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Abstract

Color refinement is a graph isomorphism routine that can be extended to matrices to produce equitable
partitions. It can be used for dimension reduction for linear programs and convex linearly constrained
quadratic programs. We propose a novel dimension reduction technique for smooth convex optimization
problems. This approach is, to our knowledge, the first effort to extend techniques that exploit fractional
automorphisms beyond quadratic forms to arbitrary smooth convex objectives and constraints. For
polynomial cases, we further (i) generalize equitability from matrices to tensors of arbitrary rank, (ii)
develop a higher-order color refinement algorithm to capture higher-dimensional symmetries, and (iii)
prove the uniqueness of the resulting coloring. Our reductions are exact, preserving feasibility, optimality,
and convexity. Experiments show that our method achieves substantial reduction in both dimension
and runtime on existing convex quadratically constrained linear programs under rounding to various
precisions, as well as synthetic convex quadratically constrained quadratic programs.
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1 Introduction
An optimization problem with n variables and m constraints takes the form

minimize F'(z)
subject to G;(z) < b;,
I<z<u

for all 1 <4 < m. For a polynomial optimization problem of degree d, F(x) is in the form

Here, the % simplifies the gradient of each expression and follows convention for quadratic programs, and
A, Pi(k) € R"" refer to rank k coefficient tensors that we assume are invariant under any permutation of
indices. We also define P®) € R™*"" ag a rank k + 1 tensor given by stacking Pi(k) along a new leading

dimension so that
1J1---Jk g g1 Jk

Standard algorithms for convex polynomial optimization exhibit rapidly growing runtimes with instance
size. For example, the simplex method for linear programming takes exponential time in the worst case [10].
For convex quadratic programs, active-set methods can also have exponential complexity [12], while interior
point algorithms have complexity O(n3L), where L is the total bit length of all entries [7]. Our method, by
enabling dimension reduction, can reduce memory and runtime costs without sacrificing convexity guarantees,
thus improving tractability of solvers.

Prior work has shown that dimension reduction in optimization can be achieved by exploiting symmetry
through color refinement, a classic graph isomorphism algorithm that assigns colors to vertices in a way that
reflects structural equivalence [8]. This approach has been applied to linear programs (LPs), which minimize
a linear objective subject to linear constraints, allowing redundant variables and constraints to be removed.
An extension has been developed for convex linearly constrained quadratic programs (LCQPs), where the
objective is a convex quadratic function [I3]. In this work, we generalize dimension reduction via color
refinement to all smooth convex optimization problems, with particular emphasis on polynomial instances.

The remainder of this paper is organized as follows. Section [2| introduces necessary background and
notation, and reviews prior work. Section[3]presents our generalization of these methods to convex polynomial
and non-polynomial optimization problems, and proves the effectiveness of our method. Section [4| reports
experimental results on convex quadratically constrained linear programs and quadratically constrained
quadratic programs, a class of problems not addressed by previous approaches. Section [5| outlines possible
directions for future research, and Section [6] concludes the paper.

2 Preliminaries

2.1 Color Refinement

Given a graph G and its vertex set V(G), a coloring function n: V(G) — Ny induces a coloring, or partition,
of V(G) into disjoint colors C = {n~1(c) | ¢ € n(V(G))}. We call C stable if

IN(v1) N C2| = [N (v2) N Cof
for all vi,v9 € Cy and C1,Cy € C [2I.



A coloring C; refines another coloring Cs if, for all Cy € Cq, there exists some Cy € Cy such that C; C Cs.
Here, C; is finer, and C5 is coarser. Additionally, we call C the unit coloring if |C| = 1.

Color refinement aims to find the stable C that minimizes |C|, which can be shown to be unique [2]. This
is called the coarsest stable partition. Given an initial C, color refinement gradually refines C by progressively
splitting all vertices v € Cy based on |N(v) N Cs|. Each split for all C; € C and some fixed C5 € C is called a
refinement operation. Although this algorithm fails to accurately classify all non-isomorphic graphs, it can
be useful for isomorphism testing because if, in the coarsest stable partition C of G; U G4 for two graphs G
and Ga, there exists some C € C such that |V(G1) N C| # |V(G2) N C|, then Gy and G are not isomorphic.

The time complexity of color refinement is

O((n+m)logn),

where n is the number of vertices and m is the number of edges.

2.2 Dimension Reduction for Linear Programs

A linear program (LP) is defined as

minimize ¢'
subject to Az < b,
[ <z <u.

We refer to [ < x < u as the box domain, and we call an z in the box domain feasible if it satisfies the
constraint Az < b.

Color refinement can be applied to matrices for LP dimension reduction [§]. Instead of aiming to find
a stable partition, color refinement for a matrix A aims to find an equitable partition (P, Q), where P is a
partition of the rows of A and Q is a partition of its columns. The partition is equitable if for any S € P

and T € O,
> Ai

jeT

> Ai

i€S

is constant across all ¢ € .S, and

is constant across all j € T. Note how this is essentially stability for the edge-weighted bipartite graph with
adjacency matrix A. In this graph, one set of vertices corresponds to the rows of A and another corresponds
to its columns. The time complexity of using color refinement to find the coarsest equitable partition of a
matrix A € RV>*W is O((n + m)logn) for n = |[V| + |W| and m denoting the total bit length of all nonzero
entries of A.

For reduction, a partition P of a set V is associated with the partition matriz lp € {0,1}V*7 | with

1 ifves,

0 otherwise.

(Ip)ys = {

Given II, its scaled transpose II° is defined by taking IIT and normalizing every row so that it becomes
stochastic.
Now, suppose colorings P and Q satisfy the following conditions:

e Forall T € Q, (¢j,1;,u;) is equal for all j € T
e (P, Q) is equitable on A.

e For all S € P, b; is equal for all ¢ € S.



Additionally, let

d =The,
A =TI Allg,
Y =T1I5b,
2’ =Y,
I =131,
and
u' =T,

and define an LP with these reduced terms. Then x is an optimum for the original LP if and only if 2’ is an
optimum for the reduced LP.

2.3 Dimension Reduction for Linearly Constrained Quadratic Programs

Color refinement can also be used to reduce the dimension of convex linearly constrained quadratic programs
(LCQPs), which take the form

1
minimize ixTQx +clx
subject to Az < b,
[ <zx<u

for some positive semidefinite @ [I]. The process of reduction is nearly identical to that of LPs [I3], except
that (Q, Q) must also be equitable on @, and in the reduced LCQP, we have

Q' =15Qo.

3 Methods

3.1 Smooth Convex Optimization and Convex Polynomial Optimization

A general optimization problem with n variables and m constraints takes the form

minimize F'(z)
subject to G;(x) < b;,
<z <u

for all 1 < i < m. We call F smooth if gTFj is continuous for all 1 < 7 < n. Our methods apply to cases
where F' and all GG; are convex and smooth.

For polynomial optimization, problems beyond degree 2 naturally require coefficient tensors of rank higher
than 2. Let A®) € R™" denote a rank k tensor representing coefficients of degree k terms. We call A%
symmetric if, for any permutation o and any choice of 1 < j1,...,jx < n, Aj, 5, = Aoy, jn)-

We can express a convex polynomial optimization problem with degree d, n variables, and m constraints
as:

d 4 k
e (k)
minimize Z Z Z A5l H xj,
T

k=1 1<j1,..,ji<n =1

d k
1
subject to Z Z Z (Pi(k)> o H xj, < by,
k=1 1<j1,..,jr<n Jrdk 2y
[ <z<u



for all 1 < i < m. Here, AK¥), Pi(k) € R"" are rank k coefficient tensors; for convenience, we assume they are
symmetric. We will also use a rank & + 1 tensor P(*) € R™*"" defined by

k k
Pl = (PY),
Because
9 A S K\ 0 i
R WD SN | £ B o > (D) o
7 \1<i i <n s=1 J1edk—s€{1,n 3\ {5} r=1

k
k(k
s—1 (k)
stj Z s(s—l) JoerJ e Jr— gn%
s=1 jl)‘“’jk—sE{lv“'f’n}\{j} (1)
k

k-1
( _1) JeeJireJe— SH%T
=k Z SIJ? Jk— 1Hx]”

1<j1,..,jk—1<n

Jtseensdk—s €{1,.. n}\{j}

the % removes constants from the gradient of each expression. It also follows the convention of expressing
the quadratic term in LCQPs as %xTQx.

3.2 Tensor Equitability and Reduction Theorem

We first provide some definitions for general convex optimization, then define equitability on tensors and
provide analogous definitions for convex polynomial optimization. Finally, we state our reduction theorem,
which applies to both cases.

Definition. A coloring P of the constraints and a coloring Q of the variables of a convex optimization
problem is a reduction coloring if it satisfies the following conditions for all Z in the box domain that satisfy
Z;, = &,, if j1 and js share a color in Q:

o If T € Q and j1,j2 € T, then

8xj1 =T

IfSeP, TeQ, and ji,jo €T, then

0 0
o (20) - (xe)

For all ¢ that share some color in P, G;(%) is equal.

For each S € P, b; is equal for every i € S.

For each T' € Q, (l;,u;) is equal for every j € T.

Definition. Given a reduction coloring (P, Q) of a convex optimization problem, we define a reduced prob-
lem:

e The reduced objective is given by

F'=F

zj—xp for all j€T and T€Q"



e Reduced constraints are given by

[ .

S = GZ ’zj»—ch for all j€T and T€Q
for any i € S.

e For z, [, and u, we left-multiply by H% to yield the reduced vectors.

e For b, we use b’ = II3b.

Now, we extend the definition of an equitable partition of a matrix to all tensors. Matrix equitability
is essentially a condition of equating sums of 1-dimensional “slices” (vectors) of 2-dimensional submatrices
given by a partition. Hence, for tensors of rank d > 2, we generalize equitability by equating sums of rank
d — 1 slices of rank d subtensors.

Definition. We call a partition (Q1,..., Q) of a rank k tensor Q equitable if, for any index 1 < r < k,
fixed T;- € Q,., and T, € Q, for all s # r, the value

> Qju..in

J1€T1, . Jr—1€Tr—1,0r41€T 41, J €Tk
is equal for all j,. € T,.
Next, we define a reduction coloring and a reduced problem for convex polynomial optimization.

Definition. For a convex polynomial optimization problem, (P, Q) is a reduction coloring if it satisfies the
following:

e Forall 1 <k <d, (Q,...,Q) is equitable on A,

e Forall1 <k<d, (P,Q,...,Q) is equitable on P,
e For each S € P, b; is equal for every i € S.

e For each T € Q, (l;,u;) is equal for every j € T.

Definition. Given a reduction coloring (P, Q) of a convex polynomial optimization problem, we define a
reduced problem:

e For each A®) and P, the reduced tensors are given by

® E : (k)
ATl...Tk - AJl]k
J1€T,...Jk €Tk

(Pék)/)n...n = 2 (Pi(k)>j1mjk

J1€T1,.., k€T

and

for any i € S.
e For z, [, and u, we left-multiply by Hg to yield the reduced vectors.
e For b, we use b/ = H7S,b.

Finally, we state our reduction theorem. The statement of this theorem is identical for general convex
optimization and convex polynomial optimization, and applies in both cases.

Theorem 1. Consider any convex (polynomial) optimization problem. Let (P, Q) be a reduction coloring.
If x is an optimum for the original problem, then x' = H%m s an optimum for the reduced problem. If x’ is
an optimum for the reduced problem, then x = g’ is an optimum for the original problem.

We will prove Theorem [I] in the following section.



Example 3.1 (Convex quadratically constrained quadratic program reducing to two variables and two
constraints). Consider the quadratically constrained quadratic program (QCQP)

minimize z' Qz + ¢ ' x

subjectto x| Pz < b;,

0 5
0 5
<x <
ol =%= |3
0 3
for 1 <i <4, where
14 2 1 5
2 14 5 1
Q_15131’
5 1 1 13
2
2
6—77
7
100
100
b=190 |
90
and
(4 2 2 2] 5 1 2 2]
2 4 2 2 1 5 2 2
P1_2273’ P2_2264’
2 2 3 7 2 2 4 6
3 1 1 1] [2 2 1 1]
1 3 1 1 2 2 1 1
Bs=11 1 6 ¢|° Pa=11 1 8 4
1 1 6 6 11 4 8

Then P = {S1,S2} with S1 = {1,2} and So = {3,4} and Q = {11, T} with Ty = {1,2} and Tz = {3,4}
form a reduction coloring.
By Theorem/[1]
32 12]

Q= {12 28

;4
‘=[]

and each constraint color S € P yields a reduced form

and

;1128
PSl_[8 20}’
;|8 4
PS2_{4 24]’
and
;1100
v .

The optimum for both the original and the reduced problems is the origin.



Theorem (1, when applied to convex polynomial optimization, generalizes prior work on dimension reduc-
tion for LPs [§] and for convex LCQPs [13]. In all cases, equal b; for all i € S and S € P and equal (I}, u;)
for all j € T and T € Q are required. Additionally, each of our other conditions for a reduction coloring can
be simplified for LPs and LCQPs. Equitability on A®) simplifies to equal cjforall j €T and T € Q and,
for LCQPs, equitability of (Q, Q) on Q. Equitability on P®*) simplifies to equitability of (P, Q) on A. These
are precisely the conditions on P and Q in the literature.

Example 3.2 (Explicit example of a reduction coloring for non-polynomial optimization). We demonstrate
that Theorem 1| extends naturally to smooth convexr non-polynomial optimization by considering the binary
logistic regression problem

m

minimize F(w,b) = — Z(yl log(g;) + (1 — ;) log(1 — %)),
i=1

where § = o(Xw +b) is the predicted probability vector, X € R™*"™ contains the input samples, o represents
the sigmoid function, and y € {0,1}™ are the ground truth labels. At some point W with Wwj, = W;, if j1 and
jo share a color in Q,

m

= ZXij (9i — vi)
i=1

S (o Ean) )

% k=1

oF

8wj

w=w

f Xy <a<b+ ZWTZX%> y)

i=1 TeQ keT

where we use wr to denote the constant value of w; for all j €T.
We call Q a reduction coloring for logistic regression if the following conditions are met:

e Define P as the coloring given by partitioning all 1 <i < m by

.Y X | |TeQ
JET
We require that (P, Q) is equitable on X.

e [If j1 and jo share a color in Q, then
m m
> Xy =Y Xijyui
i=1 i=1

Under these conditions, for any T € Q and j1,j2 € T,

(2 ) (2] ) 5orgn) )

i=1 TeQ keT

.

(Xijy = X))o [ b+ D> wr ) Xy | — (Z Xijyi — Xijz»%’)
=1

i=1 TeQ JET

M-

(Xijy = Xi) o | b+ D wr Yy X

1 TeQ jeT

.
Il



Due to equitability of (P, Q) on X, we have constant ;. Xij for alli € S and constant 3
j €T if Se€P and T € Q. Hence, the logit for each sample,

ZZ:b—‘r ZwTZXij’

TeQ JET

ies Xij for all

is equal for all i that share a color S € P, and we can denote this value as zg. Using this, we can further
simplify:

> (Xijy = Xig)o [0+ Y wr Y Xij | =D olzs) ((ZXm) - ZXij2>

i=1 TeQ  jeT sep i€S i€s

ZO’(Zs)~0

SeP

OF _ OF
Hence o = Bu,;

, for all j1,7. € T.
it lw=w  ° =
If each feature j is normalized so that

ZXijyi = Z Xij =1,
=1 ily; =1

then our second condition is automatically satisfied. Hence, with proper normalization, the only requirement
for reduction is our first condition.

3.3 Proof of Reduction Theorem

In this section, we will occasionally use color-based indexing in cases where all elements of a color are known
to be equal. For example, we might say xr for T € Q if it is known that z; is equal for all j € T..

3.3.1 General Convex Optimization

Suppose that (P, Q) is a reduction coloring. Let # = IIgIIgz. Note that if j; € T and T € Q, then

ijeT Ljs
T

‘%jl =
We prove our reduction theorem in three steps:
1. If x is an optimum for the problem, then so is Z.
2. If x is feasible, £ must be too.
3. The above statements imply equivalence of the original and reduced problems.
Firstly, we show that F(&) < F(z) using the Lagrangian, inspired by [3]. Suppose that z is fixed, and
we wish to minimize F(z) such that
IR
JET jET
for all T' € Q. It suffices to show that z = Z is a minimum, and hence, since the objective is convex and it
is obvious that z = & satisfies our condition, that the partial derivative of the Lagrangian

L:F(Z)szT sz 7Z$J’

TeQ JET JET

10



with respect to each z;, is 0 if z = 2. We have that

oL OF
(92’]‘ N 8zj T
if j € T. Then our claim is true if we have equal % for all j in the same color T', which is one of our
I lz=1

reduction coloring conditions.
Secondly, we show that & is feasible. Due to our requirement that each T € Q has the same (l;, u;) for
all j € T, we immediately have that Z is in the box domain. Additionally, we know that

> Gi(@) <Y Gi(x) < |Slbs.

i€S €S

The first inequality is true by similar logic as above, and the second inequality is true by assumption and
due to our requirement that b; is equal for all ¢ € S. In fact, G;(2) < b; for all individual 1 < i < m because
we require that G;(#) is equal for all ¢ € S.

Finally, we show that the above implies optimality of ' on the reduced problem. Since F” is given simply
by replacing each z; in F' with 7 where j € T', we have that

F(a) = F(#),

so if ' is not optimal, then Z and hence x is not optimal, which contradicts our assumption. We can use
similar logic with the reduced constraints: G'(z) = G(&), so 2’ is feasible too.

For the reverse direction, note that & = Ilgz’. Hence, if 2’ is optimal, it is impossible for & to not be
optimal. Otherwise, there exists some feasible y with F(y) < F(&) = F'(y') < F’'(2'), contradiction.

3.3.2 Convex Polynomial Optimization

It is obvious that for convex polynomial optimization problems, our process for reduction is equivalent to
that for the general case. Hence, it suffices to show that our two definitions of a reduction coloring are
equivalent.

We have from Equation [1] that

d k—1
= Z Z Aglﬂ?»--‘jk—l H B
r=1

2= k=11<j1,....jk—1<n

d k—1
> ox (=) ¥ an
k=1T J1ET,..

1y Th—1€Q \r=1 Jk—1€TK—1

or
ﬁzj

if j € T. (Note how we use zp, to refer to the value of z; for j € T, which is equal for all j € T,.) Then

OF

055 |,_s is equal across j € T for each T € Q if we have equal

(k)
Z Ajjln-jk'—l

J1€T1, . Jk—1€Tk—1

for all j € T regardless of T1,...,Tk_1 € Q, which is exactly our equitability condition.
Additionally, note that equitability of (P, Q, ..., Q) on P%) is equivalent to the following two conditions:

PR,

e Forall S e P, (Q,...,Q) is equitable on )", ¢ P,

e If wefix Se€ P and Ty,...,T; € Q, the value

J1€T .., ik €Tk

is constant for all 7 € S.

11



Requiring equitability on

ics Pi(k) is equivalent to requiring equal % (Zies GZ-)
; p j

_for all j in the same
=T

color T'. Also, we have that

d}i .Z (kaeT,> > (),

J1€T1,..,.Jk €Tk

is equal for all 1 € S if

> (),

J1€T1,.. . Jk€Tk Tk
is equal across all ¢ € S for any choices of T, ..., Tk.

Remark. To see why the reduced objective and constraints are convex, note that every reduced expression
is given by a scaled intersection of the original curve and the affine space given by setting all z; equal for all
j €T and any fixed T € Q. If a function is convex over a convex set, then it is also convex over any affine
subspace of this set [I1], showing that the reduced expressions are convex.

3.4 Necessity of Each Condition

For each condition we impose on a convex polynomial optimization reduction coloring, we establish its
necessity by providing a counterexample: if the condition is removed, the resulting coloring is invalid. These
counterexamples demonstrate that none of the conditions can be omitted. They also prove the necessity
of each condition we set for a reduction coloring for the general case. Note that if there does not exist
an optimum with all z; equal for all j € T for any fixed T" € Q in a given coloring, then that coloring is
automatically invalid.

e For equitability on A*): minimize 7 + 423 such that —2; — x5 < —1. Without this condition, we
get the unit coloring. But the unique optimum is ;7 = 0.8 and x5 = 0.2.

e For equitability on P*): minimize 2 + 23 such that 22 + 42, < —2 and 223 + 4z, < —2. Without
this condition, we get the unit coloring. But the unique optimum is z; = v/2 — 2 and 25 = —1.

e For equal b; in each S € P: minimize 27 + 22 such that —z; — 2o < —1 and —x; — 25 < —2. The
unique optimum is ;7 = xo = 1. Without this condition, we get the unit coloring. As with equal

ZjleTl,...,jkeTk (Pi(k)> id our method no longer applies, as the values of by become ambiguous.

If we take the average, the only constraint becomes —2x < —1.5, with the unique optimum being
r = x1 = x2 = 0.75. If we take the maximum, the only constraint becomes —2x < —1, with the unique
optimum being z = x7 = x5 = 0.5. These are both incorrect.

We will propose a different example to show why taking the minimum does not work either. Suppose
that we wish to minimize (21 — 10)? + (z2 — 10)? such that 27 < 1 and 2% < 4. The unique optimum is
x1 = 1 and x5 = 2, but without this condition, if we take the minimum, the only constraint becomes
22 < 1, with the unique optimum being z = x; = 2o = 1. This is also incorrect.

e For equal (/;,u;) in each T € Q: minimize 2?2 4+ 22 such that 0 < x; <1 and 2 < x5 < 3. Without
this condition, we get the unit coloring. But the unique optimum is z; = 0 and x5 = 2.

3.5 Generalized Color Refinement

We begin by presenting the pseudocode for our color refinement algorithm, which generalizes for convex
polynomial optimization.

12



Algorithm 1 Color refinement for polynomial cases

1: Initialize: Partition P by (b;), and Q by (lj,uj,A§1)>
2: Add all colors in P U Q to a stack Srefine

3: while Siefine # 0 and (|P| < m or |Q| < n) do

4: R + POP(S:efine)

5: if R € P then
6: for all T € Q do
7 Refine Q: partition all j; € T by
Ty Toe Y Z(P}’“). B Theo1<k<d

§2€Ts,..j1 €Tk i€R Tueedk
8: end for
9: Push all newly created colors into Siefine
10: else if R € Q then
11: for all T € Q do
12: Refine Q: partition all j; € T by

Ts, ..., T, 3 AWM T, TheQ2<k<d
j2€R,j3€Ts,..., JLE€ETE
13: Refine Q: partition all j; € T' by
ST, ... Tk, 3 Z(P}’“))_ | lser ... Tveo2<k<d
J2€R,j3€T3,....ji, €Tk i€S T dh
14: end for
15: for all S € P do
16: Refine P: partition all ¢ € S by
Ty, ... Tk, 3 (Pi(k)) . Teeg1<k<d

J1ER,j2€T,....j €Tk Jedn
17: end for
18: Push all newly created colors into Sicfine
19: end if

20: end while
21: return (P, Q)

When we split a color R into sub-colors § = {~v,v',v",...} (we assume without loss of generality that
vl = 1Y = 1| =...), 7 keeps the R label, while each of S\ {7} is assigned a distinct new label.

Now, we discuss the motivations behind various parts of Algorithm [I]and why it converges to a reduction
coloring. Note that our requirement of equitability on A is equivalent to requiring that Ag-l) is equal for all
7 that share the same color in Q. It is easy to satisfy this condition, in addition to equal b; within each S € P
and equal (l;,u;) within each T' € Q, by simply initializing P and Q to account for these requirements, as
seen in our pseudocode for Algorithm

In the original color refinement algorithm, when refining a stable coloring P of a graph, Siefine is always
maintained as a sufficient refining color set. This means that for all Sy, S5 € P, if there exist v1, v € S7 such
that |N(v1) N S2| # |N(ve) N S|, then this inequality also holds for some S2 € Syefine [2]. For convenience,
we say that in this scenario, S7 has an objection with So. Informally, Siefine is a sufficient refining color set

13



if any color that has objections, has an objection with at least one color in Siefine.

For each color R popped out of Syefine, color refinement essentially resolves any objections other colors
have with R by splitting those other colors as needed. Because this may lead to new objections with newly
split colors, all of the newly created colors are pushed into Siefine to ensure that Siefne remains a sufficient
refining color set. When the algorithm terminates, |Syefine| = 0, implying no objections and therefore stability
of P.

We provide several analogous definitions of objections, or possible violations of our reduction coloring
conditions, for our generalized algorithm. For all Ty € Q, if, for some k > 2, there exist 7V, ) € T} and
Ts, ..., Ty € Q such that

k) (k)
AR E AV
Z F W ja.. g 7 7P g2 gk’
J2€T2,...,jr €T} J2€T2,...,jr €Tk

then 77 has an objection with 75. (Note that in this case, T} also has an objection with T5,...,T).)
Similarly, T} has an objection with T if, for some k > 2, there exist j(V), j® e Ty, colors Ts, ..., T} € Q,

and S € P such that
Z Z (Pi(k:)) Z Z (Pi(k))

J2€Ts . jr €T, €S I0d2dh e, e, ies 7.3

In this case, T7 also has an objection with S.

Finally, if there exist (1) i) € S and T}, ..., T} € Q such that

(k) (k)
> (Pi(1>>- ED (P,xz)), .
J1ETL ooy jn €T Tieedle G emy k€T e

then S has an objection with every color in {77,...,T;}.

In general, to explain all of our objection definitions, suppose we require equitability of (Q1,..., Q) on

a rank k tensor QQ € {A(k), P(kfl)}. If there exist fixed T, € Q,. and Ty € Q; for all s # r such that

> Qji...jn

JET s Jr—1€Tr—1,Jr4+1€Tr41,--,Jk €Tk

is not equal for all j. € T,., then T, has an objection with every color in {Ts | s # r}.
Note that for each R popped out of Siefine, our generalized algorithm still resolves any objections other
colors have with R.

Lemma 1. Using all definitions of objections, Srefine remains a sufficient refining color set after each
iteration of the loop.

Proof. By definition of sufficient refining color set, it suffices to show that for each of our three definitions
of objections, it is always guaranteed after each iteration of the loop that if any color R; has an objection
with another color Ro, then R; has an objection with some R3 € Siefine-

Suppose for the sake of contradiction that some color has an objection with a color R ¢ Sicfine, but does
not have an objection with any colors in Syefine. However, note that R must have been in Syefne at some
point. Additionally, after one iteration after R was popped out of Siefine, no other color had an objection
with R.

Hence, there are only two ways in which our claim could fail:

1. Some R & Srefine is split into {7,7/,7”,...} at some point (with all resulting colors except v pushed
into Srefine), leading to some other color having an objection with 4 but not any colors in Siefine,
including ', 7", -+ € Srefine-

2. After one color’s objections with 4/, v”, ... are resolved, that color still has an objection with ~.

We prove that both of these are impossible for any definition of an objection. In particular, we show
that if a color R’ does not have an objection with R but does have an objection with -, it must also have
an objection with at least one color in S\ {7}, which also proves that after all objections by R’ with colors

14



in §\ {7} are resolved, R’ no longer has an objection with . We assume that R’ is not split, but it is easy
to see how our proof still applies if it is.

Without loss of generality, suppose we are refining for equitability of (Q1,...,Qk) on @, and R’ € Q;
has an objection with v C R for R € Qy. Because R’ does not have an objection with R, we have for any
Ts€ Qs,..., T, € Qp and jV, i@ e R with

> QW jags...jr 7 > Q@ jrjs...ji

J2€7,J3€T5,...,jk €Tk J2€7,J3€T5,....jk €Tk
that
Z Z Qj(1>j2...jk = E Qj(l)jz.“jk - E Qj(l)jz____jk
pES\{~} J2€p,j3€T3,.... 5k €Tk J2€R,j3€Ts,...,jk €Tk J2€7,53€T3,...,jr €Tk
# > Qi jy.4, | = > Qi js...jy
J2€R,j3€T3,....jk €Tk J2€7,§3€T3,..,jr €Tk

= Z Z Qj(z)h-ujk’

pES\{v} J2€p,j3€T3,....Jk €T,

so this inequality also must hold for at least one individual p € S\ {7}. Hence, R also has an objection
with some other color in & besides 7. O

Lemmal/[I]shows that Algorithm[I]converges to a reduction coloring because when Algorithm [I] terminates,
there are no more objections and therefore no more violations of our conditions for a reduction coloring.

3.6 Time Complexity of Generalized Color Refinement

The first time the color R of some index 1 <i < m or 1 < j < n is pushed into Siefine, it has size |R|. If the
color of i or j ever gets pushed into Siefine again, then at some point, R must have been split, with i or j
being assigned to some color in S\ {7}. Hence, the current color of i or j has size at most |2£|. This implies
that each variable can be pushed into Syefine at most logy(n) times, and each constraint can be pushed at
most log,(m) times.

When we pop a color R from Syefne and process it, we need to examine all entries of A®) and P®) for
each 1 < k < d that include an index in R. We need to examine up to n* entries for A®) and up to mn*
entries for P(*). Because each entry in P*) has one constraint index and k variable indices, it is “touched”
at most O(klog(n) + log(m)) times. Similarly, each entry in A*) is “touched” at most O(klog(n)) times.
Hence, the total time complexity is

<<an log(n )—i—Zmn (klog(n )-Hog(m)))

k=1

=0 ((log( ) + mlog(n <an ) + mlog(m (;M))

O(( +1)log(n)< knk> mlog(m — )

(m + 1) log(n) < lmk> + mn? log(m)) ,
k=1

S
a |l Q,
—

0
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and since
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the time complexity of Algorithm [1] is

O ((m + 1)dn®log(n) + mn® log(m)) = O (nd((m + 1)dlog(n) + mlog(m))) .

3.7 Uniqueness of Coarsest Reduction Coloring
Inspired by [2], we generalize the definition of a refining operation as follows:
Definition. A refinement operation does one of the following:

e Refines Q for equitability on A*) by splitting each T' € Q based on

k
Ts,... Tk, > AW )| T, TheQ
J2E€R,j3€TS,....jk €T

for j; € T and some fixed R € Q.

e Refines Q for equitability on P*) by splitting each T € Q based on

S.Ty,...,Th, 3 > (PY) SePTy,.... Ty € Q

j2ER,j3€Ts,...,jnETk i€S Jueedk
for j; € T and some fixed R € Q.

e Refines Q for equitability on P*) by splitting each 7' € Q based on

Ty Te Y Z(P}’”) Ty,..., T € O

J2€To,...,jk €T, iI€ER Ji---Jk
for j; € T and some fixed R € P.

e Refines P for equitability on P®*) by splitting each S € P based on

k
To,..., Tk, Z (pi( )>. | Ty TicO
J1ER,§2€T2,...,jr €Tk J1e--Jk

for ¢ € S and some fixed R € Q.
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In general, a refinement operation refines Q, for equitability of (Q1,..., Q) on @ by splitting each
T, € Q, by

Tl, ce ,Tk, Z Z le...jk Ts € sts ¢ {7", sl}

Js€Ts,s¢{r,s'} js+€ER

for j. € T, and some fixed R € Q, where s’ # r. Note that in Algorithm |1} a refinement operation consists
of a line beginning with refine and the innermost loop that surrounds it. In each case, the loop iterates
through colors in either P or Q and refines the corresponding coloring as needed based on other colors.

We now prove the uniqueness of the coarsest reduction coloring in two steps.

Lemma 2. Suppose that (P, Q') refines (P, Q), and (P', Q') is a reduction coloring. After any refinement
operation on (P, Q), (P', Q) still refines (P, Q).

Proof. Tt suffices to show that if i(!) and i(?) share a color S’ € P’, then they also share a color in (P, Q)
after any refinement operation, and likewise for any 7V and j® that share a color 7" € Q’. The crucial
insight here is that refinement operations split colors in P and Q only if certain conditions are true, and
these conditions are not met in (P, Q). For example, for the refinement operation for equitability on AR
71 and j@ are split only if there exist R,T5, ..., T, € Q such that

(k) (k)
Z A,y F Z Ao o

J2E€R,j3€T3,...,jr €Tk J2€R,j3€Ts,...,jk €Tk

However, since (P’, Q') refines (P, Q), we can write

k) (k)
A® > S AR
Z FARNEIN F W o g
J2€R,j3€Ts,....jk €Tk R'\Tj;,...T;€Q’ j2€R/,j3€TS,....jr €T},
R'CR,T;CTs,...,T], CTk

k)
= > > A}
F®ja.. g
R \Tj;,...T;€Q’ j2€R/,j3€TS,....jr €T},
R'CR/TICT;,...,T.CT

_ (k)
- Z Aj(Q)jz---jk

J2€R,J3€ET,....jk €Tk

due to equitability of (Q’,...,Q’) on A®). Hence, 7 and j) are not split by this refinement operation.
Similar logic holds for the other refinement operations. O

Lemma 3. The coarsest reduction coloring (P, Q) of any convex polynomial optimization problem is unique.

Proof. Since it is obvious that only a finite set of distinct colors can appear in Syefne more than once, Siefine
is always a sufficient refining color set by Lemma and only finitely many distinct colors can exist in (P, Q),
our color refinement algorithm eventually converges to a reduction coloring, which is refined by every other
reduction coloring according to Lemma [2] Clearly, there cannot exist two coarsest reduction colorings with
one refining the other. O

4 Experiments

4.1 Dataset

Our dataset is QPLIB, a library of 453 quadratic programs [6]. Excluding non-convex and/or LCQP in-
stances, there are 27 convex quadratically constrained linear programs (QCLPs).
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4.2 Results

We run experiments on small QCLPs from QPLIB, rounding coefficients and bounds to various powers of 10.
Some linear and concave quadratic constraints in QPLIB problems have lower bounds, which do not appear
in our original format for convex polynomial optimization problems. We negate these constraints to ensure
that they are bounded above, not below. Additionally, some linear constraints have both lower bounds and
upper bounds. We treat each of these as two separate constraints.

For the QCLPs we study, preprocessing consists of the following:

e All coefficients are rounded to a certain power of ten.

o A synthetic QCQP is generated from the QCLP by setting A?) = 2I; this way, the quadratic term in

the objective is simply z ' z.

e In cases where rounding makes individual constraints infeasible, we generate both a QCLP and its
associated QCQP by removing all infeasible constraints.

All QCLPs and QCQPs were modeled in CVXPY [4] and solved using the ECOS solver [5]. Reduction was
implemented in C++. Figures were generated with Matplotlib [9]. Runtime with dimension reduction (the
sum of the time taken to reduce and the time taken to solve the reduced problem) as a percentage of runtime
on the original problem is visualized below for each instance. Full results are provided in Appendix [A]l

Reduced Runtimes as a Percentage of Original (QCLP)
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Figure 1: Percentage of original runtime after dimension reduction (QCLPs).

Reduced Runtimes as a Percentage of Original (QCQP)
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Figure 2: Percentage of original runtime after dimension reduction (QCQPs).

5 Future Work

Several directions remain open for future investigation.
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5.1 Affine Transformations for Coarser Colorings

Among the most restrictive conditions for a reduction coloring are the requirements that (i) (/;,u;) is equal

for all j in the same T' € Q; (ii) for convex polynomial optimization, that Ag-l) is equal for all j in the
same T € Q. However, prior to applying reduction, we can scale (multiply by some constant) all z; so that

all nonzero A" take the same value. Alternatively, we can apply some affine transformation to z so that
(I;,u;) is constant across all j (we assume that [; # u; for all j; otherwise, we can treat all “fixed” z; as
coefficients). For polynomial cases, we can do both. We show the order of transformations does not matter.

Suppose we apply equal A§-1) first. Here, we assume that Ag-l) > 0 for all j. We ignore j where Ag-l) =0
as we can clearly transform these z; to any (I;,u;), and because these z; cannot be grouped with other x;

with A;l) # 0 due to our requirement that Q is equitable on A(). Additionally, we can simply negate x;
where Agl) < 0 as needed.
Let C denote the value we aim to scale each Agl) to (not to be confused with a color C' in a graph
coloring, from Section . Then we have
)
J
C

We can still add any constant term to each z; to try and set as many (I;,u;) as possible equal, though we are

unable to change the size of each pair of bounds, u; — [;. Hence, this is equivalent to two x; being assigned

}Aﬁl)’(uj—lj)
C

Tj =

Zj-

the same T' € Q only if they have equal , which is equivalent to equal A§1)(uj — lj)’.

Alternatively, suppose we apply equal (I;,u;) first, and we aim to change every bound to L < z; < U.

We scale using
U-1L Lu; — Ul
2 Uj y

T
J . 7. !
u; —1; u; —1;

which also changes each A;l):
A(‘l)‘ (uj — 1)
A(l)’ ’ J
457~ U—L

This means that two x; are assigned the same T' € Q only if they have the same Agl)(uj — 1)

These two are the same condition, implying that it does not matter whether we scale to match AW first
or to match (I;,u;) first. For simplicity, we can scale each z; so that all (I;,u;) are equal, and this method
applies for both polynomial and general convex optimization problems.

We can also scale each constraint so that all positive b; have the same value and all negative b; have the
same value, though we note that this must occur after affine transformations of x as those transformations
change b by introducing constant terms into each constraint.

We now show that these methods preserve or coarsen the coarsest reduction coloring (P, Q) by proving
that (P, Q) still satisfies all of our reduction coloring conditions after affine transformations. Equal b; within

each S € P and (I, u;) within each T € Q are trivially satisfied, so it suffices to show that % remains
I le=z2

equal across all j € T for any T' € Q, and that G;(Z) remains constant across all i € S for any S € P.

Note that since transformations of z; are solely determined by (I}, u;), which is guaranteed to be constant
within each T' € Q, z; is transformed the same way for each j € T. Denote the transformation for each
T € Q as 77, and denote by T the transformation of = given by applying Tr to each z; for all j € T' and
TeQ.

Let T = T (&) denote some % after transformation. Then the new objective function is

F(T'(@),
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and we have that

) (dTT%xn)
e=T1(@) dz;

a7; ' (T5)

dz;

_(or
o 8xj

if j € T. But '7'7?1 is clearly also an affine transformation, so is a constant that depends only on

T, not j. Similarly, we note that %‘ T1(z) = % is equal across all 7 € T by assumption. Hence,
Te=T-"1(z I =%
% _ remains equal across all j € T'.

Ff)rxequal Gi(Z), note that each Tr is bijective. Hence, T; is equal for all j € T given some T € Q
if and only if x satisfies the same condition. Since we are given that = satisfies equal G;(&), T must too,
finishing our proof that the coarsest reduction coloring can only get coarser, not finer, after we apply affine
transformations.

While these methods can lead to a coarser coloring in theory, they may not be optimal in practice for
several reasons.

Firstly, these transformations can inadvertently destroy sparsity. As seen in Table[l] in the QCLPs from
QPLIB that we used, the vast majority of entries (coefficients or bounds) take on some default values.

Table 1: Sparsity of QCLP instances

Problem number Entries Non-default entries Percentage non-default
7579 27,452,404 11,004 (4.0 x 1072)%
3678 217,804,804 42,004 (1.9 X 10*2)%
2482 10,433,232,689 12,196 (1.2 X 10*4)%
3088 83,791,398,183 22,450 (2.7 X 10*5)%
2784 167,376,548,283 25,150 (1.5 X 10_5)%
2519 197,872,438,713 33,280 (1.7 X 10_5)%

However, transformations aiming for a coarser coloring introduce dense non-default values, significantly
increasing preprocessing time. Additionally, it may be expensive to compute how F' and G; change.
Despite these tradeoffs, potential directions for future research include the following;:

e Aim for a balance between sparsity and modifying the data to make it easier for (P, Q) to satisfy the
equal (I;,u;) and equal b; conditions.

e Study non-affine transformations of each x;.

e For polynomial cases, scale constraints with b; = 0, aiming to make it easier to satisfy equitability on
P®)and/or scale constraints with b; # 0, balancing equitability on P*)| the equal b; condition, and
sparsity.

e For polynomial cases, scale variables to promote equitability on A*) and P*). In order to be effective,
this method will necessarily interfere with our existing transformations of « to aim for equal (5, u;),
so also study how to balance equitability and equal (I;,u;).
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5.2 Other Directions

e Extend color refinement, which we have established for convex polynomial optimization problems, to
certain non-polynomial cases.

e Improve the efficiency of color refinement for convex polynomial optimization, aiming to avoid an
exponential time complexity in the polynomial degree.

6 Conclusion

We generalized color refinement techniques for dimension reduction to all smooth convex optimization. We
built on prior methods for LPs and convex LCQPs, proving a reduction theorem that holds under a set of
coloring conditions. We also proposed a modified color refinement algorithm for polynomial cases capable
of refining double colorings (P, Q) while preserving key convexity, feasibility, and optimality properties. We
proved the uniqueness of the coarsest coloring in this setting and demonstrated how our procedure converges
to it. Experiments on QCLPs from QPLIB and synthetic QCQPs confirmed that our approach yields signif-
icant dimension reduction, particularly under rounding. We also proposed several directions for future work,
including variable and constraint scaling heuristics and non-affine transformations of variables. Ultimately,
our method provides a computationally effective preprocessing procedure that can exploit symmetries in
convex optimization.
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A Full Results

Table [2| provides the full runtime impact of dimension reduction across all QCLPs and QCQPs studied.
Runtime is given in seconds.

Table 2: Runtime impact of dimension reduction.  Feas.=feasibility/feasible; Infeas.=infeasible;
Orig. = original problem; Red.=reduction time; Red.Opt. =reduced optimizer time; Orig. = original opti-
mizer time; Tot.=Red. 4+ Red.Opt.; %Orig. = Tot./Orig. x100. Feasibility does not change the reduction
time.

Case Round Class Feas. Red. Red.Opt. Orig. Tot. %Orig.
2482 107! QCLP Feas. (Orig.) 93.00 0.01 1006.03 93.01 9.245
2482 1071t QCQP  Feas. 92.92 0.01 990.44 92.93 9.383
2676 1071 QCLP Feas. (Orig.) 245.84 351.84 434.07  597.68 137.69
2676 107! QCQP  Feas. 273.46 342.95 426.05  616.41 144.68
3678 107t QCLP  Feas. (Orig.) 4.92 4.57 10.76 9.49 88.2
3678 107! QCQP  Feas. 4.92 4.40 10.83 9.32 86.1
7579 107! QCLP Feas. (Orig.) 0.54 0.49 1.28 1.03 80.5
7579 107t QCQP  Feas. 0.55 0.56 1.31 1.11 84.7
10001 10! QCLP Infeas. (Orig.) 0.05 0.01 2.61 0.06 2
Feas. : 0.01 3.46 0.06 2
10001 10* QCQP  Infeas. 0.06 0.01 3.48 0.07 2
Feas. : 0.01 3.50 0.07 2
10002 10t QCLP Infeas. (Orig.) 0.06 0.01 2.59 0.07 3
Feas. : 0.01 3.51 0.07 2
10002  10* QCQP Ianeas. 0.06 0.01 3.36 0.07 2
eas. : 0.01 3.49 0.07 2
10003 10! QCLP Infeas. (Orig.) 0.15 0.01 53.72 0.16 0.30
Feas. : 0.01 58.31 0.16 0.27
10003  10* QCQP  Infeas. 0.18 0.01 58.13 0.19 0.33
Feas. : 0.01 57.91 0.19 0.33
10004  10% QCLP Infeas. (Orig.) 0.06 0.01 0.17 0.07 40
Feas. : 0.01 0.75 0.07 10
10004  10* QCQP %nfeas. 0.07 0.01 0?6 0.08 10
eas. ' 0.01 0.77 0.08 10
10005  10* QCLP Infeas. (Orig.) 0.50 0.01 330.02 0.51 0.15
Feas. : 0.01 339.16 0.51 0.15
10005  10* QCQP  Infeas. 0.60 0.01 334.41 0.61 0.18
Feas. : 0.01 332.42 0.61 0.18
10006  10% QCLP  Infeas. (Orig.) 1.53 0.01  2820.49 1.54 0.0546
Feas. : 0.01  2951.25 1.54 0.0522
10006  10* QCQP  Infeas. 1.78 0.01  2898.90 1.79 0.0617
Feas. : 0.01  2838.59 1.79 0.0631
10008  10* QCLP  Infeas. (Orig.) 0.09 0.01 11.55 0.10 0.87
Feas. : 0.01 17.95 0.10 0.56
10008  10* QCQP  Infeas. 0.11 0.01 16.86 0.12 0.71
Feas. : 0.01 16.82 0.12 0.71
10009  10% QCLP Infeas. (Orig.) 0.06 0.01 4.69 0.07 1
Feas. : 0.01 4.64 0.07 2
10009  10* QCQP %nfeas. 0.07 0.01 2116752 0.08 2
eas. . 0.01 .70 0.08 2
10010  10* QCLP  Infeas. (Orig.) 0.03 0.01 0.45 0.04 9
L Feas. . 0.01 0.50 0.04 8

4 5
SO~ R | S - -
10011 10* QCLP Infeas. (Orig.) 0.21 0.01 125.02 0.22 0.18
Feas. . 0.01 124.08 0.22 0.18
10011 10t QCQP Infeas. 0.25 0.01 123.03 0.26 0.21
Feas. ) 0.01 122.61 0.26 0.21
10012 10? QCLP Infeas. (Orig.) 0.12 0.01 21.24 0.13 0.60
Feas. ) 0.01 30.95 0.13 0.42
10012 10* QCQP  Infeas. 0.14 0.01 30.81 0.15 0.49
Feas. : 0.01 30.81 0.15 0.49
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