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Abstract. Generalizations of the non-commutative, non-cocommutative semisimple
eight-dimensional Hopf algebra H8 by Pansera in 2017 and Lomp in 2025 have found a
great deal of interest. Classification of Hopf algebras with coradical not commutative or
cocommutative is very difficult, making examples of classifications interesting. In 2016,
Shi classified all finite-dimensional Hopf algebras with coradical the Kac-Paljutkin
algebra H8 using the lifting method, and of particular interest, found the positive part
of Uq(sl3) at q = −1 as a Nichols algebra over H8.

In this work, we present partial progress towards the goal of classifying finite-
dimensional Hopf algebras over H2n2 by computing some simple Yetter–Drinfeld mod-
ules over the Pansera algebras H2n2 . In particular, we show that the category of
comodules H2n2M is Tambara–Yamagami. As a consequence, we see that all simple
Yetter–Drinfeld modules are 1-dimensional, 2-dimensional, or n-dimensional, and com-
pute the number of simple non-isomorphic Yetter–Drinfeld modules of each dimension.
We classify and realize all simple non-isomorphic 1 and 2-dimensional Yetter–Drinfeld
modules, and some of the simple n-dimensional Yetter–Drinfeld modules.
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1. Introduction

Hopf algebras are powerful mathematical objects that may be thought of as “in-
finitesimal quantized” symmetries, and were discovered by Heinz Hopf in the 1940s
within the context of cohomology rings in algebraic topology [2]. They have since found
applications in many fields. Some particularly interesting applications follow below.

Tensor categories are an analog of rings in the categorical setting, and have applica-
tions in fields like topological quantum field theory, representation theory of quantum
groups, and more [6, 20]. Of particular interest to physicists, a modular tensor category
furnishes a topological quantum field theory, or TQFT [17]. More generally, the cate-
gory of representations of a finite-dimensional Hopf algebra furnishes a tensor category
[7]. Thus, Hopf algebras can give rise to interesting tensor categories and related ob-
jects, such as TQFTs. This has practical applications: for example, Kitaev developed
an error-resistant quantum computation system using Hopf algebras in 1997 [13].

From a mathematical perspective, groups can be philosophically thought of as Hopf
algebras over the “field of one element.” Thus, Hopf algebras can be thought of as
a natural generalization of groups. The question of classifying all Hopf algebras up
to isomorphism over an algebraically-closed field of characteristic zero, as posed by
Kaplansky in 1975, is then of fundamental mathematical interest, for it generalizes the
classical problem of classification of groups [11].

However, due to a lack of standard techniques, this problem is extremely difficult. In
the case where the coradical H0 is a fixed Hopf subalgebra, the lifting method provides
a way to classify such Hopf algebras. This is analogous to classifying groups with a
given maximal normal subgroup. The procedure, given in [3], is as follows:

Let H be a Hopf algebra such that the coradical H0 is a Hopf subalgebra of H. The
associated graded Hopf algebra of H is isomorphic to R#H0 where R =

⊕
n∈N0

R(n)
is a braided Hopf algebra in the category of Yetter–Drinfeld modules over H0 and # is
the Radford biproduct or bosonization of R with H0. To find all Hopf algebras H with
coradical H0, one proceeds as follows.

(1) Classify all Yetter–Drinfeld modules V over H0.
(2) Find the Nichols algebras B(V ) of finite dimension; find an efficient set of rela-

tions for these algebras.
(3) If R =

⊕
n∈N0

R(n) is a finite-dimensional Hopf algebra in H0
H0
YD with V = R(1),

decide if R ∼= B(V ). Here, V = R(1) is the infinitesimal braiding.
(4) Given V as in (1), classify all H such that grH ∼= B(V )#H0.

The lifting method was crucial for the classification of finite-dimensional pointed Hopf
algebras and was applied to finite-dimensional copointed Hopf algebras [4, 5].

The Kac-Paljutkin algebraH8 is, by dimension, the first semisimple non-commutative
and non-cocommutative Hopf algebra. In 2017, Deividi Pansera constructed a gener-
alization of the Kac-Paljutkin algebra, the Pansera algebra H2n2 , as a C2 extension of
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the group algebra k[Cn×Cn] [15]. The classical Kac-Paljutkin algebra H8 arises as the
n = 2 case of the Pansera algebra. Recently, Christian Lomp constructed a further gen-
eralization of H8 by a crossed product Hn,m = kZ⊗m

n #γ

∑
m, with Hn,m of dimension

nmm! [14]. The Pansera algebra arises as the m = 2 case of Lomp’s algebra.

In 2016, Yuxing Shi applied the lifting method to classify Hopf algebras with coradical
H8 [18]. Given the scarcity of classification results over algebras that are simultaneously
non-commutative and non-cocommutative, alongside the wide interest in Pansera and
Lomp’s algebras, it is interesting to extend Shi’s work to the Pansera algebras. The
first step in this analysis is computing the Yetter–Drinfeld modules over the Pansera
algebras H2n2 .

Of particular interest, in the case of H8, Shi found that the positive part of Uq(sl3)
at q = −1 appeared as a Nichols algebra over the Yetter–Drinfeld modules of H8. In a
sense, the Pansera algebras generalize H8 by replacing q = −1 with q an nth primitive
root of unity. Thus, when studying the Nichols algebras arising from Yetter–Drinfeld
modules over H2n2 , we expect to find the positive part of Uq(sl3) at an nth root of unity.
Taking Drinfeld doubles, one would then find a Hopf algebra with a non-commutative
Cartan part extending the structure of Uq(sl3) for q a primitive nth root of unity. As
Uq(sl3) describes non-abelian anyons in condensed matter physics, this could give rise to
interesting topological phases of matter and non-abelian quantum computing systems.

The paper is organized as follows. In Section 2, we review the basics of Hopf algebras
and other relevant theory. In Section 3, we discuss the module structures arising from
the induction method. In Section 4, we compute the category H2n2M of left comodules
over H2n2 , in particular showing this category is a Tambara–Yamagami category. In
Section 5, we show all Yetter–Drinfeld modules are 1-dimensional, 2-dimensional, or
n-dimensional, and compute the number of Yetter–Drinfeld modules of each dimension.
We then classify and realize all 1 and 2-dimensional Yetter–Drinfeld modules, and some
n-dimensional Yetter–Drinfeld modules.

2. Background

2.1. Hopf algebras and Yetter–Drinfeld modules. Here, we review the basic the-
ory of Hopf algebras and Yetter–Drinfeld modules, following [10]. Let k denote an
algebraically closed field of characteristic zero, and assume all algebraic objects or op-
erations are defined or taken over the field k.

Definition 2.1 (Algebra). Let A be a vector space, and µ : A⊗A→ A and η : k→ A
be maps called multiplicaion and unit, respectively. Then, (A, µ, η) is an algebra if the
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following diagrams commute:

A⊗ A⊗ A A⊗ A

A⊗ A A

µ⊗idA

idA⊗µ µ

µ

A⊗ A

k⊗ A A⊗ k

A

µ

η⊗idA

∼=

idA⊗η

∼=

These diagrams are called associativity and unit diagrams, respectively. We sometimes
say A is an algebra, omitting the maps µ and η when the context is clear.

We can obtain the object dual to an algebra by formally reversing the arrows.

Definition 2.2 (Coalgebra). Let C be a vector space, and let ∆ : C → C⊗C, ε : C → k
be linear maps called comultiplication and counit, respectively. Then, (C,∆, ε) is a
coalgebra if the following diagrams commute:

C C ⊗ C

C ⊗ C C ⊗ C ⊗ C

∆

∆ idC⊗∆

∆⊗idC

C ⊗ k C ⊗ C k⊗ C

C

id⊗ε ε⊗id

∼=
∆ ∼=

These diagrams are called coassociativity and counit diagrams, respectively. We some-
times say C is a coalgebra, omitting the maps ∆ and ε when the context is clear.

The ∆ map in general sends an element c ∈ C to an element ∆(c) =
∑n

i=1 c(1)i⊗c(2)i.
Computations with ∆ can thus become long and difficult to parse. This is mitigated by
the following notation:

Remark 2.3 (Sweedler Notation). We denote ∆(c) =
∑n

i=1 c(1)i ⊗ c2(i) by ∆(c) =
c(1)⊗ c(2), where implicit summation is understood. In this notation, we can compactly
express the coassociativity and counit relations by:

∆(c(1))⊗ c(2) = c(1) ⊗∆(c(2)), ε(c(1))c(2) = c = c(1)ε(c(2)).

The left equation encodes the coassociativity axiom, and the right the counit axiom.

Given a coalgebra, we may endow the dual vector space with an algebra structure:

Example 2.4 (Dual algebra). If (C,∆, ε) is a coalgebra, the dual space C∗ = Hom(C, k)
becomes the dual algebra (C∗, µC∗ , ηC∗) with µC∗ , ηC∗ defined by:

µC∗ : C∗ ⊗ C∗ λC,C−−−→ (C ⊗ C)∗ ∆∗
−→ C∗,

ηC∗ : k ∼= k∗ ε∗−→ C∗,

where λC,C is the standard injective homomorphism from C∗ ⊗ C∗ to (C ⊗ C)∗ and ε∗

is the linear functional dual to ε.
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For finite-dimensional algebras, we may perform the reverse construction.

Example 2.5 (Dual coalgebra). If (A, µ, η) is a finite-dimensional algebra, the dual
space A∗ becomes the dual coalgebra (A∗,∆A∗ , εA∗) with ∆A∗ , εA∗ defined by:

∆A∗ : A∗ µ∗
−→ (A⊗ A)∗

(λA,A)−1

−−−−−→ A∗ ⊗ A∗,

εA∗ : k −→ k∗ η∗−→ A∗,

with µ∗ the linear functional dual to µ and η∗ the linear functional dual to η. Notice
the map (λA,A)

−1 exists since A is finite-dimensional.

Morphisms of algebras and coalgebras are as follows:

Definition 2.6 (Algebra homomorphisms). Let A,B be algebras. An algebra homo-
morphism ρ : A→ B is a linear map such that the following diagrams commute:

A⊗ A B ⊗B

A B

ρ⊗ρ

µA µB

ρ

A B

k

ρ

ηA ηB

.

Definition 2.7 (Coalgebra homomorphisms). Let C,D be coalgebras. A coalgebra ho-
momorphism φ : C → D is a linear map such that the following diagrams commute:

C D

C ⊗ C D ⊗D

φ

∆C ∆D

φ⊗φ

C D

k

φ

εC εD

.

We now recall the definition of modules over an algebra and the corresponding notion
for coalgebras.

Definition 2.8 (Module). A (left) module (V, ρ) over an algebra (A, µ, η) is a vector
space V equipped with an action ρ : A ⊗ V → V such that the following diagrams
commute:

A⊗ A⊗ V A⊗ V

A⊗ V V

µ⊗idV

idA⊗ρ ρ

ρ

k⊗ V A⊗ V

V

η⊗idV

∼=
ρ .

Dually, for coalgebras, we reverse arrows.

Definition 2.9 (Comodule). A (left) comodule (V, δ) over a coalgebra (C,∆, ε) is a
vector space V equipped with a coaction δ : V → C ⊗ V such that the following
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diagrams commute:

V C ⊗ V

C ⊗ V C ⊗ C ⊗ V

δ

δ ∆⊗idV

idC⊗δ

V C ⊗ V

k⊗ V

δ

∼= ε⊗idV

When an object is both an algebra and a coalgebra, a compatibility condition may
be imposed.

Definition 2.10 (Bialgebra). Let B be a vector space such that (B, µ, η) is an algebra
and (B,∆, ε) is a coalgebra. Then, (B, µ, η,∆, ε) is a bialgebra if ∆ and ε are algebra
morphisms with respect to (B, µ, η).

Products of comodules over a bialgebra are given by the following:

Definition 2.11 (Tensor product of comodules over a bialgebra). Given a bialgebra B
and V,W left B-comodules with coactions δV : V → B ⊗ V by δV (v) = v(−1)⊗ v(0) and
δW : W → B ⊗W by δW (w) = w(−1) ⊗w(0) respectively, V ⊗W may be endowed with
a comodule structure (V ⊗W, δV⊗W ) where δV⊗W is given by:

δV⊗W (v ⊗ w) = (µ⊗ idV⊗W )(v(−1) ⊗ w(−1) ⊗ v(0) ⊗ w(0)),

for all v ∈ V and w ∈ W .

To turn a bialgebra into a Hopf algebra, we impose a map similar to an inverse.

Definition 2.12 (Hopf Algebra). Consider (H,µ, η,∆, ε) a bialgebra. We say that H
is a Hopf algebra if there exists a linear map S : H → H such that, for all h ∈ H,
h(1)S(h(2)) = ε(h)1 = S(h(1))h(2). Equivalently, the following diagrams must commute:

H H ⊗H

H H ⊗H

∆

η◦ε S⊗idH

µ

H H ⊗H

H H ⊗H

∆

η◦ε idH⊗S

µ

We call S the antipode of H.

The objects we wish to study are the Yetter–Drinfeld modules.

Definition 2.13 (Yetter–Drinfeld modules). Given a Hopf algebra H, let V be a left
H-module and a left H-comodule with left action and left coaction:

ρ : H ⊗ V → V, h⊗ v ρ−→ h · v = hv,

δ : V → H ⊗ V, v
δ−→ v(−1) ⊗ v(0),

Then (V, ρ, δ) is a (left)-(left) Yetter–Drinfeld module over H if for all h ∈ H, v ∈ V :

δ(h · v) = h(1)v(−1)S(h(3))⊗ h(2) · v(0).
We denote the category of left-left Yetter–Drinfeld modules over H by H

HYD.
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Yetter–Drinfeld modules encode combinatorial information via a braiding. This is not
central to the paper at hand, but is important for the general theory of Nichols algebras,
which is relevant for the Andruskiewitsch–Schneider lifting method.

2.2. Some categorical notions. Here, we introduce some fundamental notions from
category theory.

Recall the definition of a Tambara–Yamagami category from [19].

Definition 2.14. Let A be a finite abelian group and k an algebraically closed field of
characteristic 0. A Tambara–Yamagami category associated to A is a tensor category
over k with finitely-many simple objects

{Ua}a∈A
∐
{Um},

such that Ua is invertible while Um is noninvertible, with the fusion rules on simple
objects given by:

Ua ⊗ Ua′ = Uaa′ ,

Ua ⊗ Um = Um,

Um ⊗ Ua = Um,

Um ⊗ Um =
⊕
a′′∈A

Ua′′ ,

for all a, a′ ∈ A.
Remark 2.15. Such Tambara-Yamagami categories can be shown to be fusion cate-
gories, and are classified up to equivalence, by a symmetric bicharacter

χ : A× A→ k×

together with a scalar τ ∈ k× satisfying τ 2 = |A|−1 [19].

For the following, we follow Chapter 3 of [7].

Definition 2.16 (Unital N-ring). A unital N-rind is a ring R such that:

(1) the underlying abelian group is free abelian
(2) there exists a finite N-basis: a finite set I ⊂ N of elements Xi ∈ R, i ∈ I, such

that:

XiXj =
∑
k∈I

ckijXk,

for ckij ∈ N.
(3) the ring unit 1 is one of these Xi.

Recall the following foundational result:

Theorem 2.17 (Frobenius-Perron). Let B be a square matrix with non-negative real
entries. Then B has a non-negative real eigenvalue.
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For a unital N-ring, we may define the Frobenius-Perron dimension:

Definition 2.18 (Frobenius-Perron Dimension). Let R be a unital N-ring with finite
N-basis I. Then, for each X in R, we may define an |I|×|I| matrix of left multiplication,
that is, a matrix (NX)ij defined by:

XXj =
∑
i∈I

(Nx)ijXi.

The largest eigenvector of the matrix NX is the Frobenius-Perron dimension of X.

Remark 2.19. By Theorem 2.17, the Frobenius-Perron dimension of any object in a
unital N-ring is always a non-negative real number. Furthermore, the eigenvalue may
be considered as the root of the characteristic polynomial of the matrix Nx, which is
integer-valued. Thus, the eigenvalue will be a non-negative algebraic integer.

Remark 2.20. For R a ring of representations of a Hopf algebra, the Frobenius-Perron
dimension coincides with the vector space dimension. See Chapter 6 of [7] for a proof.

2.3. The Drinfeld double. Here, we define the Drinfeld double of a Hopf algebra.

Definition 2.21 (Drinfeld double). Let (H,µ, η,∆, ε, SH) be a finite-dimensional Hopf
algebra such that the antipode SH is bijective. Let D(H) = (H∗)op, cop ⊗H, and con-
struct the maps µD, ηD,∆D, εD, and SD by:

µD(f ⊗ x, g ⊗ y) = fg
(
S−1(x(3))·? · x(1)

)
⊗ x(2)y

∆D(f ⊗ x) =
(
f(2) ⊗ x(1)

)
⊗
(
f(1) ⊗ x(2)

)
ηD(k) = ε⊗ ηH(k)

εD(f ⊗ x) = εH∗(f) · εH(x),
and

SD(f ⊗ x) = (ε⊗ SH(x)) ·D
(
S−1
H∗(f)⊗ ηH(1)

)
,

for all f, g ∈ H∗, x, y ∈ H, and g
(
S−1(x(3))·? · x(1)

)
is the element of H∗ sending h to

g
(
S−1(x(3)) · h · x(1)

)
.

Then (D(H), µD, ηD,∆D, εD, SD) is a Hopf algebra and is called the Drinfeld double
of H.

Remark 2.22. This definition follows from section IX.4.1 of [12].

The following foundational theorem is an immediate corollary of Remark 4.1.5 in [10]:

Corollary 2.23. Given a finite-dimensional Hopf algebra H with bijective antipode,
there is an isomorphism of monoidal categories between D(H)M and H

HYD.
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2.4. The lifting method. The following lemma, proved in a different form as Propo-
sition 2 in [16], will allow us to determine many simple Yetter-Drinfeld modules.

Lemma 2.24 (Radford). Let H be a Hopf algebra over the field k with antipode S.

(1) If L is a simple (left) H-module, then L⊗H ∈ H
HYD, the module and comodule

actions are given by:

h · (l ⊗ a) = h(2) · l ⊗ h(3)aS−1(h(1)), δ(l ⊗ h) = h(1) ⊗ (l ⊗ h(2)),
for every h, a ∈ H, l ∈ L.

(2) Any simple (left-left) Yetter–Drinfeld module M ∈ H
HYD is isomorphic to a

Yetter–Drinfeld submodule of some L⊗H as described above.

2.5. The Pansera algebra H2n2. Here, we describe the Pansera algebra H2n2 .

Definition 2.25. Let n > 1 and q be a primitive n-th root of unity. The Pansera
algebra H2n2 is the associative Hopf algebra generated by x, y, z, with the following
relations:

xn = 1, yn = 1, z2 =
1

n

n−1∑
i=0

n−1∑
j=0

q−ijxiyj,

xy = yx, zx = yz, zy = xz.

The comultiplication is determined by:

∆(x) = x⊗ x, ∆(y) = y ⊗ y, ∆(z) =
1

n

n−1∑
i=0

n−1∑
j=0

q−ij(xiz)⊗ (yjz).

The counit is determined by ε(x) = ε(y) = ε(z) = 1. The antipode is given by S(x) =
x−1, S(y) = y−1, S(z) = z. The Pansera algebra H2n2 is 2n2-dimensional with basis

{xiyj, xiyjz | 0 ≤ i, j ≤ n− 1}.

The following elementary lemma is key to the remainder of the paper.

Lemma 2.26. The following is true:
n−1∑
r=0

qrm =

{
n, if m ≡ 0 (mod n)

0, otherwise.

The following change of basis will be used throughout the paper:

Proposition 2.27. Define:

|r, s⟩ =
n−1∑
a,b=0

q−raq−sbxayb, |r, s⟩z =
n−1∑
a,b=0

q−raq−sbxaybz.

Then, {|r, s⟩ , |r, s⟩z | r, s ∈ {0, . . . , n− 1}} is a basis for H2n2.
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Proof. It suffices to find a linear inverse map between the bases xayb and |r, s⟩. Applying
Lemma 2.26, we see the following expansion:

xayb =
1

n2

n−1∑
r,s=0

qraqsb

(∑
c,d

q−rcq−rdxcyd

)
=

1

n2

n−1∑
r,s=0

qraqsb |r, s⟩ .

The same calculation shows the result for xaybz and |r, s⟩z. □

The modules over H2n2 were classified in [8].

Proposition 2.28 (Ferraro et al.). Let p be a square root of q, or equivalently, a 2nth
primitive root of unity. Then the simple modules over H2n2 are given by:

(i) T±
k = k{v±k } with:

x · v±k = qkv±k y · v±k = qkv±k z · v±k = ±pk2v±k ,
for k ∈ Zn.

(ii) π(i, j) = k{v1, v2} with v1 =
(
1
0

)
, v2 =

(
0
1

)
such that:

x→
(
qi 0
0 qj

)
y →

(
qj 0
0 qi

)
z →

(
0 1
qij 0

)
,

for (i, j) ∈ Zn × Zn with i < j.

In what follows, we will assume, unless otherwise stated, that all sums (in all indices)
run from 0 to n− 1, q is a primitive n-th root of unity, and p is a square root of q.

3. Induced Module Structure on H2n2

Recall from Lemma 2.24 that given a Hopf algebra H and a (left) H-module L, the
induced (left) module structure on L⊗H is given by:

h · (l ⊗ a) = h(2) · l ⊗ h(3)aS−1(h(1)).

for all a, h ∈ H and l ∈ L. Also recall ∆2(x) = x⊗ x⊗ x, ∆2(y) = y ⊗ y ⊗ y, and:

∆2(z) =
1

n2

∑
i,j,c,d

q−ij−cd(xi+cz)⊗ (xiydz)⊗ (yjz).

3.1. Induced module structure on T+
k ⊗H2n2. Let L be the one-dimensional simple

(left) module T+
k given in (i) of Proposition 2.28. We consider the action of H2n2 on

basis elements of the form t+k ⊗ xayb and t
+
k ⊗ xaybz. We have:

x · (t+k ⊗ x
ayb) = (x · t+k )⊗ (x · (xayb)S−1(x)) = qk(t+k ⊗ x

ayb),

y · (t+k ⊗ x
ayb) = (y · t+k )⊗ (y · (xayb)S−1(y)) = qk(t+k ⊗ x

ayb)
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We compute z · (t+k ⊗ xayb) here for illustrative purposes. We have:

z · (t+k ⊗ x
ayb) =

1

n2

∑
i,j,c,d

q−ij−cd
(
xiydz · t+k

)
⊗
(
xi+czxaybS−1(yjz)

)
,

=
pk

2

n3

∑
i,j,c,d,u,v

q−ij−cd−uv+ik+dk
(
t+k ⊗ x

b+u+(i+c)ya+v−j
)
.

Notice d is not part of the vector term t+k ⊗ xb+u+(i+c)ya+v−j, so we can rewrite the
above:

z · (t+k ⊗ x
ayb) =

pk
2

n3

∑
i,j,c,u,v

(∑
d

q−cd+dk

)(
q−ij−uv+ik

(
t+k ⊗ x

b+u+(i+c)ya+v−j
))
.

Now, using Lemma 2.26, the term
∑

d q
−cd+dk =

∑
d q

d(k−c) is nδ0,k−c = nδk,c. Evaluating
the sum over c using the Kronecker delta, we get:

z · (t+k ⊗ x
ayb) =

pk
2

n2

∑
i,j,u,v

q−ij−uv+ik
(
t+k ⊗ x

b+u+(i+k)ya+v−j
)
.

Substitute u′ = u + i + k and v′ = v − j. Since the indices u, v range from 0 to n − 1
and q, x, y are all of order n, u, v may be considered modulo n. This means summing
over u′ gives the same expression as summing over u. So we may replace u, v with u′, v′

in the sum indices to obtain:

z · (t+k ⊗ x
ayb) =

pk
2

n2

∑
i,j,u′,v′

q−ij−(u′−i−k)(v′+j)+ik
(
t+k ⊗ x

b+u′
ya+v′

)
=
pk

2

n2

∑
u′,v′,j

(∑
i

q−ij+iv′+ij+ik

)(
q−u′v′−u′j+kv′+kj

(
t+k ⊗ x

b+u′
ya+v′

))
,

where we have been able to isolate the i-sum since the exponent no longer depends on
i. By Lemma 2.26, we obtain a factor nδv′+k,0. Cancelling with the sum over v′ gives:

z · (t+k ⊗ x
ayb) =

pk
2

n

∑
j,u′

q−u′(−k)−u′j+k(−k)+kj
(
t+k ⊗ x

b+u′
ya−k

)
.

Applying Lemma 2.26 to
∑

j q
−u′j+kj gives:

z · (t+k ⊗ x
ayb) = pk

2

qk(k)−k2(t+k ⊗ x
b+kya−k) = pk

2

(t+k ⊗ x
b+kya−k).

We omit similar calculations in the induced modules for brevity, finding:

Lemma 3.1. The induced module action on T+
k ⊗H2n2 is given by:

x · (t+k ⊗ x
ayb) = qk

(
t+k ⊗ x

ayb
)
, x · (t+k ⊗ x

aybz) = qk
(
t+k ⊗ x

a+1yb−1z
)
,
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y · (t+k ⊗ x
ayb) = qk

(
t+k ⊗ x

ayb
)
, y · (t+k ⊗ x

aybz) = qk
(
t+k ⊗ x

a−1yb+1z
)
,

z · (t+k ⊗ x
ayb) = pk

2 (
t+k ⊗ x

b+kya−k
)
,

z · (t+k ⊗ x
aybz) =

pk
2

n

∑
u,v

q−uv−v2 t+k ⊗ x
b+uya+v.

3.2. Induced module structure on T−
k ⊗H2n2. Let L be the one-dimensional simple

(left) module T−
k given in (i) of Proposition 2.28. We consider the action of H2n2 on

basis elements of the form t−k ⊗ xayb and t
−
k ⊗ xaybz. We obtain:

Lemma 3.2. The induced module action on T−
k ⊗H2n2 is given by:

x · (t−k ⊗ x
ayb) = qk

(
t−k ⊗ x

ayb
)
, x · (t−k ⊗ x

aybz) = qk
(
t−k ⊗ x

a+1yb−1z
)
,

y · (t−k ⊗ x
ayb) = qk

(
t−k ⊗ x

ayb
)
, y · (t−k ⊗ x

aybz) = qk
(
t−k ⊗ x

a−1yb+1z
)
,

z · (t−k ⊗ x
ayb) = −pk2

(
t−k ⊗ x

b+kya−k
)
,

z · (t−k ⊗ x
aybz) = −p

k2

n

∑
u,v

q−uv−v2 t−k ⊗ x
b+uya+v.

3.3. Induced module structure on π(i, j) ⊗ H2n2. Let L be the two-dimensional
module π(i, j) given in (ii) of Proposition 2.28. We consider the action of H2n2 on basis
elements of the form v1 ⊗ xayb, v2 ⊗ xayb, v1 ⊗ xaybz, v2 ⊗ xaybz. We find:

Lemma 3.3. The induced module structure on π(i, j)⊗H2n2 is given by:

x ·
(
v1 ⊗ xayb

)
= qi

(
v1 ⊗ xayb

)
, x ·

(
v2 ⊗ xayb

)
= qj

(
v2 ⊗ xayb

)
,

x ·
(
v1 ⊗ xaybz

)
= qi

(
v1 ⊗ xa+1yb−1z

)
, x ·

(
v2 ⊗ xaybz

)
= qj

(
v2 ⊗ xa+1yb−1z

)
,

y ·
(
v1 ⊗ xayb

)
= qj

(
v1 ⊗ xayb

)
, y ·

(
v2 ⊗ xayb

)
= qi

(
v2 ⊗ xayb

)
,

y ·
(
v1 ⊗ xaybz

)
= qj

(
v1 ⊗ xa−1yb+1z

)
, y ·

(
v2 ⊗ xaybz

)
= qi

(
v2 ⊗ xa−1yb+1z

)
,

z ·
(
v1 ⊗ xayb

)
= qij

(
v2 ⊗ xb+iya−j

)
, z ·

(
v2 ⊗ xayb

)
= v1 ⊗ xb+jya−i,

z ·
(
v1 ⊗ xaybz

)
=
qij

n

∑
u,v

q−uv−v2+v(i−j)v2 ⊗ xb+uya+vz,

z ·
(
v2 ⊗ xaybz

)
=

1

n

∑
u,v

q−uv−v2+v(j−i)v1 ⊗ xb+uya+vz.

4. Comodules over H2n2

Here, we discuss comodules over H2n2 . We classify simple objects of the category
H2n2M of (left) comodules over H2n2 and show this category is Tambara–Yamagami.
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4.1. One-dimensional comodules. We have the following classification:

Proposition 4.1. There are n2 one-dimensional, non-isomorphic. simple comodules
(W(a,b), δ) over H2n2, with W(a,b) = k{w(a,b)} and coaction given by:

δ(w(a,b)) = xayb ⊗ w(a,b),

for (a, b) ∈ Z2
n.

Proof. To check coassociativity, we compute:

(idH2n2 ⊗ δ) ◦ δ(w(a,b)) = (idH2n2 ⊗ δ)(xayb ⊗ w(a,b)) = xayb ⊗ xayb ⊗ w(a,b),

(∆⊗ idw(a,b)
) ◦ δ(w(a,b)) = (∆⊗ idw(a,b)

)(xayb ⊗ w(a,b)) = xayb ⊗ xayb ⊗ w(a,b).

The counit is computed similarly, as:

(ε⊗ id) ◦ δ(w(a,b)) = ε(xayb)⊗ w(a,b) = 1⊗ w(a,b).

Clearly, for (a, b) ̸= (c, d), W(a,b) and W(c,d) are non-isomorphic as comodules. □

4.2. On the dual algebra H2n2
∗. We will show that the only remaining comodule is

a unique simple comodule of dimension n. To find this, recall the following well-known
equivalence of categories, which may be seen in the discussion immediately following
Theorem 2.1 in [1]:

Proposition 4.2. Let C be a finite-dimensional coalgebra. Then there are mutually
inverse functors

F : CM−→ C∗M and G : C∗M−→ CM.

The functor F assigns to a left C-comodule (V, δ) the left C∗-module (V, ρδ) defined
by

ρδ(f ⊗ v) = (f ⊗ id)
(
δ(v)

)
= f(v−1) v0,

for all f ∈ C∗ and v ∈ V .
Conversely, the functor G assigns to a left C∗-module (V, ρ) the left C-comodule

(V, δρ) given by

δρ(v) =
∑
i

ci ⊗ ρ(c∗i ⊗ v),

where {ci} is a basis of C and {c∗i } is the corresponding dual basis of C∗.

Thus, to determine the remaining simple comodules of H2n2 , it suffices to determine
a simple n-dimensional (right) H∗

2n2-module. We now find the multiplication in H∗
2n2 .

Denote the dual basis element corresponding to xayb by fa,b and the dual element of
xaybz by f z

a,b. Also, define a dual Fourier basis for the dual algebra H∗
2n2 by:

gr,s =
∑
a,b

qraqsbfa,b, gzr,s =
∑
a,b

qraqsbf z
a,b.
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This is seen to be another basis by the same calculation as the Fourier basis for H2n2 .

Notice:

gzr,s (|u, v⟩z) =
∑
a,b,c,d

qra+sb−uc−vdf z
a,b(x

cydz)

=
∑
a,b,c,d

qra+sb−uc−vdδa,cδb,d

=

(∑
a

qa(r−u)

)(∑
b

qb(s−v)

)
= n2δr,uδs,v.

So 1
n2 g

z
r,s is the dual function to |r, s⟩z. For our purposes, it suffices only to compute the

multiplication in the n2-dimensional subalgebra C ′ = k{gza,b}. We have:

µ(f z
a,b, f

z
c,d)(x

uyvz) =
(
f z
a,b ⊗ f z

c,d

)
◦ (∆(xuyvz))

=
(
f z
a,b ⊗ f z

c,d

)( 1

n

∑
i,j

q−ijxi+uyvz ⊗ xuyj+vz

)

=
1

n

∑
i,j

q−ijf z
a,b(x

i+uyvz)⊗ f z
c,d(x

uyj+vz)

=
1

n

∑
i,j

q−ijδa,i+uδb,vδc,uδd,j+v.

The Kronecker delta conditions imply u = c, v = b (if they are not zero), so we can
rewrite the other Kronecker deltas as δa,i+c and δd,j+b. Then these may be cancelled
with the sums over i, j to force i = a− c, j = d− b , so substituting, we see:

µ(f z
a,b, f

z
c,d)(x

uyvz) =
1

n
q(a−u)(d−v)δb,vδc,u.

But then δb,vδc,u is exactly f z
c,b(x

uyvz), so we see as a function:

µ(f z
a,b, f

z
c,d) =

1

n
q−(a−c)(b−d)f z

c,b.

Similarly, one can check the multiplication in the dual Fourier basis to find:

µ(gzr,s ⊗ gzu,v) = qrvgzr+u,s+v.

Thus, C ′ = k{f z
a,b} = k{gza,b} is a closed H∗

2n2-subalgebra. Abstractly, we have:

Proposition 4.3. Let K = k⟨a, b⟩/⟨an = 1, bn = 1, ab = qba⟩. Then, C ′ and K are
isomorphic as algebras.

Proof. Define a map ψ : C ′ → K by gz1,0 → a, gz0,1 → b. The multiplication rules give

gzr,s = q−rs
(
gz1,0
)r (

gz0,1
)s
. Thus, ψ is a bijection of generators by gzr,s ←→ q−rsarbs. So,
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to show ψ is an isomorphism, it suffices to check that ψ is an algebra homomorphism,
which is straightforward. □

We now identify an n-dimensional simple right K-module.

Proposition 4.4. Let Vn be an n-dimensional vector space with basis {v0, . . . , vn−1}
and define a right action of K by ρ(vi ⊗ a) = vi+1 (mod n) and ρ(vi ⊗ b) = qivi. Then Vn
is a simple right K-module.

Proof. It is straightforward to check that Vn is a module. Suppose V ′ is any irreducible
submodule. Then V ′ contains an eigenvector of B : v → ρ(v⊗ b) since k is algebraically
closed. But these are precisely the vi, so V

′ contains some vi. Then, applying A n times
to vi gives all the vj and thus all of V . Thus, V is an irreducible module. □

4.3. An n-dimensional comodule. Notice gzr,s = q−rs
(
gz1,0
)r (

gz0,1
)s
. The linear func-

tional |r, s⟩∗ dual to |r, s⟩ (resp. |r, s⟩∗z) may be written in our dual Fourier basis as
1
n2 gr,s (resp. 1

n2 g
z
r,s). Using the isomorphism from Proposition 4.3, it is straightforward

to see the following:

Proposition 4.5. There exists an n-dimensional simple module (Vn, ρ) over H2n2
∗ given

by Vn = k{v0, . . . , vn−1} with action ρ defined by ρ(vi⊗ |r, s⟩∗) = 0 and ρ(vi⊗ |r, s⟩∗z) =
qsivi+r (mod n).

To find an n-dimensional simple (left) comodule over H2n2 , we apply the inverse
functor G : H2n2

∗M→ H2n2M. Thus we recover an n-dimensional simple comodule over
H2n2 by Vn = k{v0, . . . , vn−1} by:

δ(vj) =
∑

ci a basis

ci ⊗ (ρ(vj ⊗ c∗i ))

=

(∑
a,b

|a, b⟩ ⊗ ρ
(
vj ⊗

1

n2
ga,b

))
+

(∑
r,s

|r, s⟩z ⊗ ρ
(
vj ⊗

1

n2
gzr,s

))

=
1

n2

∑
r,s

qsj |r, s⟩z ⊗ vj+r.

So, we finally recover the following proposition:

Proposition 4.6. There is an n-dimensional simple comodule over H2n2, (Wn, δ), with
Wn = k{w0, . . . , wn−1} and coaction δ : Wn → H2n2 ⊗Wn given by:

δ(wi) =
1

n2

∑
r,s

qsi |r, s⟩z ⊗ wi+r =
1

n

∑
a,b

q−abxayiz ⊗ wi+b.

Proof. We have already seen that Wn is n-dimensional and simple. The identity is
straightforward to check. □
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4.4. The category of comodules over H2n2. H2n2 is a finite-dimensional semisimple
Hopf algebra [15]. As such, H∗

2n2 is also a semisimple finite-dimensional algebra. Thus,
the Artin-Wedderburn theorem tells us for {Vi} an indexing of the simple modules over
H∗

2n2 , we have: ∑
i

dim(Vi)
2 = dim(H2n2) = 2n2.

Applying the equivalence of comodules over H2n2 and modules over H∗
2n2 , this tells us

for {Ci} an indexing of the simple comodules over H2n2 , we have:∑
i

dim(Ci)
2 = 2n2.

We have found n2 1-dimensional, non-isomorphic, simple comodules alongside a single
n-dimensional simple comodule. Thus, we have:

12 + 12 + · · ·+ 12︸ ︷︷ ︸
n2 terms

+n2 = n2(1) + n2 = 2n2.

Therefore, we have found all simple comodules over H2n2 .

We now compute the category of simple comodules over H2n2 .

Theorem 4.7. The category H2n2M of comodules over H2n2 is a Tambara-Yamagami
category over Zn ⊗ Zn. The simple comodules are as follows:

1. There are n2 simple one-dimensional comodules W(a,b) = k{w(a,b)} with coaction:

δ(w(a,b)) = xayb ⊗ w(a,b),

for (a, b) ∈ Zn × Zn.
2. There is one simple n-dimensional comodule Wn = k{w0, . . . , wn−1} with coaction:

δ(wi) =
1

n

∑
a,b

q−abxayiz ⊗ wi+b.

Proof. We have already shown that the set {W(a,b)}(a,b)∈Zn

∐
{Wn} is exactly the simple

comodules over H2n2 . From Definition 2.14, it suffices to check the Tambara-Yamagami
fusion rules to complete the proof.

Given two one-dimensional simple objectsW(a,b),W(c,d), consider the productW(a,b)⊗
W(c,d). We have:

δ(w(a,b) ⊗ w(c,d)) =
(
xayb · xcyd

)
⊗ (w(a,b) ⊗ w(c,d)) = xa+cyb+d ⊗ (w(a,b) ⊗ w(c,d)).

Thus, as comodules, W(a,b)⊗W(c,d)
∼= W(a+c,b+d) by the map w(a,b)⊗w(c,d) → w(a+c,b+d).

Given a one-dimensional object W(a,b) and an n-dimesnional object Wn, consider the
product W(a,b) ⊗Wn. For illustrative purposes, we compute the isomorphism in detail.
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We have:

δ(w(a,b) ⊗ wi) =
1

n

∑
c,d

q−cdxaybxcyiz ⊗ wi+d

=
1

n

∑
c,d

q−cdxa+cyb+iz ⊗ wi+d

=
1

n

∑
c′,d′

q−(c′−a)(d′+b)xc
′
yi+bz ⊗ wi+b+d′ .

So, define φ : W(a,b)⊗Wn → Wn by φ(w(a,b)⊗wi) = q−aiwi+b. Clearly, this is a bijection
of bases, so we must check it is a comodule morphism, e.g (id⊗ φ) ◦ δ = δ ◦ φ. We get:

(id⊗ φ)(δ(w(a,b) ⊗ wi)) =
1

n

∑
c,d

q−cdxa+cyb+iz ⊗ φ(wi+d)

=
1

n

∑
c,d

q−cdq−a(i+d)xa+cyb+iz ⊗ wi+b+d

=
1

n

∑
c′,d

q−c′d−aixc
′
yb+iz ⊗ wi+b+d,

where in the third equality we substitute c′ = c+ a. We also have:

δ(φ(w(a,b) ⊗ wi)) = δ(q−aiwi+b) =
1

n

∑
c,d

q−aiq−cdxcyi+bz ⊗ wi+b+d.

Identifying c′ and c shows that W(a,b) ⊗Wn
∼= Wn. Similarly, we see Wn ⊗W(a,b)

∼= Wn.

Finally, consider the product Wn⊗Wn of two n-dimensional objects. One may check:

δ(wi ⊗ wj) =
q−ij

n2

∑
u,v

∑
r,s

q−ur+ui−vs+vjxuyv ⊗ (qrswr ⊗ ws)

Now define Ψ : Wn ⊗Wn →
⊕

a,b∈Zn
W(a,b) and Φ :

⊕
a,b∈Zn

W(a,b) → Wn by:

Ψ(wr ⊗ ws) =
1

n

∑
a,b

q−rs+ar+bsw(a,b),

Φ(w(a,b)) =
1

n

∑
i,j

q−ai−bj+ijwi ⊗ wj.

It is straightforward to check Ψ and Φ are inverse comodule maps. So, we conclude

Wn ⊗Wn
∼=
⊕

a,b∈Zn

W(a,b).

□
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Remark 4.8. Recall that the Pansera algebras may also be described as a Z2 extension
of the group algebra Zn×Zn [15]. Using the theory of abelian extensions, the methods
in [21] and [9] can be used to abstractly show that H2n2M is a Tambara-Yamagami
category. However, this approach does not give explicit descriptions of the comodules.

4.5. Induced coaction. Given a Hopf algebraH and a simple (left)H-module L, recall
from Lemma 2.24 that the induced coaction on L⊗H is given by δ(l⊗h) = h(1)⊗(l⊗h(2)).
The following is straightforward to check in the manner of previous computations:

Lemma 4.9. Given a simple (left) H2n2-module L, the induced coaction δ on L⊗H2n2

is given by:

δ(l ⊗ xayb) = xayb ⊗ (l ⊗ xayb),

δ(l ⊗ xaybz) = 1

n2

∑
e,f

qea+fb |e, f⟩z ⊗ (l ⊗ xayb+ez),

for all l ∈ L.

5. Yetter–Drinfeld Modules over H2n2

5.1. The category of Yetter–Drinfeld modules over H2n2. Recall the following
classical result, which may be found as Theorem 4.1.6 in [10]:

Proposition 5.1. On the level of monoidal categories, the category of Yetter–Drinfeld
modules of a Hopf algebra H is isomorphic to the center of the category of comodules
over H. That is,

H
HYD ∼= Z

(
HM

)
.

In particular, since the category of comodules of H2n2 is Tambara–Yamagami, the
following, which appears in more detail as Proposition 4.1 in [9], holds:

Proposition 5.2 (Gelaki et al.). [(i)] Given T Y(G,χ, τ) a Tambara–Yamagami cate-
gory, the following is a list of the number of simple objects in Z(T Y(G,χ, τ)) with a
given dimension up to isomorphism:

(1) 2m one-dimensional objects,

(2) m(m−1)
2

two-dimensional objects,
(3) 2m

√
m-dimensional objects,

where m = |G| and where the dimension is the Frobenius-Perron dimension.

Combining these, we see
H2n2

H2n2
YD ∼= Z(H2n2M) may be realized as the center of the

Tambara–Yamagami category of comodules, with the group G = Zn × Zn. Further-

more, at the level of a monoidal category, we know by Corollary 2.23 that
H2n2

H2n2
YD ∼=

Rep(D(H2n2)) whereD(H2n2) is the Drinfeld double ofH2n2 . Thus, all objects in
H2n2

H2n2
YD
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may be realized as modules over D(H), and thus, by Remark 2.20, their Frobenius-
Perron dimension coincides with their k-vector space dimension.

We ultimately arrive at:

Lemma 5.3. The following is a list of the number of non-isomorphic simple Yetter–

Drinfeld modules in
H2n2

H2n2
YD for a given dimension:

(1) There are 2n2 one-dimensional non-isomorphic simple Yetter–Drinfeld modules.

(2) There are n2(n2−1)
2

two-dimensional non-isomorphic simple Yetter–Drinfeld mod-
ules.

(3) There are 2n2 n-dimensional non-isomorphic simple Yetter–Drinfeld modules.

Lemma 2.24 implies that simple Yetter-Drinfeld overH2n2 modules arise as the simple
Yetter-Drinfeld submodules of L ⊗ H2n2 for L a (left) H-module. In Section 3, we
computed the module actions on such L⊗H. In Section 4, we determined all comodules.
We will now combine these analyses to prove that certain submodules of these L⊗H2n2

are simple, thus determining some simple Yetter-Drinfeld modules over H2n2 .

5.2. One-dimensional simple Yetter–Drinfeld Modules. Take the induced mod-
ule T±

k ⊗H2n2 . Consider the subspace Uk,±
a = k{uk,±a } with uk,±a = t±k ⊗ xaya−k. From

Lemma 3.1, Lemma 3.2, and Lemma 4.9, a direct computation shows Uk,±
a has an

H2n2-action by:

x · uk,±a = qkuk,±a , y · uk,±a = qkuk,±a , z · uk,±a = ±pk2uk,±a ,

and coaction δ given by:

δ(uk,±a ) = xaya−k ⊗ uk,±a .

Since T±
k ⊗ H2n2 is an induced Yetter–Drinfeld module and Uk,±

a is closed under the
action and coaction, we know Uk,±

a is a one-dimensional Yetter–Drinfeld submodule.
Each Uk,±

a is non-isomorphic since if the sign ± or the parameter k differs, they are
non-isomorphic as modules, and if the parameter a differs, they are non-isomorphic as
comodules.

As a, k ∈ Zn, ± ∈ {1,−1}, this gives 2n2 non-isomorphic, 1-dimensional Yetter–
Drinfeld modules, and by Proposition 5.2, this must be all simple 1-dimensional Yetter–
Drinfeld modules, giving:

Proposition 5.4. The one-dimensional simple Yetter–Drinfeld modules over H2n2 are
given by Uk,±

a = k{uk,±a } for a, k ∈ Zn, ± ∈ {1,−1}, with the H2n2-action given by:

x · uk,±a = qkuk,±a , y · uk,±a = qkuk,±a z · uk,±a = ±pk2uk,±a

and coaction δ given by:

δ(uk,±a ) = xaya−k ⊗ uk,±a .

All such modules are distinct.
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5.3. Two-dimensional simple Yetter–Drinfeld modules. Consider the induced
module T+

k ⊗H2n2 . For a, b ∈ Zn such that a ̸= b+ k (mod n), let vk,1a,b = t+k ⊗ xayb and
vk,2a,b,c,d = t+k ⊗ xb+kya−k.

Consider the subspace V k
a,b = k{vk,1a,b , v

k,2
a,b}. This is two-dimensional as t+k ⊗ xayb, t

+
k ⊗

xb+kya−k are distinct basis elements of T+
k ⊗ H2n2 for a ̸= b + k (mod n). The H2n2-

actions are given by:

x · vk,1a,b = qkvk,1a,b x · vk,2a,b = qkvk,2a,b

y · vk,1a,b = qkvk,1a,b y · vk,2a,b = qkvk,2a,b

z · vk,1a,b = pk
2

vk,2a,b z · vk,2a,b = pk
2

vk,1a,b [4pt]

and the coaction δ is given by:

δ(vk,1a,b ) = xayb ⊗ vk,1a,b δ(vk,2a,b ) = xcyd ⊗ vk,2a,b

Since T+
k ⊗H2n2 is an induced Yetter–Drinfeld module and V k

a,b is closed under the action

and coaction, we conclude V k
a,b is indeed a two-dimensional Yetter–Drinfeld submodule.

To see that V k
a,b is simple, let uk,1a,b = vk,1a,b + vk,2a,b and uk,2a,b = vk,1a,b − v

k,2
a,b . Then:

x · uk,1a,b = qkuk,1a,b , x · uk,2a,b = qkuk,2a,b ,

y · uk,1a,b = qkuk,1a,b , y · uk,2a,b = qkuk,2a,b ,

z · uk,1a,b = pk
2

uk,1a,b , z · uk,2a,b = −p
k2uk,2a,b ,

and:

δ(uk,1a,b) = xayb ⊗ (uk,1a,b + uk,2a,b) + xcyd ⊗ (−uk,1a,b + uk,2a,b),

δ(uk,2a,b) = xayb ⊗ (uk,1a,b + uk,2a,b) + xcyd ⊗ (uk,1a,b − u
k,2
a,b).

Thus, the module action is diagonal with distinct eigenvalues. So, any one-dimensional
submodule must be an eigenspace. But on each eigenspace, the coaction is not diagonal.
So, we conclude V k

a,b is simple with module structure T+
k ⊗ T

−
k and comodule structure

W(a,b) ⊕Wb+k,a−k.

We can see V k1
a,b
∼= V k2

c,d if and only if k1 = k2 and either (a, b) = (c, d) or (a, b) =

(d + k, c − k) in the following way. Comparing the module strucutres T+
k1
⊗ T−

k1
and

T+
k2
⊗T−

k2
, we realize T+

k1
⊗T−

k1
∼= T+

k2
⊗T−

k2
if and only if k1 = k2. Comparing the comodule

structures, if k1 = k2 = k, we conclude W(a,b) ⊗W(b+k,a−k) and W(c,d) ⊗W(d+k,c−d) are
isomorphic if and only if (a, b) = (c, d) or (a, b) = (d+ k, c− d). It is straightforward to
check that when k1 = k2 = k and (a, b) = (c, d) or (a, b) = (d+k, c−k) that V k1

a,b
∼= V k2

c,d .
This finishes the argument.

How many non-isomorphic modules of the form V k
a,b are there? There are n choices

for k, n choices for a, and (n − 1) choices for b such that b ̸= a + k (mod n). But we
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must divide by two to account for the fact that V k
a,b
∼= V k

b+k,a−k. So we end up with
n2(n−1)

2
distinct objects.

In the same manner, we may construct simple two-dimensional modules Yetter-
Drinfeld arising from the π(i, j) ⊗ H2n2 by taking V i,j

a,b = k{v1 ⊗ xayb, v2 ⊗ xb+iya−j}.
We may similarly check that the modules V i,j

a,b and V i′,j′

c,d are isomorphic if and only if
i = i′, j = j′.

How many objects of the form V i,j
a,b are there? There are n(n−1)

2
choices for the pair

(i, j), since we must have i < j. There are n choices for a and n choices for b. So we

have n3(n−1)
2

distinct objects.

But now, we have found n4−n3

2
+ n3−n2

2
= n2(n2−1)

2
non-isomorphic two-dimensional

simple Yetter–Drinfeld modules, and by Proposition 5.2, this is all such objects. Thus:

Proposition 5.5. The simple two-dimensional Yetter–Drinfeld modules over H2n2 are
as follows.

(1) For k ∈ Zn and a, b ∈ Zn such that a ̸= b+ k, there are simple two-dimensional

modules V k
a,b = k{ vk,1a,b , v

k,2
a,b } is a module with action and coaction:

x · vk,1a,b = qkvk,1a,b , x · vk,2a,b = qkvk,2a,b ,

y · vk,1a,b = qkvk,1a,b , y · vk,2a,b = qkvk,2a,b ,

z · vk,1a,b = pk
2

vk,2a,b , z · vk,2a,b = pk
2

vk,1a,b ,

δ(vk,1a,b ) = xayb ⊗ vk,1a,b , δ(vk,2a,b ) = xb+kya−k ⊗ vk,2a,b .

The modules V k
a,b and V

k′

c,d are isomorphic if and only if k = k′ and (a, b) = (c, d)
or (a, b) = (d+ k, c− k).

(2) For a, b, i, j ∈ Zn with i < j, V i,j
a,b = k{ vi,j,1a,b , v

i,j,2
a,b } is a module with action and

coaction:

x · vi,j,1a,b = qivi,j,1a,b , x · vi,j,2a,b = qjvi,j,2a,b ,

y · vi,j,1a,b = qjvi,j,1a,b , y · vi,j,2a,b = qivi,j,2a,b ,

z · vi,j,1a,b = qijvi,j,2a,b , z · vi,j,2a,b = vi,j,1a,b ,

δ(vi,j,1a,b ) = xayb ⊗ vi,j,1a,b , δ(vi,j,2a,b ) = xb+iya−j ⊗ vi,j,2a,b .

5.4. n-dimensional simple Yetter–Drinfeld modules. The simple n-dimensional
Yetter–Drinfeld modules are more complicated. We provide only a partial classification.

Consider the module T±
0 and let:

vl,±b =
∑
a

pa
2

qa(b+l)(t±0 ⊗ xaybz).



ON YETTER–DRINFELD MODULES OVER THE PANSERA ALGEBRAS 21

Consider the subspace V l,±
n = {vl,±0 , . . . , vl,±n−1}. We wish to show this is a Yetter–Drinfeld

module with comodule structure Wn. Checking the coaction, we see:

δ(vl,±b ) =
∑
a

pa
2

qa(b+l) δ(t±0 ⊗ xaybz)

=
1

n2

∑
a,e,f

qea+fbpa
2

qa(b+l) |e, f⟩z ⊗
(
t±0 ⊗ xayb+ez

)
=

1

n2

∑
e,f

qfb |e, f⟩z ⊗

(∑
a

(qa(b+e+l)pa
2

)
(
t±0 ⊗ xayb+ez

))

=
1

n2

∑
e,f

qfb |e, f⟩z ⊗ v
l,±
b+e.

Now, we check the module actions. We have:

x · vl,±b =
∑
a

pa
2

qa(b+l)
(
x · (t±0 ⊗ xaybz)

)
=
∑
a

pa
2

qa(b+l)
(
t±0 ⊗ xa+1yb−1z

)
=
∑
a′

pa
′2
p−2a′qa

′(b−1+l)q−(b−1+l)qa
′
q−1

(
t±0 ⊗ xa

′
yb−1z

)
= p q−(b+l)vl,±b−1.

where a′ = a+ 1. Similarly, y · vl,±b = p qb+lvl,±b+1.

The z-action is:

z · vl,±b =
∑
a

pa
2

qa(b+l)
(
z · (t±0 ⊗ xaybz)

)
=
±1
n

∑
c,d,a

pa
2

qa(b+l)q−cd−d2 xb+cya+dz

=
±1
n

∑
c′,d′,a

q−(c′−b)(d′−a)−(d′−a)2pa
2

qa(b+l)xc
′
yd

′
z,

where we substitute c′ = b+ c, d′ = a+ d in the third line. Now, using q = p2, we get:

z · vl,±b =
±1
n

∑
d′

p2bd
′−2(d′)2

∑
a,c′

p2c
′a−a2p4ad

′+2al
(
p−2c′d′xc

′
yd

′
z
)
.
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Notice that p2c
′a−a2 = p−(a−c′)2+(c′)2 . Plugging this in and substituting a′ = a − c′, we

obtain:

z · vl,±b =
±1
n

∑
d′

p2bd
′−2(d′)2

∑
a′,c′

p−(a′)2+(c′)2p4(a
′+c′)d′+2(a′+c′)l

(
p−2c′d′xc

′
yd

′
z
)

=
±1
n

∑
d′

p2bd
′−2(d′)2

∑
a′

p−(a′)2+4a′d′+2a′l
∑
c′

p(c
′)2+2c′d′+2c′lxc

′
yd

′
z

=
±1
n

∑
d′

qbd
′
q−(d′)2

∑
a′

p−(a′)2q2a
′d′qa

′lvl,±d′ .

We have thus seen that V l,±
n is closed under the action and coaction, and is thus a

sub-Yetter–Drinfeld module of T+
0 ⊗ H2n2 . As a comodule, V l,±

n is isomorphic to the
n-dimensional simple comodule Wn. Thus, as a comodule, any nontrivial sub-Yetter–
Drinfeld module V ′ of V l,±

n must be a nontrivial subcomodule of Wn and thus equal to
Wn. Then V

′ must be n-dimensional, and since V l,±
n is n-dimensional, we see V ′ ∼= V l,±

n .
Thus, V l,±

n must be simple as a Yetter–Drinfeld module.

Combining the results of this analysis, we recover:

Proposition 5.6. For ± ∈ {−1, 1} and l ∈ Zn, there are simple n-dimensional Yetter–

Drinfeld modules over H2n2 by V l,±
n = k{vl,±0 , . . . , vl,±n−1}, with H2n2-action by:

x · vl,±i = pq−(i+l)vl,±i−1

y · vl,±i = pqi+lvl,±i+1

z · vl,±i =
±1
n

∑
a,b

qiaq−(a)2p−(b)2q2abqblvl,±a ,

and coaction by:

δ(vl,±i ) =
1

n2

∑
r,s

qsi |r, s⟩z ⊗ v
l,±
i+r.

We now diagonalize the x-action by wl,±
j =

∑
i p

i2qi(j+l)vl,±i . We have:

x · wl,±
j =

∑
i

pi
2

qi(j+l)
(
x · vl,±i

)
=
∑
i

pi
2

qi(j+l)pq−i−lvl,±i−1

=
∑
i

pi
2−2i+1q(i−1)(j+l) · qjvl,±i−1 = qjwl,±

j .

Similarly y ·wl,±
j = q−jwl,±

j . So, since we have found n eigenvectors with distinct eigen-
values, we conclude the map v → x · v has no repeated eigenvalues.
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We then see:

z · wl,±
j =

∑
i

pi
2

q(j+l)i(z · vl,±i )

=
∑
i

pi
2

q(j+l)i

(
±1
n

∑
a

qaiq−a2

(∑
b

p−b2q2abqbl

)
vl,±a

)

=
±1
n

∑
a

(
q−a2

(∑
i

pi
2

q(j+l)iqai

)(∑
b

p−b2q2abqbl

))
vl,±a .

For general n, it is not possible to simplify in a useful way from here. Restricting to the
case of n even, notice:

p(i+n)2 = pi
2

p2inpn
2

= pi
2 (
p2n
)i
(pn)n = pi

2 · 1 · (−1)n,

and thus for even n, p(i+n)2 is periodic modulo n. This implies that the sum Gk =∑n−1
i=0 p

(i+k)2 always has the same value, since the consecutive residues k, . . . , k + n− 1
may be shifted to sum over the residues 0, . . . , n−1. Denote this common value G. Now
notice: ∑

i

pi
2

q(j+l+a)i = p−(j+l+a)2

(∑
i

p(i−j−l−a)2

)
= p−(j+l+a)2G.

Because of this, G′
k =

∑n−1
j=0 p

−(j+k)2 is invariant with common value G′ =
∑n−1

b=0 p
−b2 .

We get: ∑
b

p−b2q2abqbl = p(2a+l)2
∑
b

p−(b−2a−l)2 = p(2a+l)2G′,

where G′ is the common value of the G′
k. Plugging in, one can check:

z · wl,±
j =

±1
n

∑
a

q−a2p−(j+l+a)2p(2a+l)2GG′vl,±a

=
±1
n

∑
a

pa
2

qa(l−j)
(
p−j2q−jlGG′

)
vl,±a

=
±1
n
p−j2q−jlGG′wl,±

−j .

Thus, we may now check that the V l,±
n are non-isomorphic. Suppose there is an

isomorphism Ψ : V l,s
n → V l′,s′

n where s, s′ ∈ {1,−1}. Then, recall that the eigenvalues

of the operator X : v → x · v are all distinct, with wl,s
j the unique (up to scalar

multiple) eigenvector of eigenvalue qj. Any isomorphism Ψ must send an eigenvector
of X to an eigenvector of X of the same eigenvalue since isomorphisms of modules

commute with the x and y module actions. Thus, for wl,s
j in V l,s

n and wl′,s′

j in V l,s′
n , we

see Ψ(wl,s
j ) = cjw

l′,s′

j for some constant cj. But then, since the z-action also commutes
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with Ψ, we have:

Ψ(z · wl,s
j ) = Ψ

( s
n
p−j2−jlGG′wl,s

−j

)
= cj

s

n
p−j2q−jlGG′wl′,s′

−j ,

and:

z ·Ψ(wl,s
j ) = cj

(
z · wl′,s′

j

)
= cj

s′

n
p−j2q−jl′GG′wl′,s′

−j .

Setting these equal, we see:

cj
s

n
p−j2q−jlGG′ = cj

s′

n
p−j2q−jl′GG′,

which simplifies to (s/s′)q−j(l−l′) = 1. This must hold for all j. Taking j = 0, we must
have s/s′ = 1 or s = s′. This also forces q−j(l−l′) = 1. Then, summing over all j, we see:∑

j

q−j(l−l′) = nδ0,l−l′ ,

by Lemma 2.26. But, since each individual term q−j(l−l′) is 1, the sum is n. So δ0,l−l′ = 1
and we see l = l′. So, if V l,s

n
∼= V l,s′

n , l = l′ and s = s′. Thus, we have:

Proposition 5.7. The n-dimensional simple Yetter–Drinfeld modules V l,±
n are non-

isomorphic for all l ∈ Zn when n is even.

Testing numerically, we pose the following conjecture:

Conjecture 5.8. The n-dimensional simple Yetter–Drinfeld modules V l,±
n are non-

isomorphic for all l ∈ Zn when n is odd.

We constructed the V l,±
n from the z-part of T±

0 ⊗H2n2 . We conjecture more generally:

Conjecture 5.9. The subspace of T±
k ⊗H2n2 with basis {t±k ⊗xaybz} furnishes n distinct

simple n-dimensional Yetter–Drinfeld modules isomorphic to the V l,±
n .

6. Conclusions and Future Work

As discussed in Section 1, the main work of future interest is to analyze the Nichols
algebras over H2n2 , with the ultimate goal of applying the Andruskiewitsch-Schneider
lifting method to compute all finite-dimensional Hopf algebras over H2n2 . Another in-
teresting direction would be to try to extend this analysis to Lomp’s algebras Hn,m.
To analyze the Nichols algebras, including the potential Hopf algebra extending

Uq(sl3) at q an nth primitive root of unity, we must complete the current research
program by determining all simple Yetter–Drinfeld modules over H2n2 . We also hope to
compute the modular data of the category of comodules. This will abstractly provide
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the modular data for the category of Yetter–Drinfeld modules. Concretely computing
the fusion rules for the Yetter–Drinfeld modules would also be interesting.

Regarding the results presented in this paper, the fact that the category of comodules
is Tambara–Yamagami is exciting. Tambara–Yamagami categories are a rare class of
fusion categories where the associativity data can be described explicitly, and thus serve
as good toy examples to test larger ideas in tensor categories. Since the Pansera algebra
H2n2 carries historical importance and is tractable for study, our results lend credence
to the idea that the Pansera algebra H2n2 is a good toy example to test more general
ideas in Hopf algebras.

In this paper, we proposed Conjecture 5.8. We also pose the following conjecture:

Conjecture 6.1. Each induced Yetter–Drinfeld module π(i, j)⊗H furnishes four non-
isomorphic n-dimensional simple Yetter–Drinfeld modules over H2n2.

This will provide 4 · n(n−1)
2

= 2n(n−1) n-dimensional Yetter–Drinfeld modules. Com-
bined with the 2n n-dimensional simple Yetter–Drinfeld modules from Conjecture 5.8,
we will have 2n2 − 2n + 2n = 2n2 n-dimensional simple Yetter–Drinfeld modules. By
Proposition 5.2, this would be all the Yetter–Drinfeld modules over H2n2 , thus complet-
ing the classification.
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