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ABSTRACT. Generalizations of the non-commutative, non-cocommutative semisimple
eight-dimensional Hopf algebra Hg by Pansera in 2017 and Lomp in 2025 have found a
great deal of interest. Classification of Hopf algebras with coradical not commutative or
cocommutative is very difficult, making examples of classifications interesting. In 2016,
Shi classified all finite-dimensional Hopf algebras with coradical the Kac-Paljutkin
algebra Hg using the lifting method, and of particular interest, found the positive part
of Uy(sl3) at ¢ = —1 as a Nichols algebra over Hg.

In this work, we present partial progress towards the goal of classifying finite-
dimensional Hopf algebras over Hy,2 by computing some simple Yetter—Drinfeld mod-
ules over the Pansera algebras Hs,2. In particular, we show that the category of
comodules 72n2 M is Tambara-Yamagami. As a consequence, we see that all simple
Yetter—Drinfeld modules are 1-dimensional, 2-dimensional, or n-dimensional, and com-
pute the number of simple non-isomorphic Yetter—Drinfeld modules of each dimension.
We classify and realize all simple non-isomorphic 1 and 2-dimensional Yetter—Drinfeld
modules, and some of the simple n-dimensional Yetter—Drinfeld modules.

Date: March 26, 2026.
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1. INTRODUCTION

14

Hopf algebras are powerful mathematical objects that may be thought of as “in-
finitesimal quantized” symmetries, and were discovered by Heinz Hopf in the 1940s
within the context of cohomology rings in algebraic topology [2]. They have since found
applications in many fields. Some particularly interesting applications follow below.

Tensor categories are an analog of rings in the categorical setting, and have applica-
tions in fields like topological quantum field theory, representation theory of quantum
groups, and more [6, 20]. Of particular interest to physicists, a modular tensor category
furnishes a topological quantum field theory, or TQFT [17]. More generally, the cate-
gory of representations of a finite-dimensional Hopf algebra furnishes a tensor category
[7]. Thus, Hopf algebras can give rise to interesting tensor categories and related ob-
jects, such as TQFTs. This has practical applications: for example, Kitaev developed
an error-resistant quantum computation system using Hopf algebras in 1997 [13].

From a mathematical perspective, groups can be philosophically thought of as Hopf
algebras over the “field of one element.” Thus, Hopf algebras can be thought of as
a natural generalization of groups. The question of classifying all Hopf algebras up
to isomorphism over an algebraically-closed field of characteristic zero, as posed by
Kaplansky in 1975, is then of fundamental mathematical interest, for it generalizes the
classical problem of classification of groups [11].

However, due to a lack of standard techniques, this problem is extremely difficult. In
the case where the coradical Hj is a fixed Hopf subalgebra, the lifting method provides
a way to classify such Hopf algebras. This is analogous to classifying groups with a
given maximal normal subgroup. The procedure, given in [3], is as follows:

Let H be a Hopf algebra such that the coradical Hj is a Hopf subalgebra of H. The
associated graded Hopf algebra of H is isomorphic to R#H, where R = P, oy, R(n)
is a braided Hopf algebra in the category of Yetter—Drinfeld modules over Hy and # is
the Radford biproduct or bosonization of R with Hy. To find all Hopf algebras H with
coradical Hy, one proceeds as follows.

(1) Classify all Yetter—Drinfeld modules V' over Hy.
(2) Find the Nichols algebras B(V') of finite dimension; find an efficient set of rela-
tions for these algebras.
(3) If R = D,,cn, R(n) is a finite-dimensional Hopf algebra in ZgyD with V' = R(1),
decide if R = B (V). Here, V = R(1) is the infinitesimal braiding.
(4) Given V as in (1), classify all H such that grH = B(V)#H,.
The lifting method was crucial for the classification of finite-dimensional pointed Hopf
algebras and was applied to finite-dimensional copointed Hopf algebras [4, 5].
The Kac-Paljutkin algebra Hy is, by dimension, the first semisimple non-commutative
and non-cocommutative Hopf algebra. In 2017, Deividi Pansera constructed a gener-
alization of the Kac-Paljutkin algebra, the Pansera algebra H,,2, as a Cy extension of
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the group algebra k[C,, x C},] [15]. The classical Kac-Paljutkin algebra Hg arises as the
n = 2 case of the Pansera algebra. Recently, Christian Lomp constructed a further gen-
eralization of Hg by a crossed product H,,,, = IKZ;‘EW‘;(;E7 >, with H,,, of dimension
n™m/! [14]. The Pansera algebra arises as the m = 2 case of Lomp’s algebra.

In 2016, Yuxing Shi applied the lifting method to classify Hopf algebras with coradical
Hg [18]. Given the scarcity of classification results over algebras that are simultaneously
non-commutative and non-cocommutative, alongside the wide interest in Pansera and
Lomp’s algebras, it is interesting to extend Shi’s work to the Pansera algebras. The
first step in this analysis is computing the Yetter—Drinfeld modules over the Pansera
algebras Hy,2.

Of particular interest, in the case of Hg, Shi found that the positive part of U,(sl3)
at ¢ = —1 appeared as a Nichols algebra over the Yetter—Drinfeld modules of Hg. In a
sense, the Pansera algebras generalize Hg by replacing ¢ = —1 with ¢ an nth primitive
root of unity. Thus, when studying the Nichols algebras arising from Yetter—Drinfeld
modules over Hy,2, we expect to find the positive part of U,(sl3) at an nth root of unity.
Taking Drinfeld doubles, one would then find a Hopf algebra with a non-commutative
Cartan part extending the structure of U,(sl3) for ¢ a primitive nth root of unity. As
U,(sl3) describes non-abelian anyons in condensed matter physics, this could give rise to
interesting topological phases of matter and non-abelian quantum computing systems.

The paper is organized as follows. In Section 2, we review the basics of Hopf algebras
and other relevant theory. In Section 3, we discuss the module structures arising from
the induction method. In Section 4, we compute the category 2.2 M of left comodules
over Hs,2, in particular showing this category is a Tambara—Yamagami category. In
Section 5, we show all Yetter—Drinfeld modules are 1-dimensional, 2-dimensional, or
n-dimensional, and compute the number of Yetter—Drinfeld modules of each dimension.
We then classify and realize all 1 and 2-dimensional Yetter—Drinfeld modules, and some
n-dimensional Yetter—Drinfeld modules.

2. BACKGROUND

2.1. Hopf algebras and Yetter—Drinfeld modules. Here, we review the basic the-
ory of Hopf algebras and Yetter—Drinfeld modules, following [10]. Let k denote an
algebraically closed field of characteristic zero, and assume all algebraic objects or op-
erations are defined or taken over the field k.

Definition 2.1 (Algebra). Let A be a vector space, and p: AQ A — Aandn:k — A
be maps called multiplicaion and unit, respectively. Then, (A, u,n) is an algebra if the
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following diagrams commute:

A®A®AL@>A®A 77®idA/AQ|§A\idA®W

idA®ul lu k® A 7 ARk

A9A——— 5 A \ﬁ/

These diagrams are called associativity and unit diagrams, respectively. We sometimes
say A is an algebra, omitting the maps 1 and 1 when the context is clear.

We can obtain the object dual to an algebra by formally reversing the arrows.

Definition 2.2 (Coalgebra). Let C be a vector space, and let A : C — C®C,e: C = k
be linear maps called comultiplication and counit, respectively. Then, (C,A,¢) is a
coalgebra if the following diagrams commute:

C = y C®C
C@k 1d®e C@O e®id
lA idc@Al

CoC 2% ,ogcecC \ /

These diagrams are called coassociativity and counit diagrams, respectively. We some-
times say C' is a coalgebra, omitting the maps A and ¢ when the context is clear.

The A map in general sends an element ¢ € C' to an element A(c) = D7 | ¢(1y; ® ¢2);-
Computations with A can thus become long and difficult to parse. This is mitigated by
the following notation:

Remark 2.3 (Sweedler Notation). We denote A(c) = Y I | cay @ cap) by Ac) =
(1) ® ¢(2), where implicit summation is understood. In this notation, we can compactly
express the coassociativity and counit relations by:

Ale)) @ c@) = ¢y @ Alc), elcay)e) = ¢ = cajele)-
The left equation encodes the coassociativity axiom, and the right the counit axiom.

Given a coalgebra, we may endow the dual vector space with an algebra structure:

Example 2.4 (Dual algebra). If (C, A, €) is a coalgebra, the dual space C* = Hom(C, k)
becomes the dual algebra (C*, po+, ne+) with pes, ne« defined by:

0*@0* o0 (0w o)y AL o

where A\¢ ¢ is the standard injective homomorphism from C* ® C* to (C' ® C)* and &*
is the linear functional dual to €.
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For finite-dimensional algebras, we may perform the reverse construction.
Example 2.5 (Dual coalgebra). If (A, u,n) is a finite-dimensional algebra, the dual
space A* becomes the dual coalgebra (A*, A+, €4+) With Aas, €4+ defined by:

(Aa,a)7t
0

Ayt A5 (A A A" @ A*

eae ko kLD A
with p* the linear functional dual to p and n* the linear functional dual to n. Notice
the map (A4 4) " exists since A is finite-dimensional.

Morphisms of algebras and coalgebras are as follows:

Definition 2.6 (Algebra homomorphisms). Let A, B be algebras. An algebra homo-
morphism p: A — B is a linear map such that the following diagrams commute:

A A2 BoB A—" 4B
HA\L \lﬂB "YLX\ /;B

Definition 2.7 (Coalgebra homomorphisms). Let C, D be coalgebras. A coalgebra ho-
momorphism ¢ : C'— D is a linear map such that the following diagrams commute:

C—2 D Cc—2 D

Acl 1Ap o
k

We now recall the definition of modules over an algebra and the corresponding notion
for coalgebras.

Definition 2.8 (Module). A (left) module (V,p) over an algebra (A, u,n) is a vector
space V equipped with an action p : A ® V — V such that the following diagrams
commute:

A AV 2V, 4oy koV Y Ag v
] Pl
ARV ———V %

Dually, for coalgebras, we reverse arrows.

Definition 2.9 (Comodule). A (left) comodule (V,0) over a coalgebra (C,A,¢) is a
vector space V equipped with a coaction 6 : V — C' ® V such that the following
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diagrams commute:

V—2 oV V s 0oV
5l lA@idV \ la@idv
C®V.d—>C®C®V koV
ido®d

When an object is both an algebra and a coalgebra, a compatibility condition may
be imposed.

Definition 2.10 (Bialgebra). Let B be a vector space such that (B, i, n) is an algebra
and (B, A, ¢) is a coalgebra. Then, (B, u,n, A, ¢) is a bialgebra if A and e are algebra
morphisms with respect to (B, u,n).

Products of comodules over a bialgebra are given by the following:

Definition 2.11 (Tensor product of comodules over a bialgebra). Given a bialgebra B
and V, W left B-comodules with coactions éy : V — B® V by dy(v) = v(_1) ® v(9) and
dw : W — B W by dw(w) = w1y ® w) respectively, V ® W may be endowed with
a comodule structure (V ® W, dygw ) where dygw is given by:
dvew (v @w) = (1@ idvew)(v(-1) © w-1) @ V() © W),
forallveVand we W.
To turn a bialgebra into a Hopf algebra, we impose a map similar to an inverse.

Definition 2.12 (Hopf Algebra). Consider (H, u,n, A, €) a bialgebra. We say that H
is a Hopf algebra if there exists a linear map S : H — H such that, for all h € H,
hyS(h(2)) = €(h)1 = S(ha))h(2). Equivalently, the following diagrams must commute:

H—2 sH®H H—2 “H®H
nofl lS@idH ﬁOEl lid]—[@»s
Hé — HoH Hé¢——— H®H

We call S the antipode of H.
The objects we wish to study are the Yetter—Drinfeld modules.

Definition 2.13 (Yetter-Drinfeld modules). Given a Hopf algebra H, let V' be a left
H-module and a left H-comodule with left action and left coaction:

p - HRV =V, hov h-v=ho,
0:V-H®V, vi>v(_1)®v(o)a
Then (V, p, ) is a (left)-(left) Yetter—Drinfeld module over H if for all h € H,v € V:
0(h-v) = hayo)S(he) © hea) - ).
We denote the category of left-left Yetter—Drinfeld modules over H by £YD.
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Yetter—Drinfeld modules encode combinatorial information via a braiding. This is not
central to the paper at hand, but is important for the general theory of Nichols algebras,
which is relevant for the Andruskiewitsch—Schneider lifting method.

2.2. Some categorical notions. Here, we introduce some fundamental notions from
category theory.
Recall the definition of a Tambara—Yamagami category from [19].

Definition 2.14. Let A be a finite abelian group and k an algebraically closed field of
characteristic 0. A Tambara—Yamagami category associated to A is a tensor category
over k with finitely-many simple objects

{Ua}aea H {Un},

such that U, is invertible while U, is noninvertible, with the fusion rules on simple
objects given by:

Ua & Ua’ = Uaa’a

Ua & Um = Um>

Um ® Ua - Um7

Um®Um = @ Ua”a
a’eA

for all a,a’ € A.
Remark 2.15. Such Tambara-Yamagami categories can be shown to be fusion cate-
gories, and are classified up to equivalence, by a symmetric bicharacter
X:AxXA—KkX
together with a scalar 7 € k* satisfying 72 = |A|~! [19].
For the following, we follow Chapter 3 of [7].

Definition 2.16 (Unital N-ring). A unital N-rind is a ring R such that:
(1) the underlying abelian group is free abelian
(2) there exists a finite N-basis: a finite set I C N of elements X; € R, i € I, such
that:
XiX; =Y Xy,
kel
for cfj € N.
(3) the ring unit 1 is one of these X;.
Recall the following foundational result:

Theorem 2.17 (Frobenius-Perron). Let B be a square matriz with non-negative real
entries. Then B has a non-negative real eigenvalue.
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For a unital N-ring, we may define the Frobenius-Perron dimension:

Definition 2.18 (Frobenius-Perron Dimension). Let R be a unital N-ring with finite
N-basis I. Then, for each X in R, we may define an |I| x |I| matrix of left multiplication,
that is, a matrix (Nx),; defined by:

XX; = (N,)iX
iel
The largest eigenvector of the matrix Ny is the Frobenius-Perron dimension of X.

Remark 2.19. By Theorem 2.17, the Frobenius-Perron dimension of any object in a
unital N-ring is always a non-negative real number. Furthermore, the eigenvalue may
be considered as the root of the characteristic polynomial of the matrix N,, which is
integer-valued. Thus, the eigenvalue will be a non-negative algebraic integer.

Remark 2.20. For R a ring of representations of a Hopf algebra, the Frobenius-Perron
dimension coincides with the vector space dimension. See Chapter 6 of [7] for a proof.

2.3. The Drinfeld double. Here, we define the Drinfeld double of a Hopf algebra.

Definition 2.21 (Drinfeld double). Let (H, u,n, A, e, Sy) be a finite-dimensional Hopf
algebra such that the antipode Sy is bijective. Let D(H) = (H*)°® “®» ® H, and con-
struct the maps up,np, Ap, €p, and Sp by:

qu@wg®y%=ﬁN54@@)W$m)®xwy

Ap(fez) = (fo ®zm) @ (fo) @ zm)
no(k) = 5®77H(k)
(f®=’ﬂ) m-(f) - eu(r),

and

Sp(f®x)=(® Sy(zr)) b (Sﬁi(f) & 771{(1)) ,
for all f,g e H*, x,y € H, and ¢ (S‘l(x(g))-? . 91;(1)) is the element of H* sending h to
g (S M) h-zq).

Then (D(H), pp,mp, Ap,ep, Sp) is a Hopf algebra and is called the Drinfeld double
of H.

Remark 2.22. This definition follows from section 1X.4.1 of [12].
The following foundational theorem is an immediate corollary of Remark 4.1.5 in [10]:

Corollary 2.23. Given a finite-dimensional Hopf algebra H with bijective antipode,
there is an isomorphism of monotidal categories between pryM and 2YD.
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2.4. The lifting method. The following lemma, proved in a different form as Propo-
sition 2 in [16], will allow us to determine many simple Yetter-Drinfeld modules.
Lemma 2.24 (Radford). Let H be a Hopf algebra over the field k with antipode S.

(1) If L is a simple (left) H-module, then L ® H € YD, the module and comodule
actions are given by:

h . (l (24 CL) = h(2) . l (24 h(S)QS_l(h(l)), 5([ (24 h) = h(l) X (l & h(g)),

for every h,a € H,l € L.
(2) Any simple (left-left) Yetter—Drinfeld module M € BYD is isomorphic to a
Yetter—Drinfeld submodule of some L ® H as described above.

2.5. The Pansera algebra H,,>. Here, we describe the Pansera algebra Hs,,2.

Definition 2.25. Let n > 1 and ¢ be a primitive n-th root of unity. The Pansera
algebra Hy,2 is the associative Hopf algebra generated by z,vy, z, with the following
relations:

TY =Yr, 2T =Y, Y =TZ.

The comultiplication is determined by:

[y

n—1 n—

1
Alr)=z2, Aly)=y®y, A2) = q" ® (¥ z2).

s
Il

=)
<.

The counit is determined by (z) = ¢(y) = £(z) = 1. The antipode is given by S(z) =
v71, S(y) =y, S(2) = 2. The Pansera algebra Hy,2 is 2n-dimensional with basis

{2y, 2"z |0 <i,j <n—1}.
The following elementary lemma is key to the remainder of the paper.

Lemma 2.26. The following is true:

nz_lq”” B {n, ifm=0 (modn)
r=0

0, otherwise.

The following change of basis will be used throughout the paper:
Proposition 2.27. Define:

n—1 n—1
—ra, —sb, .a, b —ra, —sb,.a, b
rs) = q g ey, rs), =Y g g ey
a,b=0 a,b=0

Then, {|r,s),|r,s), | r,s € {0,...,n—1}} is a basis for Hyyz.
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Proof. 1t suffices to find a linear inverse map between the bases 2%y and |r, s). Applying
Lemma 2.26, we see the following expansion:

n—1 n—1
1 1
a,b _ ra . sb —rc —rd, .c,.d _ ra . sb
vy =) d" (Zq q xy)—HQZq ¢ |r,s).
r,5=0 c,d r,5=0

The same calculation shows the result for x%y’z and |r, s).. U

The modules over Hy,2 were classified in [8].
Proposition 2.28 (Ferraro et al.). Let p be a square root of q, or equivalently, a 2nth
primitive root of unity. Then the simple modules over Hy,2 are given by:

(i) T = k{vi} with:

2
vovp =qdvi yeui=dtyy 2o =2
for k € Z,.

(11) w(i,5) = k{vy,ve} with vy = <(1)) , Vg = ((1)) such that:
R g 0 R ¢ 0 R 0 1
T 0 qj Yy 0 qi qij 0/

for (i,7) € Zy, X Ly, with i < j.
In what follows, we will assume, unless otherwise stated, that all sums (in all indices)
run from 0 to n — 1, ¢ is a primitive n-th root of unity, and p is a square root of q.

3. INDUCED MODULE STRUCTURE ON Hy,2

Recall from Lemma 2.24 that given a Hopf algebra H and a (left) H-module L, the
induced (left) module structure on L ® H is given by:
h - (l & CL) = h(g) Al® h(g)aS_l(h(l)).
for all a,h € H and [ € L. Also recall A’ (z) =z ®r®z, A*(y) =y ®y ®y, and:

N(z) = 5 3 ) @ (') @ (7).

,L'7.j7c7d

3.1. Induced module structure on TI ® Hy,2. Let L be the one-dimensional simple
(left) module T};" given in (¢) of Proposition 2.28. We consider the action of Ha,2 on
basis elements of the form ¢ ® 2%’ and ] @ z%y’2. We have:

z-(tf@ay’) = (x-t)) @ (z- (2%")S ™ (2) = ¢"(tf ® 2“y"),
y- @'y’ =(y-t7) @ (y- ()5S (y) = ¢ (tf @ =%’
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We compute z - (t ® :z:“yb) here for illustrative purposes. We have:

( ® z° y Z q —ij— cd a:’y P t+) ® (xi-l-czxaybs—l(yjz))7
1,5,¢,d
k2 ’
_ p_g Z gidmedwtikd (1 @ pbu(ite) yato=r)
n
%,7,C,d,u,v

Notice d is not part of the vector term t; ® z?+uH(i+e)yatv=i 3o we can rewrite the
above:

.. (tZ ® x“yb) Z <Z ch+dk> fzjfuv+ik (tZ Q xb+u+(i+c)ya+v*j)) )

,7,C,U,v

Now, using Lemma 2.26, the term Y, ¢~ = 3" ¢4+~ is ndy . = ndy.. Evaluating

the sum over ¢ using the Kronecker delta, we get:

k2

a p —1j—uv+i u+(% a+v—j
z-(ti@xyb):ﬁZq J +k(t2-®xb++(+k)y+ J).

?,7,U,V
Substitute v’ = u + 7+ k and v" = v — j. Since the indices u, v range from 0 to n — 1
and ¢, x,y are all of order n, u,v may be considered modulo n. This means summing
over u’ gives the same expression as summing over u. So we may replace u, v with u’, v’
in the sum indices to obtain:

z- (t ®@a%y’) = — Z —ij—(u/ —i—k)(v/+j)+ik (tg ® $b+u’ya+v’)

7.7 u’ U
P
il s ik A k/ ki b ’ 12
:ﬁ (Zq zg+zv+zg+z>(q u'v uy—l—v—l—](t—kl—@x—l—uya—}—v))’
u' v’ g 7
where we have been able to isolate the i-sum since the exponent no longer depends on
i. By Lemma 2.26, we obtain a factor nd, i o. Cancelling with the sum over v" gives:

2 (t ® 2% Z g R Rk (tﬁ 2 $b+u’ya7k) '

Applying Lemma 2.26 to >, ¢~ "Itk gives:
a a— 2 a—
. (t; ® Y ) pk qk(k) k2 (t,j ® xb—&-ky k) _ pk (ti ® xb—i—ky k).

We omit similar calculations in the induced modules for brevity, finding:

Lemma 3.1. The induced module action on T} ® Hap2 is given by:

x - (tg ® xayb) — qk (tﬁ ® :anb) : T - (tﬁ ® :L,aybz) _ qk: (tg ® xa—l—lyb—lz) 7
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y-(tF o) =¢ (thoey’),  y- (o) =4 (oY),

PR (t: ® xayb) _ ka (tz ® xb—i—kya—k) :
k2
- (tz’ ® {L‘aybz) — % Z q—uv—v2 tk+ ® xb—&—uya—f—v.

u,v

3.2. Induced module structure on T}, ® Hj,2. Let L be the one-dimensional simple
(left) module 7} given in (i) of Proposition 2.28. We consider the action of Hs,2 on
basis elements of the form ¢, ® 2% and ¢, ® z%y’z. We obtain:

Lemma 3.2. The induced module action on T,, @ Hyy,2 is given by:
v (ty @ a"y") = ¢" (t; @ 2%y), v (ty @ a%y’z) = ¢ (ty @ 2y 12)
Y - (t; X x(lyb) — qk? (tk_: ® l.ayb) ’ y - (tk_: X l.aybz) — qk’ (t]; ® xa_lyb+12) )

2 (ty @ay) = —p* (1 @2ty )
k2
— a p —uv—v? j— b+u, atv
- (t )= t :
2 (t, ®2"y’z) — L@ abty

U,

3.3. Induced module structure on 7(i,j) ® Hy,2. Let L be the two-dimensional
module (i, 7) given in (i7) of Proposition 2.28. We consider the action of Hy,> on basis
elements of the form v; ® z%°, vy ® 2%, v1 ® 2%Y’z, vy ® 2% 2. We find:

Lemma 3.3. The induced module structure on w(i,j) @ Han2 is given by:

- (01 ®2%P) = ¢ (1, ® %), 2 (02 @ 2%) = ¢ (02 ® 2%) |

x (vl ® x“ybz) =q (Ul ® x0Tyt 12) , . (Ug ® %y z) (vg ®@ Tyt )
y- (n@zy’) =¢ (v @2%’), Y- (2 @a"y’) = ¢ (v ®@2%Y’),

y- (v @a'y’z) = ¢ (v @2 yt2), y- (v ®@2%’2) = ¢ (ve @2 1y"T2),
2 (v @ 2%) = g7 (v, @ 2"y ), 2 (v ®a%y’) = v @2y

o (v @ 2%yPz) = % $ gy, @ gty

u,v

Z - (1}2 ® xabe) _ % Z qiuv7v2+’v(]?i)vl ® xb+uya+v2.

u,v
4. COMODULES OVER Ho,2

Here, we discuss comodules over Hy,2. We classify simple objects of the category
Hanz M of (left) comodules over Hy,» and show this category is Tambara—Yamagami.
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4.1. One-dimensional comodules. We have the following classification:

Proposition 4.1. There are n? one-dimensional, non-isomorphic. simple comodules
(Wiap),6) over Hyuz, with Wiap = k{wwy} and coaction given by:
S (wap) = 2°Y* @ wap),
for (a,b) € Z2.
Proof. To check coassociativity, we compute:
(idm, , ®9) 0 6(wap) = (idm, , ® §)(z%® ® Wiap)) = 2%y’ @ 2% ® Wia,p)s
(A® idw(a,b)) o §(wap) = (A® idw<a7b))(:v“yb ® W(ap)) = %y’ @ 2%’ ® W(a,p)-

The counit is computed similarly, as:

(e ®id) 0 6 (wiap)) = (x"Y") @ Wiap) = 1 ® Wiap)-
Clearly, for (a,b) # (c,d), W, and W q) are non-isomorphic as comodules. O
4.2. On the dual algebra H,,2". We will show that the only remaining comodule is
a unique simple comodule of dimension n. To find this, recall the following well-known

equivalence of categories, which may be seen in the discussion immediately following
Theorem 2.1 in [1]:

Proposition 4.2. Let C' be a finite-dimensional coalgebra. Then there are mutually
wmverse functors

F:M— M and G:cM — M.
The functor F assigns to a left C'-comodule (V,0) the left C*-module (V, ps) defined
by
ps(f @) = (f@id)(3(v)) = f(v-1)vo,
forall f e C* andv e V.

Conversely, the functor G assigns to a left C*-module (V,p) the left C-comodule
(V.6,) given by

Gp(v) = e ®p(c; @),

2

where {¢;} is a basis of C' and {c}} is the corresponding dual basis of C*.

Thus, to determine the remaining simple comodules of Hy,2, it suffices to determine
a simple n-dimensional (right) H, ,-module. We now find the multiplication in H, ,.

Denote the dual basis element corresponding to z%y® by f,, and the dual element of
2%’z by fap- Also, define a dual Fourier basis for the dual algebra Hj , by:

ra . sb z ra, sb £z
Or.s = E q q fa,b) Grs = E a9 Jap
a,b a,b
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This is seen to be another basis by the same calculation as the Fourier basis for Ha,,2.
Notice:
s (lw,v),) = D qrerstmervd f2 ()

a,b,c,d

_ ra+sb—uc—vd
- E q 6a,05b,d

a,b,c,d

- (Z qa(ru)> (Z qb(sv)> = n2(5r,u65,v-
a b

So #gf’s is the dual function to |r, s)_. For our purposes, it suffices only to compute the
multiplication in the n*-dimensional subalgebra C" = k{gZ,}. We have:

W fap o) @y 2) = (fap ® fia) © (Ala"y"2))
_ (f;,b®fcd < Zq ij z+u UZ®ZE yj—H; >
_ %Zq_ijf;b z-i-u v )® fz ( ]—i-vz)
2]

1 o
= ﬁ Z q Zj(I)-a,i—i—u(sb,v(sc,u(sd,j—i-v'
2
The Kronecker delta conditions imply u = ¢,v = b (if they are not zero), so we can
rewrite the other Kronecker deltas as d,,4. and d4;4+5. Then these may be cancelled
with the sums over i, j to force i = a — ¢, j = d — b, so substituting, we see:

1 —u)(d—v
lu( a,b’ )("E ) Z) nq(a )d )5b,v507u

But then d;,0., is exactly fZ (x"y"z), so we see as a function:

(fa b7fcd) _(a o6 d)fc,b'

Similarly, one can check the multlphcatlon in the dual Fourier basis to find:

TV 2

:u’(grs 2 gu v) =49 ngru s+v*
Thus, C" = k{f?,} =k{g;,} is a closed H; ,-subalgebra. Abstractly, we have:

Proposition 4.3. Let K = k{a,b)/{a™ = 1,b" = 1,ab = gba). Then, C' and K are
1somorphic as algebras.

Proof. Define a map ¢ : C' — K by gi, — a, g5, — b. The multiplication rules give
Grs=9q " (gf’o)r (ggyl)s. Thus, 1 is a bijection of generators by g;, <— ¢ "a"b*. So,
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to show ¢ is an isomorphism, it suffices to check that ¢ is an algebra homomorphism,
which is straightforward. O

We now identify an n-dimensional simple right K-module.

Proposition 4.4. Let V,, be an n-dimensional vector space with basis {po, ey Un_1})
and define a right action of K by p(v; ® @) = Vit1 (mod ny) and p(v; ® b) = q'v;. Then 'V,
15 a stmple right K-module.

Proof. 1t is straightforward to check that V;, is a module. Suppose V' is any irreducible
submodule. Then V' contains an eigenvector of B : v — p(v®b) since k is algebraically
closed. But these are precisely the v;, so V' contains some v;. Then, applying A n times
to v; gives all the v; and thus all of V. Thus, V' is an irreducible module. U

4.3. An n-dimensional comodule. Notice g7 = ¢ " (gfo)r (ggﬁl)s. The linear func-
tional |r,s)” dual to |r,s) (resp. |r,s).) may be written in our dual Fourier basis as
# Grs (resp. #gis). Using the isomorphism from Proposition 4.3, it is straightforward
to see the following:

Proposition 4.5. There ezists an n-dimensional simple module (V,,, p) over Ho,2™ given
by V,, = k{vg, ..., v,_1} with action p defined by p(v; ® |r,s)") =0 and p(v; ® |r,s)7) =
qszvi-l—r (mod n) -

To find an n-dimensional simple (left) comodule over Hy,2, we apply the inverse

functor G : g, ,»M — Hzn2 M. Thus we recover an n-dimensional simple comodule over
H2n2 by Vn = k{Uo, N ,Unfl} by

S)= > @ (pv;®c))

c; a basis

1 1
= (Z la,b) ® p (vj ® ﬁga,b)) + (Z r,s), ©p (Uj ® ﬁgf,s)>
ab T,

1 .
LS s

r,s

So, we finally recover the following proposition:

Proposition 4.6. There is an n-dimensional simple comodule over Hop2, (W, ), with
W, =k{wy,...,w,_1} and coaction § : W,, — Hap2 @ W,, given by:

1 E st 1 § —ab,.a, 1
5(w1) = ﬁ q ‘7“, S>z & Wity = ﬁ q bl’ yz X Witp-
r,8 a,b

Proof. We have already seen that W, is n-dimensional and simple. The identity is
straightforward to check. 0
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4.4. The category of comodules over H,,2. Hs,: is a finite-dimensional semisimple
Hopf algebra [15]. As such, H, , is also a semisimple finite-dimensional algebra. Thus,
the Artin-Wedderburn theorem tells us for {V;} an indexing of the simple modules over

H; », we have:

> dim(V;)? = dim(Hy,e) = 2n°.

Applying the equivalence of comodules over Hs,2 and modules over H; ., this tells us
for {C;} an indexing of the simple comodules over Hy,2, we have:

Z dim(C;)? = 2n*.

We have found n? 1-dimensional, non-isomorphic, simple comodules alongside a single
n-dimensional simple comodule. Thus, we have:
P+12+ 4+ 124n” =n?(1) + n® = 20>,

~
n? terms

Therefore, we have found all simple comodules over Hy,,2.

We now compute the category of simple comodules over Hy,,2.

Theorem 4.7. The category H2n2 M of comodules over Ha,> is a Tambara-Yamagami
category over Ly, Q@ Ly,. The simple comodules are as follows:

2

1. There are n~ simple one-dimensional comodules W4y = k{w(mb)} with coaction:

§(wiap)) = 2"Y" ® wiap),

for (a,b) € Zy, X Zy,.
2. There is one simple n-dimensional comodule W,, = k{wy, ..., w,_1} with coaction:

1 —ab,.a, i
o(w;) :EZQ "2z @ Wit
a,b

Proof. We have already shown that the set {W 44} p)ez, [[{Wn} is exactly the simple
comodules over Hy,2. From Definition 2.14, it suffices to check the Tambara-Yamagami
fusion rules to complete the proof.

Given two one-dimensional simple objects W, ), Wi.q4), consider the product Wi, 3 ®
Wic,a)- We have:
6 (Wap) ® Wiea)) = (Iayb : xcyd) ® (W(ap) @ Wiea) = 2P R (W(ap) @ Wie))-
Thus, as comodules, W) @ Wicay = Wiatepra) by the map wiap) @ wica) — Wiateptd)-

Given a one-dimensional object W, and an n-dimesnional object W), consider the
product W, ® W,,. For illustrative purposes, we compute the isomorphism in detail.
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We have:
1 Ci a C 7,
5(w(a,b) & wz) - ﬁ Zq dl’ ybx Y2 @ Wity

1 )
_ —cd,.a+c, b+i
= — E q "YU 2 @ Wigd
n
c,d

_ Z (' —a)(d +b) c y’+bz ® Witpsa-
gy
So, define ¢ : Wip @ W, = W,, by ©(wpn @w;) = ¢~ “w;4p. Clearly, this is a bijection

of bases, so we must check it is a comodule morphism, e.g (id ® ¢) 0§ = § o p. We get:

1 1 —cd ,.a+c %
(ld X (,0)(5(10(@71,) X wl)) = ﬁ Z q dm + yb—i— 2 ® Sp(wi—i-d)
c,d

1 4 .
_ fcd —a(i+d) ,.a+c, b+i
= — E (i+d)y, Y2 O Withtd

_ —c'd—ai c b+z
= - E q 2 @ Witb+tds

where in the third equality we substitute ¢ = ¢ + a. We also have:

S(p(Wap) @ w;)) = 8(g" % wiyp) = Z ¢ VY Y @ Wiy
Identifying ¢’ and ¢ shows that W, ;) @ W, = Wn, Similarly, we see W, @ Wiqp) =

Finally, consider the product W,, ® W,, of two n-dimensional objects. One may check:

q_Z] —ur+ut—vs+vj u, v TS
Owi @ wy) = =Y D Iy @ (0w, @ w,)

uUY TS

Now define ¥ : W,, @ W,, — @a,bezn Wiy and @ : ®a,bezn Wy — Wy, by:

1 —rs+ar+bs
\IJ(wr & ’U}s) = E Z q Farth W(a,b);
a,b

(I)( (ab Zq ai— b]—f—zyw ® w.

7]
It is straightforward to check W and ® are inverse comodule maps. So, we conclude

Wn & Wn = @ W(a,b)-

a,b€Zn,
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Remark 4.8. Recall that the Pansera algebras may also be described as a Z, extension
of the group algebra Z,, x Z, [15]. Using the theory of abelian extensions, the methods
in [21] and [9] can be used to abstractly show that 2.2 M is a Tambara-Yamagami
category. However, this approach does not give explicit descriptions of the comodules.

4.5. Induced coaction. Given a Hopf algebra H and a simple (left) H-module L, recall
from Lemma 2.24 that the induced coaction on L& H is given by (I®h) = hq)y®@(IQh(>)).
The following is straightforward to check in the manner of previous computations:

Lemma 4.9. Given a simple (left) Hy,2-module L, the induced coaction 6 on L & Ha,:
15 given by:

Sl @ 2%y’) = 2™’ © (1@ 2%y"),
1
a, b _ ea+fb a, bte
5(l®xy2)—ﬁzf:q le, /), ® ([ @ a"y""z),
foralll € L.

5. YETTER-DRINFELD MODULES OVER Hy,2

5.1. The category of Yetter—Drinfeld modules over H,,2. Recall the following
classical result, which may be found as Theorem 4.1.6 in [10]:

Proposition 5.1. On the level of monoidal categories, the category of Yetter—Drinfeld
modules of a Hopf algebra H is isomorphic to the center of the category of comodules
over H. That is,

Hyp=z (1 M).

In particular, since the category of comodules of Hs,2 is Tambara—Yamagami, the
following, which appears in more detail as Proposition 4.1 in [9], holds:

Proposition 5.2 (Gelaki et al.). [(i)] Given TY(G,x,T) a Tambara—Yamagami cate-
gory, the following is a list of the number of simple objects in Z(TY(G, x,T)) with a
gien dimension up to isomorphism:

(1) 2m one-dimensional objects,

(2) W two-dimensional objects,

(3) 2m /m-dimensional objects,

where m = |G| and where the dimension is the Frobenius-Perron dimension.

Combining these, we see gi"z VD =2 Z(H202 M) may be realized as the center of the
Tambara—Yamagami category of comodules, with the group G = Z, x Z,. Further-
more, at the level of a monoidal category, we know by Corollary 2.23 that Zz”z YD =

Rep(D(Hy,z2)) where D(Ho,2) is the Drinfeld double of Hs,2. Thus, all objects in gz"z YD
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may be realized as modules over D(H), and thus, by Remark 2.20, their Frobenius-
Perron dimension coincides with their k-vector space dimension.
We ultimately arrive at:

Lemma 5.3. The followmg 15 a list of the number of non-isomorphic simple Yetter—
Drinfeld modules m 2n? yD for a given dimension:

(1) There are 2n* one-dimensional non-isomorphic simple Yetter—Drinfeld modules.

(2) There are (2 Y two-dimensional non- isomorphic simple Yetter—Drinfeld mod-
ules.

(3) There are 2n* n-dimensional non-isomorphic simple Yetter—Drinfeld modules.

Lemma 2.24 implies that simple Yetter-Drinfeld over H,,2> modules arise as the simple
Yetter-Drinfeld submodules of L ® Hy,: for L a (left) H-module. In Section 3, we
computed the module actions on such L® H. In Section 4, we determined all comodules.
We will now combine these analyses to prove that certain submodules of these L ® H,,,2
are simple, thus determining some simple Yetter-Drinfeld modules over H,,2.

5.2. One-dimensional simple Yetter—Drinfeld Modules. Take the induced mod-
ule TF ® Hy,2. Consider the subspace UF* = k{uf*} with uf* = tf ® 2%y*~*. From
Lemma 3.1, Lemma 3.2, and Lemma 4.9, a direct computation shows U%* has an
H,,2-action by:

k,x k, k£ kk:l:

TouyT =qu, T, y~u —qu zu ipujE

and coaction d given by:
6<U§’i) — xaya k ® Ul;’:t

Since T, ,;t ® Hyp2 is an induced Yetter—Drinfeld module and U** is closed under the
action and coaction, we know U®* is a one-dimensional Yetter-Drinfeld submodule.
Each U%* is non-isomorphic since if the sign 4+ or the parameter k differs, they are
non-isomorphic as modules, and if the parameter a differs, they are non-isomorphic as
comodules.

As a,k € Z,, £ € {1,—1}, this gives 2n? non-isomorphic, 1-dimensional Yetter—
Drinfeld modules, and by Proposition 5.2, this must be all simple 1-dimensional Yetter—
Drinfeld modules, giving:

Proposition 5.4. The one-dimensional simple Yetter—Drinfeld modules over Hs,2 are
given by UM =k{u®*} for a,k € Z,, + € {1, -1}, with the Hy,2-action given by:

k,* k, k.t k, k.t

TouyT =qu, T, y-u —qu zu = +pF uki

and coaction § given by:
S) = 27yt @ 0k

All such modules are distinct.
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5.3. Two-dimensional simple Yetter—Drinfeld modules. Consider the induced

module T} ® Hyp2. For a,b € Z, such that a # b+ k (mod n), let US; =t} ® 2%" and
Voo = te @ a7y R,

Consider the subspace V}, = k{vfg : vfg }. This is two-dimensional as ¢ ® x%°, ¢ ®
2hya=k are distinct basis elements of 77 ® Hoy,e for a # b+ k (mod n). The Hoy,2-
actions are given by:

k1 k k1 k2 _ k k2

T Ua,b =q va,b Z- va,b =4q Ua,b
k1 k k1 k2 kK2

Y- Ua,b =q Ua,b Y- Ua,b =4q va,b
k1 k%2 k2 k2 k%2 k1

2 Ua,b =p Ua,b z - Ua,b =D Ua,b [4pt]

and the coaction ¢ is given by:
8(vgy) = 2y’ @ vy 8(vyy) = 2y’ @ vy
Since T}F ® Hy,2 is an induced Yetter-Drinfeld module and Va’fb is closed under the action

and coaction, we conclude V., is indeed a two-dimensional Yetter-Drinfeld submodule.

kv o k1 k1l k,2 k2 ki k,2 .
To see that V.7 is simple, let w,;, = v, + v, and u,;; = v, — v, Then:

. SR Y o k2 ko k2

T ua,b =q U’a,b’ Z ua,b =4 ua,b’

k1l _ k k1 k2 _ k k2

Y- ua,b =q U’a,b’ Y- ua,b =4 ua,b’
Lokl k2 k1 k2 k2 k2
z ua,b =p ua,b’ Z U’a,b =P U“a,b’

and:
O(ugy) = 2y © (ugy +ugy) + 2" ® (—ugy + ug}),
O(ugy) = 2y ® (ugy + ugy) + 2" ® (g, — ugy).

Thus, the module action is diagonal with distinct eigenvalues. So, any one-dimensional
submodule must be an eigenspace. But on each eigenspace, the coaction is not diagonal.
So, we conclude Vfb is simple with module structure 7} ® T}, and comodule structure
Wap) @ Whska—k-

We can see Va]fé = Vckfl if and only if k1 = kg and either (a,b) = (¢,d) or (a,b) =
(d 4 k,c — k) in the following way. Comparing the module strucutres 7,7 ® T, and
T,f ®T,,, werealize T, ®T, = T,) ®T,_ if and only if k; = ky. Comparing the comodule
structures, if k; = ky = k, we conclude W, 1) @ Wik a—r) and Wicay ® Wigpk,c—ay are
isomorphic if and only if (a,b) = (¢,d) or (a,b) = (d+k,c—d). It is straightforward to
check that when ki = ky = k and (a,b) = (c,d) or (a,b) = (d+k,c—k) that V'3 = V2.
This finishes the argument.

How many non-isomorphic modules of the form V, are there? There are n choices
for k, n choices for a, and (n — 1) choices for b such that b # a + k (mod n). But we
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must divide by two to account for the fact that ka ~ Yk ka—ke S0 we end up with
% distinct objects.

In the same manner, we may construct simple two-dimensional modules Yetter-
Drinfeld arising from the 7 (7, j) ® Ha,2 by taking V;’g = k{v; ® 2%°, vy @ 2"iy* I}
We may similarly check that the modules V;g and Vc’f are isomorphic if and only if
i=d j=j.

How many objects of the form V;g are there? There are choices for the pair
(1,7), since we must have i < j. There are n choices for a and n choices for b. So we

n3(n—1)
have 9

n(n—1)
2

distinct objects.

3 3_,2 2(p2_-1
But now, we have found ™ S 4 B =T (=1 hon-isomorphic two-dimensional

simple Yetter—Drinfeld modules, and by Proposition 5.2, this is all such objects. Thus:

Proposition 5.5. The simple two-dimensional Yetter—Drinfeld modules over Hs,2 are
as follows.

(1) For k € Z,, and a,b € Z,, such that a # b+ k, there are simple two-dimensional
modules V., = k{ ok vfg} s a module with action and coaction:

a,b?

k,1 k. k1 k,2 k. k2
- Uab_qvalﬂ T Uab_qvalﬂ

kl_ k. k1 k2_ k. k2
Y- Uab qvab’ Y- Uab qvab’

k,1 k2 k2 k,2 k2 k1
z: vab p Uab’ z: vab p Uab’

k,1 k2\ _ _b+k, a—k k,2
(S(Uab) - l’ y ®Uab7 5(Ua,b) =T Yy ®Ua’b

The modules V\, and VX, are isomorphic if and only if k = k' and (a,b) = (c, d)
or (a,b) = (d+k,c— k).
(2) For a,b,i,j € Z, withi < j, ’b = k{2 ’j2} is a module with action and

ab
coaction:
ikl =i vl = Pl
b =l o = i
° U“Jl; =4 U"Jb2’ z - Uijbz = va’Jb’l,
5(,0;’,](;1) = y & Ua’%’ , 5(1}277]52) — b+zya J ®U ,J,2 )

5.4. n-dimensional simple Yetter—Drinfeld modules. The simple n-dimensional
Yetter—Drinfeld modules are more complicated. We provide only a partial classification.

Consider the module 75" and let:
(l2 a a
= E P q (b'H)(t(j]: R x ybz).
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Consider the subspace VA% = {v}®, ... v5*,}. We wish to show this is a Yetter-Drinfeld
module with comodule structure W,,. Checking the coaction, we see:

(™) =Y p g 5ty @ ay'z)

1 ea a2 a a e
=2 a g e, ). @ (5 @ 2yt 2)
a.e,f

= —Zqﬂ’\e f (Z( b+e+l)p )(ti®x yb+e ))

a

I, £
= Z W le, 1), © vl
67f

Now, we check the module actions. We have:

. Ull):i: _ Zpazqa(b+Z) (x ) (ta_L 2 xaybz>)

a

_ Zpa2qa(b+l) (t(jf ® xa+1yb—1z)

a/2 —2a’ _a (b— (b o — a’ _
:Zp 20 @ = 14D (= (=141 g’ 1<t5—L®x o 1z>

a/

) Zil

where @’ = a + 1. Similarly, v - vb’ = qu“véfl

The z-action is:
CL2 a a
zoupt = E p* ¢ (2 - (5 @ a"y’2))

1 Cded? e a
e p q(b+l)q d—d xb+y+d2
n
c,d,a
:l:l —(c— '—a)—(d' —a)2 a2 a c U
== (/b)) (@ ~a)? a? pa(bt) o
c.d,a

where we substitute ¢ = b+ ¢, d = a + d in the third line. Now, using ¢ = p?, we get:

== ilE 2bd’ —2 d’2§ : 2c¢'a—a?, 4dad +2al —2cd ¢, d
z 'Ub = 0 P () P p P ry z).

d a,c
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Notice that p2@e=a® = p=(@=¢)>+()* Plygging this in and substituting @’ = a — ¢, we
obtain:

:l:l ! !’ / !/ ! ! / !
.. Ub _ Z 2bd’ —2(d") Zp )2 PHEHT L2+ <p—2cd 2%y z)

a’,c

:i:l
2bd’ —2(d')? )2 +4a/d' +2a'l +20’d’+2c’l d, d
TR AP 20 =yt
:i:l bdl dl 2 2a/d/ ll l:t
p v

We have thus seen that V% is closed under the action and coaction, and is thus a
sub-Yetter-Drinfeld module of T," ® Hy,2. As a comodule, V>* is isomorphic to the
n-dimensional simple comodule W,,. Thus, as a comodule, any nontrivial sub-Yetter—
Drinfeld module V' of V"% must be a nontrivial subcomodule of W, and thus equal to
W,,. Then V' must be n-dimensional, and since V* is n-dimensional, we see V' = Vb+,
Thus, V% must be simple as a Yetter—Drinfeld module.

Combining the results of this analysis, we recover:

Proposition 5.6. For + € {—1,1} and !l € Z,, there are simple n-dimensional Yetter—

Drinfeld modules over Hyy,2 by Vl’jE = k{v(l;i, Ce U 1} with Hsyy,2-action by:
1+ it+l), L+
vevp = pg T
z+l l, £

y-v _Pq Vit1

+1 2 )2
L+ ia —(a a
a,b

and coaction by:

v B n2 Zqﬁ |T s ®U1+r
We now diagonalize the z-action by wé-’i = 3, p" Dy E . We have:
L+ 2 i I+
_ Zp qz(jJrl)pq il li
_ Z 21+1 (i—1)(G+1) qjvﬁ’,il _ qu;,j:.

Similarly y - wé’i =q’ wéfi. So, since we have found n eigenvectors with distinct eigen-
values, we conclude the map v — x - v has no repeated eigenvalues.
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We then see:

=Y Uizl
_ (4D +1 ai  —a? —b? 2ab bl i
= Zp q Zq Zp

_ inl ( (Zp qJ-H)z az) (Zp 2ab bl)) ,U(ll,:t‘

For general n, it is not possible to simplify in a useful way from here. Restricting to the
case of n even, notice:

+n in, n? i2 n\ % n\n i2 n
plmt = p P = pt (P (") =p" 1 (-1),

and thus for even n, p™” is periodic modulo n. This implies that the sum G) =

Yoo pltR)?* always has the same value, since the consecutive residues k, ..., k+n —1
may be shifted to sum over the residues 0, ...,n—1. Denote this common Value G. Now
notice:

Zp q]+l+a)z =p (j+i+a)? (Zp —j—l—a) > :p_(j+l+a)2G.

i

Because of this, G} = Z;.:Ol p~UtH? ig invariant with common value G/ = Zb op?

We get:
_ K2 a a 2 —(b—2a— 2 a 2
Zp b 2ab bl 4y (2a+) Zp (b=2a=0% _ )2a+D)?
b b

where G’ is the common value of the G. Plugging in, one can check:

wé,i _ E qfazpf(j+l+a) » (2a+1)? GG’ li
n

+1 P
— — p° q a(l—j) <p_]2q—JlGG/> bt

+1 _2
= —p—ﬂ g ' GG
Thus, we may now check that the V1% are non-isomorphic. Suppose there is an
isomorphism ¥ : V!¢ — VI where 5,5 € {1, —1}. Then recall that the eigenvalues
of the operator X : v — x - v are all distinct, with w * the unique (up to scalar

multiple) eigenvector of eigenvalue ¢/. Any isomorphism \If must send an eigenvector
of X to an eigenvector of X of the same eigenvalue since isomorphisms of modules

. . l . s . ’
commute with the z and y module actions. Thus, for w;* in V;)* and w;* in V,)*', we

!
see W(w;”) = cjw *' for some constant c;. But then, since the z-action also commutes
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with ¥, we have:

U(z- wé-’s) = (%p‘jQ_leG'wl’S)

—-J

S 2 . U.s
=c;—p ' q JZGG’w_’;,
n

and:
z - \I/(wé-’s) =cj (z : wél"s/)
_ —j2 _—jU s
=c¢—p g GGw .
n
Setting these equal, we see:
/
S . . S . -
¢=p P qIGG = ¢, =p G,
n n
1-1")

which simplifies to (s/s")g = 1. This must hold for all j. Taking j = 0, we must
have s/s" =1 or s = §'. This also forces ¢ 7=") = 1. Then, summing over all j, we see:

Z q_j(l_l/) = ndo v,

J
by Lemma 2.26. But, since each individual term q*j(l*l,) is 1, the sum is n. So dp;—r =1
and we see [ = I'. So, if Vb =2 VL' [ =1" and s = s'. Thus, we have:

Proposition 5.7. The n-dimensional simple Yetter—Drinfeld modules V5 are non-
1somorphic for all l € Z,, when n is even.

Testing numerically, we pose the following conjecture:

Conjecture 5.8. The n-dimensional simple Yetter-Drinfeld modules V5 are non-
1somorphic for all l € Z,, when n s odd.

We constructed the V>* from the z-part of T ® Hy,>. We conjecture more generally:

Conjecture 5.9. The subspace ofT,ci@Hznz with basis {tf@x“ybz} furnishes n distinct
simple n-dimensional Yetter—Drinfeld modules isomorphic to the VHE.

6. CONCLUSIONS AND FUTURE WORK

As discussed in Section 1, the main work of future interest is to analyze the Nichols
algebras over H,,2, with the ultimate goal of applying the Andruskiewitsch-Schneider
lifting method to compute all finite-dimensional Hopf algebras over Hs,2. Another in-
teresting direction would be to try to extend this analysis to Lomp’s algebras H,, ,,.

To analyze the Nichols algebras, including the potential Hopf algebra extending
U,(sl3) at ¢ an nth primitive root of unity, we must complete the current research
program by determining all simple Yetter—Drinfeld modules over H,,2. We also hope to
compute the modular data of the category of comodules. This will abstractly provide
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the modular data for the category of Yetter—Drinfeld modules. Concretely computing
the fusion rules for the Yetter—Drinfeld modules would also be interesting.

Regarding the results presented in this paper, the fact that the category of comodules
is Tambara—Yamagami is exciting. Tambara—Yamagami categories are a rare class of
fusion categories where the associativity data can be described explicitly, and thus serve
as good toy examples to test larger ideas in tensor categories. Since the Pansera algebra
H,,» carries historical importance and is tractable for study, our results lend credence
to the idea that the Pansera algebra H,,> is a good toy example to test more general
ideas in Hopf algebras.

In this paper, we proposed Conjecture 5.8. We also pose the following conjecture:

Conjecture 6.1. Fach induced Yetter—Drinfeld module 7(i,j) ® H furnishes four non-
1somorphic n-dimensional simple Yetter—Drinfeld modules over Hy,,z.

This will provide 4- @ = 2n(n—1) n-dimensional Yetter-Drinfeld modules. Com-
bined with the 2n n-dimensional simple Yetter—Drinfeld modules from Conjecture 5.8,
we will have 2n? — 2n + 2n = 2n? n-dimensional simple Yetter-Drinfeld modules. By
Proposition 5.2, this would be all the Yetter—Drinfeld modules over H,2, thus complet-
ing the classification.
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