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Preliminaries



Bayes’ Rule

P(X | 6)P(0)

P(X)
P(0) (Prior): belief about parameters/structures before seeing data.
P(X | 0) (Likelihood): how probable the observed data are under 6.
P(0 | X) (Posterior): updated belief after observing data.

PO X) =

P(X) (Evidence): normalizer (does not depend on 6).

Interpretation: Posterior oc Prior x Likelihood (renormalized by Evidence).

Objective in Bayesian learning;:

e Parameter estimation (MAP): since P(X) is constant w.r.t. 6,

Omap = arg T log P(X | 0) + log P(6).



Traditional Bayesian Learning

Move to Bayesian learning of structures. In Bayesian network learning, the “parameter” is
now the graph G (a DAG of dependencies):

P(X | G) P(G)
P(G| X) = .
(G ]X) P(X)

Interpretation

e P(X | G): how well the graph explains the data (likelihood).
e P(G): prior over plausible graphs (e.g., sparse, bounded in-degree, certain topologies).

e P(G | X): updated belief over structures given the data.

Learning objective (MAP over DAGs). Since P(X) does not depend on G,

G" = arg max( log P(X | G) + IogP(G)]
€

GEDAG(p)



Limitations of Traditional Bayesian Structure Learning

(A) Flat learning ignores modular/hierarchical structure.

e Standard learners assume a single, flat layer of p variables.

e Real systems (e.g., biology) are modular and multi-scale (genes — pathways —
super-pathways).

(B) Computational intractability (super-exponential search).

e Number of DAGs on p nodes grows super-exponentially. A classic recurrence:

p

Z k+1< ) 2k(p k) Np—ka NO = 9.

k=1

e Even with local decomposability, global search over G is NP-hard.



Limitations of Traditional Bayesian Structure Learning (Cont’d)

(C) Lack of interpretability.

e Flat learners often produce dense, tangled graphs with weak scientific insight.

(D) The p > n regime (especially in biology).

e Gene-expression studies: tens—hundreds of samples (n) vs. thousands of genes (p).

e Consequences: overfitting, many Markov-equivalent DAGs, unstable edges; search

becomes even harder.

e Why scarce n? Biological data collection is expensive, time-consuming, and
ethically/logistically constrained.

Overall, traditional Bayesian learning faces computational intractability, limited interpretability, and
difficulty in the p>> n regime, while ignoring empirically observed hierarchical modular structure in
real-world systems.



Our Contribution: MT-BN

Goal. Address gaps in traditional BN learning by discovering hierarchical, algorithmically
inferred structure:
e Learn Bayesian networks across multiple layers (modules — super-modules — ...).
e Infer the hierarchy (number and sizes of modules per layer) directly from data.
e Increase interpretability: sparse inter-module DAGs + concise intra-module DAGs.

e Cut computation: reduce the effective search space (formalized in Search Space

Theorem)

MT-BN presents a novel algorithm pipeline that utilizes multi-layer partitioning to collapse the
global super-exponential space into tractable subproblems at coarser and finer scales.



MT-BN Visual Representation

Figure 1: Traditional Learner (left) vs. MT-BN Hierarchical Learner (right)



MT-BN Algorithm Pipeline



Problem Setup & Notation

Data. X € R"*P (rows = samples; columns X; = variables/genes).

Goal. Infer a hierarchical structure:
{N®_ .. N} (partitions into modules at each layer)

{GW, ... GV} (DAGs at each layer).

Variable-level factorization (layer 1):
P
P(X) = [T P | Xpuyy)): G € DAG(p), deg(j) < dmax-
j=1

Module-level graphs (layers ¢ > 2): DAGs over module signals S(*) (defined later).



Depth & Partition Priors: nCRP + Depth Prior

Depth prior. Prior on the number of layers L (e.g., geometric or Poisson):
Geom(p) :  P(L)=p(1—p)-~* = logP(L) = (L —1)log(1 — p) + log p.

Nested Chinese Restaurant Process (nCRP). For each layer ¢, assign items (genes or
submodules) to modules 2

- with concentration ay:
P(z,-(z) =k | z(_él)) x n.’, P(new module) o< ay.

The process nests across layers, yielding a hierarchy of modules without pre-specifying the
number of modules or depth L.

Hyperparameters: «; (per-layer concentration), depth prior parameter(s).



Module Signals (PC1)

Given a partition M) = {M,,..., Mk,} at layer ¢, define a module signal for each module:

5:(;@ = PC1(X.pm,) (first principal component of the columns in Mp,).

m

Purpose. Provide a single latent activity trace per module to:

e reduce collinearity /noise within modules,
e enable learning a DAG over modules (inter-module relations),

e improve interpretability (coarse-scale causal wiring).



Learning Relations Between Modules

Objects. At layer ¢, module signals S(©) € R"<Ke,
Task. Learn a DAG G

mm over the K; modules:

log P(GL)., | S©) = log P(S® | GY)

inter

) + |Og P( Gi(rft)cr)

BIC/BGe likelihood Composite prior (next slide)

mtcr

Edges represent directed dependencies among modules; cycles are disallowed; indegree < dinax-



Composite Structural Prior: SBM + Log-Normal (Novel Prior Creation)

Prior over any graph G (inter- or intra-module):

log P(G) = Z log Bern(Auv ; 6(u, v)) + Z log LogNormal(d,- +1; u, U)

u#v i
SBM term Degree (hub) term
0in,  u,v in same module o
SBM term. 6(u,v) = o (0in > Oout favors within-module
Oout, u, v in different modules

edges).

Degree term. d; = total degree (in+out) of node /; LogNormal(yu, o) encourages
heavy-tailed degrees (hubs).

HyperpafameterS: aina Ooutv Hdegrees Odegree-



Inter-Module DAG via Metropolis—Hastings

State. Current Gi(ft)er on Ky modules.
Score. £(G) = logP(S®) | G) + log P(G) (likelihood via BIC or BGe; prior is composite

SBM+LN).

Proposal. Toggle an edge u — v if it preserves acyclicity and deg(v) < dmax-
Accept. With probability min{1, exp(AL)}.

Hyperparameters. dpayx, Gout, MH steps per layer.



Within-Module DAG via Hill-Climbing

For each module M at layer ¢, optimize its internal DAG Gy by local search:

G, = argmax [BIC/BGe(XM | @) 4 log P(G)
Gy —
data fit SBM (within, 6;,,) + degree prior

Moves. Add/remove/reverse a single edge (reject if cyclic or violates diax)-

Hyperparameters. 6;,, dnax (and optional early-stopping patience).



Variational Bayes for CPDs (Conditional Probability Distributions)

Given a learned DAG, each variable X has a linear-Gaussian CPD:
Xi = Boj + Xpa()B; + €j, gj N(O’UJZ)'
Conjugate priors:
B; | of ~ N (0, aj2 Vi), O'j2 ~ InvGamma(ag, bo).

Mean-field VB yields posteriors q(3;) = N (m;, X;), q(aj2) = InvGamma(ap, by).

Hyperparameters. V; (ridge), ao, by (noise prior).



Edge Posterior Estimation

Aggregate across snapshots (post burn-in, with thinning):

-
1
Alu—v) = 7 Z 1{u— v present in snapshot t}.
t=1

Report at the module level and variable level; visualize as heatmaps or weighted graphs.



Hyperparameter Effects & MT-BN Autonomy

Interpretable levers:

e «y: more modules as ay 1 (finer granularity).
o 0in,Oous: lower values = sparser intra/inter graphs.

® [ldegree, Odegree: CONtrol hub strength & tail heaviness.

dmax: caps parent-set size = simpler CPDs, faster search.

VB priors (Vp, ag, bo): shrinkage and noise regularization.

Depth prior parameters: bias toward shallower or deeper hierarchies.

Autonomy. With these few hyperparameters, MT-BN infers: depth L, number/sizes of
modules per layer, and both inter- and intra-module DAGs—no need to pre-fix L or module
counts.



Inputs — MT-BN — Outputs

Input. X € R"*P (optionally standardized).

Model (pipeline). nCRP partitions — module signals (PC1) — inter-module DAG (MH) —
within-module DAGs (HC) — VB parameter posteriors — edge posteriors.

Outputs (what they look like):

o {M}: lists of index sets per layer (modules and their members).

{G(f)

inter

}: adjacency matrices of size Ky x K.

{Gm}: adjacency matrices for each module M (variable-level DAGs).

{m;,%;,an, by}: CPD posterior summaries per node.

{#}: edge posterior probability matrices (module and variable level).



How MT-BN Addresses Earlier Gaps

MT-BN Solution

Limitation

Flat, single-layer learners.
Super-exponential search space.

Dense, low-interpretability graphs.

p > n (few samples, many variables).

Hierarchical partitions + inter/intra
DAGs.

Decomposed searches (modules &
layers) + MH/HC.

Modular sparsity + edge posteriors for
credibility.

Module signals (PC1), priors, and VB
shrinkage.



Search—-Space Reduction Theorem



Search—-Space Reduction Theorem (statement & setup)

Let G, be the set of all labeled DAGs on r vertices.
Assume MT - BN produces K top modules Ci, ..., Cx with sizes |Cx| < m and Zszl |Ck| = n.

Admissible MT - BN structures:

Gut(K,m) = {(Gmoda Gi,...,Gk): Gmod € Gk, Gk € Gi¢|, |Ck| < m}-

Every admissible structure consists of:

1. a module—level DAG G,,,q on K super—nodes, and

2. independent within—module DAGs Gy, ..., Gk on |Cy,...,|Ck| nodes.



Search-Space Reduction Theorem (statement & setup)

Factorization and crude upper bound:
a K
|Gur(K, m)| = |Gk] H\g\ckﬂ < |Gkl |Gm| " (1)
k=1

Counting tools (standard):

(Lower bound) |G,| > 2(2) (any subset of forward edges for a fixed topological order);

(Upper bound) |G,| < r! 2(2) (for each of r! orders, choose any forward-edge subset).



Search—Space Reduction Theorem (derivation)

Using (1) and the bounds above:

Gur(K,m)| _ 19kl Gl _ (K12(2)) (mi2(2))"
I A 0

Taking logs and simplifying,

Iog|gMﬁéK’m)| < logK! + Klog m! + %(K(K—l) +Km(m—1) — n(n—l)) log 2.
n —
subexponential
Final Bound (search-space reduction)
|Gur(K, m)|

< K!(m)* exp(—%[n(n—1) — K(K—1) — K m(m—1)] log 2)

|Gnl




Search—Space Reduction Theorem (significance)

Analysis.

e The dominant term in the exponent is 3 [n(n—1) — K(K —1) — K m(m —1)] log 2.

e Whenever K < n and m < n, the ratio decays exponentially in n? (factorials are
only subexponential).

e Practically, MT - BN decomposes flat search over DAG(n) into a coarse DAG over
K modules plus K fine DAGs of size at most m, enabling structure learning even
in the p > n regime: fewer effective variables per subproblem, stronger priors, and
reduced variance via module signals (PC1).



Case Studies



Ground Truth Comparison: DREAMS5 MT-BN vs Bayesian Networks

DREAMDb5’s Network Inference Challenge provides baseline ground truth data on edge
to edge connections. Comparing against other flat learners, we find:

Method Netl AUPR Netl AUROC Net3 AUPR Net3 AUROC Net4 AUPR Net4 AUROC
MT-BN (ours) 0.325 0.733 0.071 0.597 0.020 0.556
Bayesian networks 1 0.218 0.636 0.041 0.539 0.018 0.501
Bayesian networks 2 0.191 0.647 0.043 0.540 0.018 0.502
Bayesian networks 3 0.042 0.678 0.021 0.549 0.020 0.516
Bayesian networks 4 0.080 0.683 0.021 0.551 0.020 0.516
Bayesian networks 5 0.080 0.683 0.021 0.551 0.020 0.516
Bayesian networks 6 0.043 0.519 0.021 0.559 0.019 0.512

MT-BN substantially outperforms flat BN baselines on both AUPR and AUROC in DREAMS5.



Case Study: Tuberculosis Gene Expression (post batch-effect removal)

Setting (no ground truth). We analyze a gene-expression matrix after batch-effect removal
for TB; there is no gold-standard network.

Data matrix.
X e R™P p = 6503 genes, n = 2722 samples

Goal. Run MT-BN to learn a hierarchical network: modules, inter-module DAG, intra-module
DAGs, and edge posteriors.



Finding: Module 1 — Interferon Signaling (Type 1/1l) & ISG Cascade

What MT-BN found. A coherent module densely wiring classic interferon-stimulated genes
(ISGs) around STAT/IRF transcription factors:

STAT1, IRF7, ISG15, IFIT1-3, OASL, MX1, MX2, GBP1, GBP2, ...
Edges concentrate on hubs (STAT1/IRF7), consistent with an ISG activation cascade.

External support (STRING, high-confidence): enrichment for Interferon signaling,
Response to Type | interferon, Defense response to virus/bacterium.

Interpretation. This is the canonical interferon signature of active TB: immune sensing =
IFN response = ISG upregulation. Recovering this module indicates MT-BN captured a core
host-response axis that often tracks disease activity and treatment response.



Finding: Module 2 — JAK-STAT Cytokine Signaling

What MT-BN found. A regulatory module linking cytokine receptor signaling via JAK
kinases into multiple STAT TFs:

JAK1, JAK2, STAT1, STAT3, STAT5A/B, STATS, ...

Inter-module arrows point from this upstream JAK-STAT module to the ISG module,
consistent with pathway flow.

External support (STRING, high-confidence): enrichment for JAK-STAT signaling,
Cytokine-mediated signaling, Response to cytokine.

Interpretation. Cytokines (inc. interferons) activate JAK1/2 = phosphorylate STATs = drive
ISGs. MT-BN captured the control layer that initiates/coordinates the interferon program.



TB Case Study — Takeaway & Next Steps

Takeaway. MT-BN recovers biologically prominent, experimentally supported immune
pathways in TB:

e Interferon/ISG module (STAT1/IRF7-centered)

e JAK-STAT signaling module driving the ISG program

Agreement with pathway enrichment (STRING) and expected module—module directionality
supports the plausibility of the learned hierarchy.

Next steps (biomarker focus).

e Use edge posteriors and hub centrality within these modules to nominate compact gene
panels (candidate biomarkers).

e Validate panels on independent cohorts; assess diagnostic/prognostic performance; where
possible, protein-level assays.
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Thank You!

Questions welcome.



