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@ Introduction to incidence geometry and definitions
@ Introduction to the Szemerédi-Trotter theorem

© Sharp constructions

@ Square grid sharp construction

© Latest sharp constructions
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Introduction to Incidence Geometry

@ Incidence Geometry focuses on the study of geometric objects
(points, lines, and other shapes) and their relationships.

@ When a point lies on a line, we call it incident to that line.

De .9.

. Aeld
A “Ais incident to Q"

@ The Szemerédi-Trotter theorem provides insight into the number of
incidences between a set of points a set of lines
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Important Definitions

Definition (r-rich)

When a point lies on at least r-many lines, we call it r-rich.
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Definition (r-rich)

When a point lies on at least r-many lines, we call it r-rich.

3 Poivvl- pis "6 rich®
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Important Definitions

Definition (r-rich)

When a point lies on at least r-many lines, we call it r-rich.

3 point p is "6 rich®
P 4 point p is *5 rich®
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Important Definitions

Definition (r-rich)

When a point lies on at least r-many lines, we call it r-rich.

Definition (Asymptotic upper bound notation)

Let f,g : R — R. We write f(L) < g(L) if there exist constants
c,Lg € R such that

If(L)| < clg(L)] forall L> Lo.

3L~ f
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Szemerédi-Trotter Theorem Corollary

Theorem (Szemerédi-Trotter Theorem Corollary)

For a set of lines L, let P,(L) be the set of r-rich points in R?. Then,

PL) S (ILP r 2 L) r 7).
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Szemerédi-Trotter Theorem Corollary

Theorem (Szemerédi-Trotter Theorem Corollary)

For a set of lines L, let P,(L) be the set of r-rich points in R?. Then,

PL) S (ILP r 2 L) r 7).
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Understanding Szemerédi-Trotter Theorem Corollary

Theorem (Szemerédi-Trotter Theorem Corollary)

For a set of lines L, let P,(L) be the set of r-rich points in R?. Then,

PAL) S (ILP L] r 7).

Let r=2.

Construction C
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Understanding Szemerédi-Trotter Theorem Corollary

Theorem (Szemerédi-Trotter Theorem Corollary)

For a set of lines L, let P,(L) be the set of r-rich points in R?. Then,

PAL) S (ILP L] r 7).

Let r=2.
Then, |P.(L)]= 6.

Construction C
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Understanding Szemerédi-Trotter Theorem Corollary

Theorem (Szemerédi-Trotter Theorem Corollary)

For a set of lines L, let P,(L) be the set of r-rich points in R?. Then,

PAL) S (ILP L] r 7).

Let r=2.
Then, |P.(L)]= 6.
P s 1LiPrd el

6 £ 8427 + 82"
Construction C
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Understanding Szemerédi-Trotter Theorem Corollary

Theorem (Szemerédi-Trotter Theorem Corollary)

For a set of lines L, let P,(L) be the set of r-rich points in R2. Then,

(LS (1L r =2+ 1L] r7h) .

Let r=2.

Then, |P.(L)]= 6.

P g e «irt
6 5 8527+ 8-5

Construction ¢ ” A
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Understanding Szemerédi-Trotter Theorem Corollary

Theorem (Szemerédi-Trotter Theorem Corollary)

For a set of lines L, let P,(L) be the set of r-rich points in R?. Then,

PLS (L r =2+ 1L r7h) .

Construction C
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Understanding Szemerédi-Trotter Theorem Corollary

Theorem (Szemerédi-Trotter Theorem Corollary)

For a set of lines L, let P,(L) be the set of r-rich points in R?. Then,

PL) S (ILP 2 L) r 7).

Let r=2.
Then, |Pl(L)|= |P|
Py s 1L rd e

i, EY
[Pl s(2lP*) ¢2+2[p|*r

Construction C’
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Understanding Szemerédi-Trotter Theorem Corollary

Theorem (Szemerédi-Trotter Theorem Corollary)

For a set of lines L, let P,(L) be the set of r-rich points in R?. Then,

PL) S (ILP 2 L) r 7).

Let r=2.
Then, |Pl(L)|= | P|
Py s 1L rd e
i, EY
|P| s(2IP]*) F2+2|p|*r
(
P $4IPIF> +2lplir™

Construction €’
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Szemerédi-Trotter Theorem Statement

Theorem (Szemerédi-Trotter Theorem)
Let P be a set of points in R? and L a set of lines in R?. Let the set of
incidences I(P, L) between P and L be defined as
I(P,L) ={(p,f) e Px L|pet}.
Then,

(P, )] S (ILI*3|PP + |L| +|P]).

Sophia Tatar (MIT PRIMES)

Szemerédi—Trotter Theorem Sharp Constructions



Talk Overview

@ Introduction to incidence geometry and definitions
@ Introduction to the Szemerédi-Trotter theorem

© Sharp constructions

@ Square grid sharp construction

© Latest sharp constructions

Sophia Tatar (MIT PRIMES) Szemerédi—Trotter Theorem Sharp Constructions



Sharp Constructions

Definition (Sharp construction)

Suppose,
[1(P, L)| < £(IPI, IL]),

where |I(P, L)| is the number of incidences.

A sharp construction is a construction of points and lines for which

[P, )| ~ £(IPI, L)),

meaning the upper bound is attained up to a constant factor.
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Sharp Constructions

Definition (Sharp construction)

Suppose,
[1(P, L)| < £(IPI, IL]),

where |I(P, L)| is the number of incidences.

A sharp construction is a construction of points and lines for which

[P, )| ~ £(IPI, L)),

meaning the upper bound is attained up to a constant factor.

Notes:
@ Show that the theorem’s bound cannot be improved asymptotically.

@ Multiple sharp constructions can exist for the same theorem.
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The Square Grid Construction

Recall the Szemerédi-Trotter theorem:

(P, L) S (IPPRILPR + P + IL|).
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The Square Grid Construction

Recall the Szemerédi-Trotter theorem:
(P, L)l S (IPPRILPE + [Pl +|L)).

Define the set of slopes as the first r elements from the ordered list of

fractions in lowest terms: 0,1, %, %, %, %, %, %, %, -
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The Square Grid Construction

Recall the Szemerédi-Trotter theorem:

(P, L) S (IPPRILPR + P + IL|).

Define the set of slopes as the first r elements from the ordered list of
11213132

fractions in lowest terms: 0,1,5,3,5,7:7:5: 5, -+ -

P:= N=xN %rid

L := set of lines
incdent 4o a
point in P,
a1 where each kne
Cohs+rﬁ;c+‘iov\. é" r:;.s |§‘;+P:¥kr°;\°Pes
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The Square Grid Construction

Recall the Szemerédi-Trotter theorem:

(P, L) S (IPPRILPR + P + IL|).

Define the set of slopes as the first r elements from the ordered list of
11213132

fractions in lowest terms: 0,1,5,3,5,7:7:5: 5, -+ -

P:= N=xN %rid

L := set of lines
incdent 4o a
point in P,
a1 where each kne
Cohs+r|;c+‘ior; é" r:;.s lt‘ilsoi'P:‘kl‘o;\OPes

Construction C” yields |/(P, L)| ~ (|P|?/3|L|*/3) incidences. Hence, C" is

a sharp construction.
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Latest Sharp Constructions

Earlier sharp constructions:

@ Used point sets that were products of arithmetic progressions.
Modern sharp constructions:

@ Use point sets that are products of GAPs.

@ Point set for Silier-Guth construction: Ay x Ay, where
AN = {Xl +X2\/E | X1,X2 € [—\/N, \/N]} .
@ Point set for our research: Ay x Ay, where

Ay = {xl +x0Vk | x1,%2 € [—\/N, \/N]}
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Generalized Arithmetic Progression Example

Let the point set P consist of all points of the form (a, b) € A% where

AN = {Xl +X2\/; | X1,X2 € [—m, \m]}

The point set P is illustrated for k =7, N = 3 below.

Construction for £ =7 and N = 3.
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