
Beyond Counting: The Deeper Meaning of
Combinatorics

Quan Le, Huy Tran

May 2026

Beyond Counting May 2026 1 / 18



Introduction

Imagine facing a puzzle with countless choices and no instructions.

At first, everything looks chaotic — too many possibilities to list.

But then a pattern appears: some choices depend on order, others
don’t.

That moment of clarity is what combinatorics is about.

It reveals hidden structure behind problems that seem overwhelming
at first glance. Combinatorics is the art of uncovering hidden order in
messy situations, using ideas like Permutation, Combination,
Probability, and the Binomial Theorem.
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I. Permutation and Combination: Overview

Many counting problems begin with one key question:

Does the order matter?

If the order matters ⇒ permutation.

If the order does not matter ⇒ combination.
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I.1 Factorial

Factorial:

n! = n(n − 1)(n − 2) · · · 2 · 1 0! = 1, 3! = 3 · 2 · 1 = 6

A permutation is an ordered arrangement of r objects from n.

A combination is an unordered selection of r objects from n.
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I.2 Permutation and Combination Formulas

Permutation

P(n, r) =
n!

(n − r)!

Combination (
n

r

)
=

n!

r !(n − r)!

In both cases:

n = total number of available objects.

r = number of objects chosen from those n.
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I.3 Example: Permutation

Example

How many ways can we arrange 3 students from 5?

Solution

P(5, 3) =
5!

(5− 3)!
=

5!

2!
= 60

There are 60 arrangements.
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I.4 Example: Combination

Example

How many ways can we choose 3 students from 5?

Solution (
5

3

)
=

5!

3!(5− 3)!
=

5!

3! 2!
= 10

There are 10 possible committees.
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I.5 Applications

Permutation (Order Matters)

Passwords: ABCD ̸= DCBA

Race rankings: Nick–Jay–Tom ̸= Tom–Nick–Jay

Combination (Order Does Not Matter)

Medical research- Choosing 50 participants from 500 volunteers is a
combination problem, since order does not matter:

(500
50

)
Sports teams- Selecting 5 basketball players from 12 athletes gives(12
5

)
= 792
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II. Probability Basics

Definition (Event Probability)

The probability of an event A is its likelihood of occurring, given by the
formula. In probability, permutations are used to calculate the likelihood of
events where the sequence or order of outcomes matters.

P(A) =
|A|
|S |

where S is the set of all possible outcomes.

Example

Probability of rolling an even number on a fair die.

Solution

P(even) =
3

6
=

1

2
.
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II.1 General Probability Example

Question

Probability a random length-n sequence from {1, . . . , n} is a permutation.

Total sequences: nn

Valid permutations: n!

P =
n!

nn

Sample Space (nn): Total random sequences of length n when
elements can repeat (n × n × · · · × n).

Permutations (n!): The specific subset of sequences where no
elements repeat. Each choice reduces the available options for the
next slot (n × (n − 1)× · · · × 2× 1)
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II.2 Application General Probability

Example

A system uses an n-character PIN made entirely of unique digits from 1 to
n.

P(password) =
4!

44
=

24

256
= 0.09375

If the PIN is a permutation (no repeating digits), there are only n!
possible correct configurations. The probability of a hacker guessing
the exact permutation on the first random try is 9.375%
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III. Binomial Theorem: Introduction

In middle school, we learn how to expand expressions such as

(x + y)2 = x2 + 2xy + y2 and (x + y)3 = x3 + 3x2y + 3xy2 + y3.

However, when the exponent becomes large, such as (x + y)100,
expanding step by step becomes impractical.

The Binomial Theorem provides a shortcut. But more importantly for
combinatorics, it shows that algebraic coefficients can often be
understood by counting choices.
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III.1 Statement of the Binomial Theorem

Theorem

(x + y)n =
n∑

r=0

(
n

r

)
x ryn−r .

The Binomial Theorem in Probability
The Binomial Theorem leads directly to the binomial distribution. If the
probability of success is p and the probability of failure is 1− p, then the
probability of getting exactly k successes in n independent trials is

P(k successes) =

(
n

k

)
pk(1− p)n−k .

Each term chooses r factors to contribute x .

Number of choices:
(n
r

)
.
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III.2 Proof of Binomial Theorem

We expand
(x + y)n = (x + y)(x + y) · · · (x + y),

where there are n identical factors.

To create any term in the expansion, we choose either x or y from each
factor.
To obtain the term x iyn−i , we must choose x from exactly i of the n
factors, while the remaining n − i factors contribute y . The number of
ways to choose those i positions is(

n

i

)
.

Therefore the coefficient of x iyn−i is
(n
i

)
, and summing over all possible

values of i gives

(x + y)n =
n∑

i=0

(
n

i

)
x iy n−i
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III.3 Example: Coefficient in (3x − y)9

Example

Find the coefficient of x3y6.

Solution (
9

3

)
(3x)3(−y)6

(
9

3

)
= 84, (3x)3 = 27x3, (−y)6 = y6

Coefficient:

84 · 27 = 2268
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III.4 Pascal’s Triangle: Visual
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Row n gives coefficients of (x + y)n. Entries are

(n
r

)
.

Row Sum:
n∑

r=0

(
n

r

)
= 2n
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III.5 Pascal’s Triangle Property

Proof: (
n

k

)
=

(
n − 1

k − 1

)
+

(
n − 1

k

)
Choose k people from n people by fixing one special person.

Include

(
n − 1

k − 1

)
Do not include

(
n − 1

k

)

Adding both cases: (
n

k

)
=

(
n − 1

k − 1

)
+

(
n − 1

k

)
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IV. Closing Thoughts

Permutations vs combinations classify counting problems.

Probability compares favorable vs total outcomes.

Binomial Theorem links algebra and combinatorics.

Pascal’s Triangle visualizes binomial coefficients.

Combinatorics is about seeing structure, not just counting.
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