On the e-positivity of the Chromatic Symmetric

Functions of Left-melting Clique Chains

Emma Li
Mentor: Dr. Foster Tom

October 19, 2025
MIT PRIMES Conference

Emma Li e-positivity of Left-melting Clique Chains October 19, 2025



Definition
A graph G is a pair (V, E), where V is a set of vertices and E is a set of
tuples of vertices (i, /) with i,j € V. We say vertices i and j are adjacent

if (i,j) € E.
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Definition
A graph G is a pair (V, E), where V is a set of vertices and E is a set of
tuples of vertices (i, /) with i,j € V. We say vertices i and j are adjacent
if (i,j) € E.

Example
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Graph Colorin

A proper coloring of a graph is a coloring of the vertices such that no two
adjacent vertices share the same color.
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Graph Colorings

A proper coloring of a graph is a coloring of the vertices such that no two
adjacent vertices share the same color.

Definition

A proper coloring on a graph G is a function x : V — N such that if
(i,j) € E, then s(i) # £(j).
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Graph Colorings

How many proper colorings with at most 4 colors are there?
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Graph Colorings

How many proper colorings with at most 4 colors are there?

There are 4 -3 -2 = 24 ways to color Ks.
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Graph Colorings

How many proper colorings with at most 4 colors are there?

There are 4 -3 -2 = 24 ways to color Ks.
There are 4 -3 -3 -3 = 108 ways to color the claw graph.
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Graph Colorings

How many proper colorings with at most 4 colors are there?

There are 4 -3 -2 = 24 ways to color Ks.
There are 4 -3 -3 -3 = 108 ways to color the claw graph.
There are 4 -3 -3 -3 = 108 ways to color Pj.
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Graph Colorin

How many proper colorings with at most k colors are there?
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Graph Colorings

How many proper colorings with at most k colors are there?

There are k- (k —1) - (k —2) = k(k — 1)(k — 2) ways to color K3.
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Graph Colorings

How many proper colorings with at most k colors are there?

A\ N

There are k- (k —1) - (k —2) = k(k — 1)(k — 2) ways to color K3.
There are k- (k —1)-(k—1)- (k — 1) = k(k — 1) ways to color the
claw graph.
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Graph Colorings

How many proper colorings with at most k colors are there?

A\ N

There are k- (k —1) - (k —2) = k(k — 1)(k — 2) ways to color K3.
There are k- (k —1)-(k—1)- (k — 1) = k(k — 1) ways to color the
claw graph.

There are k- (k —1)-(k —1)-(k — 1) = k(k — 1)3 ways to color P.
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Chromatic Polynomial

The chromatic polynomial x (k) counts the number of proper colorings of
a graph G with at most k colors.
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Chromatic Polynomial

The chromatic polynomial x (k) counts the number of proper colorings of
a graph G with at most k colors.

The chromatic polynomial of any tree with n vertices is the same.

vo(k) = k(k — 1)

Emma Li
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Chromatic Symmetric Functions

Definition
The chromatic symmetric function of G is the formal power series in
variables x = (xi, x2, X3, . ..) given by

Xe(x) =) (H xn(v)> :

K vevV

where the sum ranges over all proper colorings k.
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Chromatic Symmetric Functions

Example
What is the chromatic symmetric function of K37
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Chromatic Symmetric Functions

Example
What is the chromatic symmetric function of K37

XKy = x1X0x3 + X1X0Xa + - -+ + Xox1X3 + XoX1 X4 + -+ =6 g XiXj X

AN AA
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Chromatic Symmetric Functions

If x=(1,1,1,1,...,0,0,...) for k number of 1's then Xg(x) = x¢(k).
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Chromatic Symmetric Functions

If x=(1,1,1,1,...,0,0,...) for k number of 1's then Xg(x) = x¢(k).

Conjecture (Stanley, 1995)
If Ty, T» are two non-isomorphic trees, then X1, # X,.
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Chromatic Symmetric Functions

Chromatic symmetric functions consist of an infinite number of terms,
which is difficult to enumerate.
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Chromatic Symmetric Functions

Chromatic symmetric functions consist of an infinite number of terms,
which is difficult to enumerate.

For G the claw graph,

Xc = Zx?xj +6 Z x,-2xjxk + 24 Z Xi Xj Xy X
ij j<kiijk i<j<k<t
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Definition

The k-th elementary symmetric function is
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Bases

Definition

The k-th elementary symmetric function is

e = E Xiy ++ - Xiy,

A\

Definition
For a partition A = A1 A2A3 ..., the elementary symmetric function ey is

e\ — He)\i.
i

A\
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Bases

Definition

The k-th elementary symmetric function is

ek = E Xiy ++ - Xiy,

i <o <l

Definition

For a partition A = A1 A2A3 ..., the elementary symmetric function ey is

e\ = He)\i.
i

Consider A = 211. Then, we have

e11 = eerer = (xix + x5 + xox3 + ... ) (X +x +x3 4+ ... )%

= = vt
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Example
Let G be the bowtie graph. Then, the chromatic symmetric function of G
is

Xc = dezp + 12e47 + 20es5.

The chromatic symmetric function of the claw graph is

Xk, 3 = €211—2€2 + 5es1 + 4ey.

<] <
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Definition

A graph G is said to be e-positive if the expansion of the chromatic
symmetric function of G has all non-negative coefficients in the e-basis.
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Theorem (Tom, 2024)

Chains of cliques are e-positive.

WPy
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Theorem (Tom, 2024)

Chains of cliques are e-positive.

WPy

Theorem (Tom-Vailaya, 2024)

Adjacent chains of cycles and cliques are e-positive.
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Main result

Theorem (Li-Tom, 2025)

Left-melting clique chains are e-positive.
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