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A378635 Triangle T(n,k) read by rows, where row n is a permutation of numbers 1 through n, such that if the deck of n cards is prepared in this
order, and under-down dealing is used, then the resulting cards are put down in increasing order.
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Under-down dealing is a dealing pattern where the top card is put on the bottom of the deck, and the next
card is dealt. Then, this pattern repeats until all cards are dealt.

This card dealing is related to the Josephus problem. The card in row n and column k is x if and only if in
the Josephus problem with n people, the person number x is the k-th person eliminated. Equivalently, each
row of Josephus triangle A321298 is an inverse permutation of the corresponding row of this triangle.

The total number of moves for row n is 2n.

The first column is A225381, the order of elimination of the first person in the Josephus problem.

T(1,1) =1, for n > 1, T(n,1) = T(n-1,n-1) + 1 and T(n,2) = 1. For n > 1 and k > 2, T(n,k) = T(n-1,k-2) + 1.

Suppose there are four cards arranged in order 4,1,3,2. Card 4 goes under, and card 1 is dealt. Now the deck
is ordered 3,2,4. Card 3 goes under, and card 2 is dealt. Now the leftover deck is ordered 4,3. Card 4
goes under, and card 3 is dealt. Then card 4 goes under, and card 4 is dealt. The dealt cards are in
order. Thus, the fourth row of the triangle is 4,1,3,2.
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Abstract

Various card tricks involve under-down dealing, where alternatively one card is
placed under the deck and the next card is dealt. The arder in which the N cards
are dealt defines a permntation. In this work, we analyze general dealing patterns,
considering properties of the resulting permutations. We give recursive formulas for
these permutations, their inverses, the final dealt card. and the dealing order of the first
card. We discuss some particular examples of dealing patterns and conclude with an
analysis of several existing and novel magic card tricks making use of dealing patterns,

1 Introduction

A number of card tricks involve what's known as “under-down dealing.” which is similar
to down-under dealing, also called “Australian dealing”™. Here. the performer alternates
between cycling the top card to the bottom of the deck (placing it “under”) and dealing the
top card of the deck (placing it “down”), This procedure is typically continued until all cards
are dealt. By understanding the order in which this procedure deals cards. the performer
can produce “magical” effects. For instance, tricks such as the “love ritual” use under-down
dealing while ensuring that a chosen card always ends up dealt last. despite the fact that
the audience has some control over the number of cards in the deck.

This form of dealing corresponds directly to the classical Josephus problem.  In the
Josephus problem, people numbered 1, ..., N are arranged in a circle, and we proceed around
the circle, eliminating every second person until only one remains. Observe that the order
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