll to bet

▶ p is probability of success between 0 and 1

▶ a is odds (multiplier on your wager i.e. 0.5 means you lose
half your wager) on failure

▶ q is probability of failure, 1− p

▶ b is odds on success

Definition
Most general form:

f ∗ =
p

a
− q

b

Can be modified according to circumstances of a game: gambling,
investment, etc.
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Deriving the Kelly Criterion

Using the previously defined variables, and starting with 1
unit of wealth, our wealth becomes,

▶ Win: 1 + fb

▶ Loss: 1− fa

Thus, logarithmic growth rate:

log(r) = p log(1 + fb) + q log(1− fa)



Deriving the Kelly Criterion cont.

Regarding log(r) as E , derivative with respect to f :

dE

df

∣∣∣∣
f=f ∗

=
pb

1 + f ∗b
+

−qa

1− f ∗a
= 0

f ∗ is the value of f that gives the highest expected growth rate.
Rearrange algebraically:

Definition
f ∗ = p

a − q
b

If a = 1 (lose 100% of wager), the formula becomes f ∗ = p − 1−p
b ,

the simple gambling form
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Simple game

f ∗ = p
a − q

b

Suppose that there is a betting game with these specific
circumstances

▶ You have a 60% chance of winning → p = 60%

▶ You have a 40% chance of losing → q = 40%

▶ You gain 100% of your bet when you win → a = 1.0

▶ You lose 100% of your bet when you lose → b = 1.0

Plugging in the values to our formula we get f ∗ = .2



Fractional Kellies

f = cf ∗

Where 0 ≤ c ≤ 1 and f ∗ is the original Kelly we discussed
before.

▶ Two important figures: Edward Thorp and Markowitz

▶ Markowitz mean-variance portfolio theory

One period returns, and portfolios on the efficient frontier

Portfolio on efficient frontier means no other portfolio
yields both greater returns and less variance

▶ Thorp: Is there an efficient frontier for long-term compounded
growth, similar to Markowitz’s frontier for one-period returns?

Consists of fractional kelly strategies

Adjusting C changes variance and expected value
proportionally
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Application 1: Sports betting

▶ f1, f2 = fractions of bankroll placed on bet 1 and 2

▶ R1,R2 = returns of each bet(random variables)

▶ Wo=initial bankroll $
▶ W=final bankroll $
▶ g(f1, f2) = maximizing the growth of two bets

▶ W = W0(1 + f1R1)(1 + f2R2)



Sports betting cont.

▶ g(f1, f2) = E [lnW ] = E [ln((1 + f1R1)(1 + f2R2))]

▶ Independent bets:

E [ln((1 + f1R1)(1 + f2R2))]

= E [ln(1 + f1R1) + ln(1 + f2R2)]

= E [ln(1 + f1R1)] + E [ln(1 + f2R2)]

They are separable, and you can optimize each bet individually

▶ Dependent bets:

Outcomes affect each other

Correlation will increase variance

Optimization of a joint probability distribution is incredibly
complex

Kelly fraction must generally be reduced



Application 2: Stock market

▶ Portfolio is growth optimal when it maximizes the logarithm
of wealth

f ∗ =
µ− r

σ2

▶ µ = expected growth rate coefficient

▶ r = risk free rate of return

▶ σ2 = variance

▶ Sounds perfect in theory, but suffers from garbage in garbage
out

Can lead to tremendous loses



Avenues for further research

Most further research is in the quantitative finance sector.

▶ Parameters are often uncertain

▶ How can we obtain more accurate probabilities of success and
failure in the market?

Machine learning is frequently used alongside the Criterion.

▶ Currently, ML is most often used to find the parameters

▶ Can it be used to find a more efficient formula?

▶ Custom modifications of the formula per situation?
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Conclusions

The Kelly Criterion is extremely important in modern day
financial context. It is applicable in very many forms.

Our paper: We felt it is significant to give a modern description
on the Criterion. Many modern sources are very specific, require a
lot of specific knowledge to understand, while more general sources
are older.



Citations

[1] Louis M. Rotando and Edward O. Thorp. The Kelly Criterion
and the Stock Market.
The American Mathematical Monthly, 99(10):922–931, 1992. [2]
Edward O. Thorp. Understanding the Kelly Criterion, chapter 36,
pages 509–523.
[3] Edward O. Thorp. Chapter 9 - The Kelly Criterion in Blackjack
Sports Betting, and the Stock Market*. In S.A. Zenios and W.T.
Ziemba, editors, Handbook of Asset and Liability Management,
pages 385–428. North-Holland, San Diego, 2008.
[4] Jincheng Zhang. A Dynamic Robust Kelly Optimization
Framework via Dual Semidefinite Programming.
[5] William T. Ziemba and Leonard C. MacLean. Using the Kelly
Criterion for Investing, pages 3–20. Springer New York, New York,
NY, 2011.


