THE CODOUBLE BOSONISATION OF THE FOMIN-KIRILLOV ALGEBRA

LUCAS HINDS

ABSTRACT. In this paper, we discuss the codouble of the group algebra of Ss, as well as the Fomin-
Kirillov algebra FICs. In particular, we give FIC3 a left comodule structure over the codouble of Ss,
so that we can construct its codouble bosonisation, which generalizes the usual quantum function
algebra construction.
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INTRODUCTION

The study of Hopf algebras originated in algebraic topology and has since evolved into a useful
tool in many different areas of mathematics, including quantum groups, category theory, and non-
commutative geometry. In the 1980s, Drinfeld introduced the concept of a quantum group in his
work on the quantum Yang—Baxter equation, leading to the development of the Drinfeld double, a
quasitriangular Hopf algebra constructed from a finite-dimensional Hopf algebra and its dual [4].
For a finite group G, the Drinfeld double D(G) contains both the group algebra kG and its dual
k%, along with nontrivial braiding arising from the conjugation action of G.

Closely related to these constructions are braided Hopf algebras, which generalize ordinary Hopf
algebras to braided monoidal categories. Such structures arise naturally in the theory of Yet-
ter—Drinfeld modules over a Hopf algebra, which serve as the setting for bosonisation and codouble
bosonisation constructions introduced by Majid in [9] and later generalized by others [2]. These
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constructions are central to the theory of quantum groups and have found applications ranging from
knot invariants to noncommutative geometry.

Another important object is the Fomin—Kirillov algebra FK,,, introduced in the context of Schu-
bert calculus and the cohomology of flag varieties. For n = 3, the algebra FX3 exhibits a rich
structure that allows it to be interpreted as a braided Hopf algebra in suitable monoidal categories
[1]. Understanding such algebras in relation to Hopf-theoretic constructions like D(S3)* provides
insight into their representation theory and categorical symmetry.

In this paper, we will look at the interaction between the Fomin—Kirillov algebra FK3 and the
dual Drinfeld double D(S3)*, with the goal of equipping FK3 with a left comodule structure over
D(S3)*. This allows us to treat FK3 as a braided Hopf algebra in the monoidal category of left
D(S3)*-comodules. Our broader objective is to construct the codouble bosonisation of FKs3 over
D(S3)*, as introduced in [2].

We will begin by reviewing some essential preliminaries, including the definitions of Hopf algebras,
Yetter—Drinfeld modules, and braided Hopf algebras. We will then examine the structure of the
Drinfeld double D(S3) and its dual, along with the associated (co)quasitriangular structures. We
will then analyze the algebraic structure of FK3 and demonstrate its realization as a braided Hopf
algebra in the category of D(S3)*-comodules. Finally, we will derive a presentation by generators
and relations for the codouble bosonisation.

Related work includes the generalized quantum group over FK3 studied by Vay in [10]. In
that setting, the double bosonisation of FK3 yields a Hopf algebra whose dual can be described
using codouble bosonisation. Analyzing this dual, specifically the simple modules of the dual,
allows us to explore the simple comodules of the original quantum group and further illuminate the
representation-theoretic structure underlying FX3.

1. PRELIMINARIES
We will first recall some definitions relating to Hopf algebras, Yetter-Drinfeld modules, and
braided Hopf algebras.
Definition 1.1. A tuple (B, u,n, A, €) is called a bialgebra over k if:

e B is a vector space over Kk,

e (B,u,n) is an algebra,

e (B,A,¢) is a coalgebra,

e The following diagrams commute:

B® B a B 2 . B®B
(1.1) A@Ai Tu@w
BoBoBoB —99% poBoB®B
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Where 7: B® B — B ® B is the swap map 7(z ® y) =y ® x.

B®B a B
1.2
(12 T
KoK~K
KoK~K
(1.3) W \‘
B®B K B

Kk —4 Kk
(1.4) \<N/;/
B
Definition 1.2. A Hopf Algebra is a bialgebra H along with a map S : H — H called the

antipode such that the following diagram commutes:

HoH —3% pgeoH

> ,
B A

Ho® H HoH

(1.5) H € k H

id®Ss

Definition 1.3. A tuple (M, p,J) is called a Yetter-Drinfeld module (YD-module) over a Hopf
algebra H if:

e M is a module over H with the action p,

e M is a comodule over H with the coaction 9,

e The following compatibility condition holds:

5(p(h,v)) = hayv—1)S(he)) @ p(h), m())-
We denote the category of YD-modules over H along with action and coaction preserving maps
between them by gyD.

A natural way to generalize the concept of a Hopf algebra is to, instead of only considering objects
in the category of vector spaces over k, consider objects in any braided monoidal category, as shown
below.
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Definition 1.4. A tuple (A, u,n,A,€,5) in a braided monoidal category (C,®,1,¥) is called a
braided Hopf algebra ([7] pg. 19) if

e (A, pu,n) is an algebra in C,

o (A A e) is a coalgebra in C,

e Diagrams 1.1-1.5 commute, where the swap map 7 is replaced with the braiding ¥, the field
k is replaced with 1, and the tensor product is replaced with the monoidal product.

Before we get started, we will establish some notation. First, we will use the following notation
for categories of modules:

The category of left modules over A is denoted 4 M.
The category of left comodules over C' is denoted ¢ M.
The category of right modules over A is denoted M 4.
The category of right comodules over C' is denoted M.

We will use Sweedler’s notation for coproducts and coactions as follows

e For a coalgebra C with ¢ € C, we say:
A(c) = c1) @ c(2)-
e For a left comodule M € “M, and ¢ € C we say:
o(c) = (1) ® C(o0)-
e For a right comodule M € MY, and ¢ € C we say:
d(c) = c(0) @ cr)-
Lastly, we will define the co-opposite comultiplication:
Definition 1.5. For a coalgebra C' with comultiplication A(x) = T(1) @ Z(g), define the co-opposite

comultiplication as follows:

Acop<m) = IE(Q) & I(l)

We also define C°°P as the coalgebra with this co-opposite comultiplication, and, for a Hopf
algebra H, we define H°P as the Hopf algebra with the same algebra structure as H, but with
co-opposite comultiplication.

With that, we will begin.

2. ON THE DOUBLE OF THE GROUP ALGEBRA OF S3

We will start by introducing the definition of the Drinfeld double.
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Definition 2.1 (cf. [4], p. 816). For any Hopf algebra H, the Drinfeld Double D(H) = (H*)P
H is a Hopf algebra with underlying space H* ® H, along with algebra and coalgebra structures,
and an antipode as shown below:

(faa)(fead) = flagy = fz)) > (a (2) — fay)b
m)(fa) = f(z)Na ® fa)
GD(H)(fIX]a) f(D)e(a)
m)(f > a) = (Su(ag)) > Siayer (f1))) = (fr2) > Su(ag)y))
Ipy=€ex1

where a — f, a — f, a> f, and f > a are defined as follows:

a—f= {35 (fu), a) f(2); (a> f)(b) = f(ab),

a f=(f,5"(a@)aq)a@), fra= flaq)ag)-

We would like to compute D(S3). To do this, we first establish the basis {d; > g|h,g € S3}.
Now, we will establish some properties that will prove to be helpful.

Lemma 2.2. We have the following

® Asyyeor(0n) = D e, 0g ® Opg—1,
e g— Op = 59—1hg7
e g — o =dp(e)g.

Proof. To start, we see that:

Agszycor (0r) (g1 @ g2) = On(g291) = Z 6¢(91)0ng-1(g2) = Z (6g ® Opg-1)(91 ® g2).
geSs3 gES3

To evaluate g — &5, we need to find A%ksg)cop(éh):

Alissyeon (00)(91 @ 92 ® g3) = D Aus)eor (39) (91 @ g2)pg-1(93)

geSs
= Z 65(91)045-1(92)0ng-1(g3) = Z (05 ® dg5-1 @ dpg-1)(91 ® g2 @ g3)-
9,57633 Q,QGSS

Now we evaluate g — d;, using the definition:

g—0p = Z <5hg;1571(592)79>5g192—1

91,92€853

= Z (5hgf1(9)5_1(592)(9»59192’1

91,92€S53
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- Z (5hgl_1(9)592(971))59192—1.

91,92€853

The coefficient 6hg;1(g)592 (g7!) is only 1 when g1 = g~ 'h and go = g~ !. Thus,

g — (Sh = 69—1hg'
We can also evaluate g — & using the definition:

9+ 0n = 6n(S7'(9)9)g = On(e)g.

Theorem 2.3. The algebra D(S3) has the following presentation:

o?=7r3=1, or=r1"lo,

5, ifg=h
5g5h_{ ! z.fg B 259:17
0 fg#h .=
00 = Ogho-10, TOp = 0rpr—1,

where o and T are identified in D(S3) as 1 >0 and 1 >4 T respectively, and d4 is identified as 64> 1.

Proof. To get the presentation, we first need a formula for the product. So, we evaluate.

Z Ony (91 = Opyg=1) > (g1 = 03)g2
gES3

- Z On1 04 1hag-1g, 1 05(€)9102-
geSs

(Ony <1 91)(Ony 4 g2)

This is zero unless g = e, so we have:

(5h1 > gl)(5h2 > 92) = 5h169171h291 >l g192.-

Now, to get our presentation, we first include the presentations of kS3 and k°3:

o?=r3=1, or=1"1o,
0g ifg=nh

5g5h:{9 , , 25921.
0 ifg#h vt

But this is not enough, we need to add relations to describe the interaction between kSs and k3.
We can do this by describing what happens when we multiply gy, = (1 > g)(dp > 1):
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g6n = (1> g)(6p 1) =615 D4 g = Ggpg-19-

It remains to check that these relations are sufficient to describe the whole algebra. Every element
of the algebra is a linear combination of products of the generators d,, o, and 7. Using the cross
relations, we may rewrite any such product by moving all d, to the left of the words in o and 7.
Since the d, form a basis of k%3, and o, 7 generate kS3, any element can therefore be written as a
linear combination of terms of the form 6,07, where g € S3, a € {0,1}, and b € {0, 1,2}.

There are 36 such elements, which equals dim (D(S3)), so the relations generate all of D(S3). O

To complete our analysis of the structure of D(.S3), we will also find the structure of the coproduct,
the unit, and the counit.

Theorem 2.4. The coproduct, unit, counit, and antipode of D(S3) have the following structure:

Ap(sy)(0n a1 g) = Y, (0pg-1 1 9) @ (35 g),
geSs

S3) = Z(Shme,

heSs
€D(54)(On D1 g) = dn(e),
SD(Sg)((Sh > g) = 5ghg*1 >Xg-

Proof. We simply apply the definition of each of the operations in the Drinfeld double, starting with
the coproduct,

1

A13(53)(5h > g) = Z (5hg—1 > g) ® (65 > g),

geSs

Lp(ss) zeme:Z(SgDQG,
geG

then the unit,

then the counit:
€D(35)(0n D g) = dn(e)e(g) = dn(e),
and finally the antipode:

Sp(ss)(0n 519) = D (Skss (9) > Siszyeor (3r)) D (Sppe—1 & Siksy (9))
keSs

= Z 1o 1) > (O > g

keSs

= Z Opg—1 D 01 (g™ )g ™" = Ggng—r g
keSs
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3. ON THE CODOUBLE OF THE GROUP ALGEBRA OF Sj

Before we make any computations, we define a basis for the codouble D(S3)*:

Definition 3.1. Let xy, 4 be defined by:

Xh,g(On, 3 g1) = 0 (h1)dg(g1).

Then, define the following elements:

A= Z Xo,g5 B = Z X1.9 Eg = Xe,g>

g€eS3 geES3
where o = (12) and 7 = (123)

The set {xnglh,g € S3} is the standard basis of the dual space. We can now compute the
product, coproduct, and antipode on this space, starting with the product:

Lemma 3.2. For Xn, g, Xha,g» € D(53)*, we have:

Xhi,91 Xha,g2 = 591 (QZ)Xh1h2791 :

Proof. We simply apply the definition of the dual algebra:

(Xh1791Xh2792)(5h > g) = Z Xhi,01 (6h§*1 > g)Xh27gz (59 > g)
gESs

= > 01, (hg )04, (9)0n,(3)345 (9)-

geSs

This is only nonzero when g = hs, so we have:

(Xhl,gl Xh2,g2)(5h > g) = 5h1 (hh2_1)591 (9)592 (9)
= 091(92)0n, 1y (R)0g, (9) = Og, (92) X1 ho,g1 (O < g).
O

Another thing we will need to know is the unit in D(S3)*. We will compute the unit as well as
the counit in the following lemma:
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Lemma 3.3. The unit and counit of D(S3)* are as follows:

Ip(sy)s = D Xew = D_ Eo

gESs gESs
€D(S3)* (Xn,g) = dg(e).

Proof. We simply use the definition to compute the unit and counit, starting with the unit.

1p(sy)+ (On 24 9) = €p(sy)(0n 29 g) = Su(e) = 6e(h) D 65(9)
geSs

=3 Xeg(Ont<g).

geSs

For the counit, we get

€n(8)- (Xng) = Xng(1D(ss)) = Xng | > 50<e

JgES3
=) xng(Bgpae) = > 5u(G)dg(e).
gES3 gESs

Since 64(g)dq(e) = 0 unless g = h, we have:

€D(54)* (Xn,g) = dg(€).

Now we can see the following presentation for D(S3)*

Theorem 3.4. The dual algebra D(S3)* has a presentation with generators A, B, and E4 for all
g € S3, and the relations as follows:

A’=1, B*=1, AB=B'A,

EyEp = 6gpEy, Y Eg=1,
geSs
AE, = E,A, BE,= E,B.

Proof. First we verify the relations involving only the A and B terms:



10 LUCAS HINDS

Z Xo,gXo,h = Z (59(h)x027g = Z Xe,g = 1

g,h€S3 g,heS3 gESs
Z X1,9X7,h X1,k = Z 5 XT3 Z Xe,g =
g,h,kES3 g,h,k€S3 g€eSs
Z XO',gXT,h == Z 69( XO'T,g Z Xr— 10’,g7
g7h7653 g:h€S3 653
Z Xr=1,gXo,h = Z 5g(h)XT*10,g = Z Xr—1lo,g-
g,h,ES3 g,heSs3 geSs

Now we can verify the relation involving only the Ej terms:

EgEh = Xe,gXe,h = 5g(h)Xe,g = 5g(h)Eg’

ZE :ZX&g:l.

geG geG

Next we will verify the cross-relations:

ABy =Y XopXew = D 1(9)Xoh = Xougs

heSs hesSs

EyA = Z Xe,gXoh = Z dg(R)Xo,h = Xo.g»
hesSs heSs

BEg == Z XT,hXe,g = Z 5h(g)XT,h g XT,g’
hES3 hESg

B = Z X(-37gX7—7h = Z 5g(h)XT,h e XT,g‘
heSs heSs

Next, we need to show that these generators actually generate D(S3)*. To see this, we will just
show that every element of the basis {xh,g}gnes, is generated.

Eg = Xeg
BEg = X7,9>
BQEQ - BXT 9 = Z Xt hXﬂg X7'2,g7

heSs
AEg - XO',97
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BAEQ = BXo,g = Z X7,hXo,g = X70,9)
heSs

B2AEg = BXTU',g = Z X7,hX1o,9 = X120,9"
heSs3

Finally, we need to show that our relations are enough. To see this, let the algebra generated
by A, B and E, for all g € S3 with the relations given be A. We can see that every element in A
can be written as a linear combination of words in {A, B} U{E,}4es,. Given an arbitrary word in
{A,B} U{E,}4es,, we can use the cross relations to move all of the E,’s to the right side of the
word. So, every word in {A, B} U {E,}4es, can be written as the product of a word in {4, B} and
a word in {Fg}ses,. Since the subalgebra generated by {A, B} is clearly the group algebra kSs,
and the subalgebra generated by {E,}ges, is clearly the algebra k%3, we can write this word as a
constant times an element of the form B®A%E, for some b € {0,1,2}, a € {0,1} and g € S3. Since
there are 36 elements of this form, we see that dim A < 36. Thus, D(S3)* C A, we must have that
A = D(S3)*.

O

We can also compute the coproduct and antipode for D(S3)*.

Lemma 3.5. The formulas for the coproduct and antipode on D(S3)* can be seen as follows:

Ap(ss) (Xhg) = Y Xnigg—1 @ Xgg-1hgg-1.3-
geS3

S(D(s3))* (Xig) = Xgng=1,9-1-
Proof. We simply evaluate.

A(D(83))* (Xh,g) (Ony DX g1 @ Opy < g2)
= 0p(h1)3g(9192)0n, (97 “hag1)
= Z 851 (91)85,(92)65,, (h1)83,_ (h2)61 (h1)3g(g192)0h, (g7 h2gr)-

1,d2,h1,h2€S3
This is only nonzero when h; = g7 Lhag1, so we can simplify:

= > 05(90)83:(92)55 17,5, ()87, (h2)Sn(h1)3 (912)-
G1,32,h2€853

This is only nonzero when §1go = g, so we can set §; = gggl:
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= D 0,5 1(91)85:(92)85, 17051 (1)0, (h2)0n (h).
G2,h2€Ss

Finally, this is only nonzero when h = ggg—lﬁzgggl, 0 we can set hy = ggglhggg_l:

= D 05191005, (92)0n ()8 51501 (h2)

§2€S3

- Z 5997 gl 92)5h(h1)5g§71h§gfl(h2)
JgeS3

- Z Xh,gi—1 (Ony B 91)Xg5-1hgg—1,5(Ony D g2).
gESs

Evaluating the antipode, we get

S(D(85))* (Xh1,91) (Ony > 92) = Xhy,91 (SD(85) (g D1 g2))
= Xh1,01 (592}192_1 > 92_1) = 5h1 (g2h292_1)591 (92_1)

= On, (92h2951)5g;1(g2) = 0ny (g7 "h2g1)d, -1(92)

- 691h191_1(h2)591_1(92) Xgihigrtg (5h2 > g2).

Theorem 3.6. The coproduct structure and antipode for D(S3)* can be seen as follows:
A(A)
=A(E.® A+ E,® A+ E,® B 'A+E,, ® B'A+ E, 1 ® BA+ E. 1, ® BA),
A(B)

=BE.QB+E;,®B+FE,.1®B+E,®B '+ E,,®B ' +E 1, B,

)= Ep1®Ep,

heSs

(A) = AE.+ AE, + B'AE. .1 + BT'AE,, + BAE, + BAE, 1,
S(B)=BE,+B 'E, + BE, + B'E;; + BE,-1 + B"'E, 1,
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Proof. We will use Lemma 3.5:

Z Xo.g Z A(Xog) Z Xo,g5—1 @ Xgg—1ogg—1,5:

gE€Ss gESs 9,G€Ss3

1

We will make the substitution h = gg— and g = g, so we have:

= Z Xo,h @ Xhoh=1,g = Z AER @ Xhoh=1,g

g,h€S3 g,h€Ss
— Z AE: ® Xo,g + AE; ® Xo.g + AE; ® X7-1,
geSs

+ AE76 @ Xr-16,g + AE—1 @ Xrog + AE 15 ® X109

= AE.® A+ AE, @ A+ AE, @ B~'A

+AE,, @ BT'A+ AE. « ® BA+ AE, 1, ® BA.
We will do the same to calculate A(B):

Z X9 Z A(xr.g) Z X195+ © Xgg—1rgg~1,5-

geS3 geS3 9,9€S3

We will again make the substitution h = g§~! and g = §, so we have:

= Z Xr,h & Xhrh—1,9 = Z BEp, ® Xhrh=1,9

g,h€S3 g,h€S3
=Y BE.®Xrg+BE; ® X7 g+ BE.-1 @ Xrg
geSs

+BE; @ Xr-149+ BEre @ X719+ BE -1, ® X114

—BE.® B+ BE,®B+BE,-1®B

+BE,® B '+ BE,;, @ B' + BE, -1, ® B™".
Next we calculate A(Ey):

A(Eg) = A(Xe,g Z Xe,gg—l ® Xeg Z Egh 1 ® Eh
geSs heSs

Finally, we calculate the antipode on the generators:

Z Xog | = Z S(Xog) = Z Xgog—1

geS3 geSs geSs
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= Xo,e t Xoo + Xr=1g,r-1 + Xr=1o,70 + Xror + Xro, 1o
= AE.+ AE, + B'AE, .1 + B"'AE,, + BAE, + BAE, 1,

SBY=8 D Xrg| =D Sxrg) = Y Xgrg-1,9-1

geSs g€eSs geSs
=Xret Xr=10 + Xr7-1 + Xo=1 76 + X7 + Xr-1 7-10
=BE.,+B'E,+BE,+B 'E,;,+ BE..1 + B 'E__1,,
S(Eg) = S(Xe,g) = Xeyg1 = Ey-1.

4. ON THE QUASITRIANGULAR AND COQUASITRIANGULAR STRUCTURES
Recall the definition of a quasitriangular Hopf algebra:

Definition 4.1 (cf. [4], p. 811). A Hopf algebra H is quasitriangular if there exists an invertible
element R € H ® H such that:

o RA(a) = A®P(a)R, foralla € H, and
. (A (= id)(R) = Ri3Ros3, (id (= A)(R) = Ri3R19
R is called the universal R-matrix for H

We will now look at the quasitriangular structure on D(S3):

Theorem 4.2. The matriz:

R= Z €dIg®o e
geG
is a unwersal R-matriz for D(S3).

Proof. To prove this, we must prove both properties of the R-matrix.
(i) Let a = 0y, >t z. Then:
A(a) = Z5hr—1 Xz ® §p X T,
reG
and
RA(a) = Y (e1g)(6p1 24 2) ® (§g > €) (8, b ).
g,reG
We compute:

(€4 9)(Opr—1 D T) = Jy-1p,-14 X g, (0g > €)(0r DA T) = 8g0p D 2.
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So:
RA(a) = Y Gy-1pp-1q X gT @ 6,0 b4 2.
g,r€S3
= Z dg—1p, D gT @ Oy DA T.
gESs

Now we compute A“P(a)R. We have:

A*P(a) = Z O X T @ Gpp1 XA T,

reG
and
A“P(a)R= Y (6 paz)(€ 54 g) @ (Sp—1 > 2) (5, b €).
r,geG
We see that:
(0 > x)(e > g) = 6, D) 2g, (Opp—1 D) (6g DI €) = Opyp—1 5145 0p,—1 DI T
So:
AP(a)R = Z O X g ® 5h7ﬂ71,x71g1(5h7ﬁl > .
g,r€S3
e Z 51_19_1xh X :L'g ® 5:E_1g:r X T
gESs

Now we change variables. Set s = z~'gx and we get:
Z 01, D1 gS @ 05 DX .
SES3

This is the same as the earlier expression for RA(a). Hence, condition (i) is satisfied.
(ii) We simply evaluate both sides to get:

(A®id)(R) =) (e>g) ® (e g) @ (550 ¢)
geG

RisRys= Y (exdg) @ (e h) @ (84 <1 €) (3, < )
g,heG

= > (exg) @ (e h) @ (34,100 > €)
g,heG

=S (exg) @ (e 9) @ (6, ¢)
geG
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Doing this to the other equation we get:

(dRA)(R) = > (epx9) @ (§p-1 2 €) @ (65 > €)
g,heG

Ri3R19 = Z (6 > gh) & ((5g > 6) (=) ((Sh > 6)
g,heG

= Z (exxg) ® (641 > e) ® (0 <€)
g,heG

0

By thinking of the R-matrix as a map R: k - H ® H, we can dualize the notion of quasitrian-
gularity, as shown below:

Definition 4.3 (cf. [8] Def. 2.2.1). A Hopf algebra H is coquasitriangular (or dual quasitri-
angular) if there exists a convolution invertible map R: H ® H — k such that:
(i) R(ab® c) = z R(a® C(l))R(b ® C(Q)),
(ii) R(a®be) =) R(an) ®c)R(a@) ®b), and
(i) > bwyaq)Rlae) ® b)) =3 Rlaq) ® bu))a@)be)-
The map R is called the co-R-matrix of H.
We can easily obtain the coquasitriangular structure on D(S3)* by using the following dualization:

Theorem 4.4 (cf. [6] Lemma 7.2.1). For any quasitriangular Hopf algebra H with R-matriz R =
> a; ® b, the dual H* is coquasitriangular with R(f @ g) = f(a:)g(b;).

Corollary 4.5. The Hopf algebra D(Ss)* is coquasitriangular. The co-R-matrixz is given by the
map

R:D(S3)" ® D(S3)" — k
defined on basis elements xp g, Xk, € D(S3)* by
R(Xh,g @ Xk,t) = Og,k00,e-
Proof. This follows easily from Theorem 4.4:
R(Xhg ® Xkt) = Y Xng(€ > §)xk.e(05 > €)
gESs

= 3 5,(@)5k(@)e(e) = Sy bt

geSs
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Corollary 4.6. The co-R-matriz on D(S3)* satisfies the following:

R(BA® @ B1A°) =
R(B'A"Ey @ BYA°) = 6, 1aqe,
R(B’A® @ BYA°Ey,) = 6y,

R(B"A°Ey ® BYA°E}) = 0, 1ageOpe-

Proof. We simply apply our formula:
R(B'A* @ BYA°) = > R(Xrbga g ® Xpdgep) = D Ogragelpe =1,

g,h€S3 g,h€S3

R(BbAaEg & BdAC) = Z 'R(XTbgay & XTdo.c’h) = Z g rdgeOhe = Oy rdge,
heSs heSs

R(B"A* @ BYA°ER) = Y R(Xvpo,g @ Xodge ) = D Oy rigeOhe = One,
gES3 gES3

R(B’A"Ey @ BYA°E) = R(Xpvga g @ Xrdgen) = O rageOhe = Oy rageOhe-
]

Note that the quasitriangular structure of D(S3) gives us a braiding in the category of left D(Ss3)-
modules, and the coquasitriangular structure of D(S3)* gives us a braiding in the category of right
D(S3)*-comodules.

5. FK3 AS A BRAIDED HOPF ALGEBRA IN P(%3)" Aq
To start, we will look at the definition of the algebra FKs:

Definition 5.1 (cf. [1]). The Fomin-Kirillov algebra FCs is the algebra generated by the ele-
ments z;; with 1 <4 < j < 3 subject to the following relations:

O—a: for all ¢ # j,

0 = x12793 + 23713 + T13712,

0 = z23712 + 13723 + T12713.
We can consider F/K3 as a Yetter-Drinfeld module over kSjs.

Definition 5.2. The algebra FK3 is a YD-module over kS35 with the following action and coaction:

g — Tij = Sgn(g)wg(ij)g*h
6(xij) = (if) ® @i
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Where (ij) is the corresponding transposition in Ss.
There is an equivalence of the categories ﬂiggjﬂ) and g M, as shown below:

Theorem 5.3 (cf. [5] Theorem XIIL.5.1). Let H be a finite-dimensional Hopf algebra over a field
k. Then, the categories gyD and D(H)M are equivalent. In particular, there is an equivalence

F: g)ﬂD — D(H)M which maps the YD module M with action —: H ® M — M and coaction
0: M — H®M to the module M with action defined on 1 <1z and f <11 by:

(Iaz)(m) =2 — m,
(f>a1)(m) = (f,m1))m)-
Thus, we can transform F/s into a left module over D(Ss).

Corollary 5.4. The module F(FK3) where FK3 is given the YD-module structure described earlier,
and F is the functor described in Theorem 5.3, gives a left module structure for FIKs over D(Ss3)
with the following action defined on 11 g and f > 1:

(1 > g)(xl]) = Sgn(g)mg(ij)g*%
(6n > 1)(wij) = Op ((i4)) wij-

Proof. We simply use the definition of F' from the previous theorem.

(1> g)(wi) = g = ij = 5g0(9)Tg(ij)g-1
(6 > 1) (wij) = 0n ((i5)) wij-
OJ

Now, recall that there is an equivalence between left modules on an algebra A and right comodules
on the dual A* when A is finite dimensional.

Proposition 5.5. For any finite dimensional algebra A, the categories , M and MA" are equivalent.
Particularly, there is an equivalence of the two categories F': 4 M — MA" which maps the module
M to the comodule M with coaction p(m) = .(a; - m) @ a*, where {a;} is a basis for A, and a’ is
the corresponding dual basis with a*(a;) = 6;(j).

Proof. The proof is clear due to duality. O

We will now calculate the coaction on F'(FK3) so we can represent FK3 as a right comodule on
D(Ss)*.
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Corollary 5.6. The comodule F(FKs3) where FKs is given the left module structure described
earlier, and F is the functor described in proposition 5.5, gives a right comodule structure for FKs
over D(S3)* with the following coaction defined on the generators of FKs:

5(%12) =

T19 ® (AE, — AE,) + 13 ® (BAE,-1 — BAE, 1, + 23 ® (B"YAE, — B"YAE,,),
5(1/‘13) =

T19 ® (AE; — AE,1,) 4+ 213 ® (BAE, — BAE,,) + 223 ® (B~'AE,._1 — B7'AE,),
d(xoz) =

T19 ® (AE, -1 — AE,,) 4+ 213 ® (BAE, — BAE,) + 293 ® (B"'AE, — B'AE,1,).

Proof. To do this, we simply use the definition of the functor F'. We will use our standard basis for
D(Ss), {0, > glg,h € Ss} to apply the definition. Doing so gives us

S(r12) = > (Ong)-712) D Xng= D ((h>1)(1g) - T12) ® Xng
g,h€Ss g,h€Ss3

= Z ((6h > 1) ’ Sgn(g)xg(m)g—l) @ Xh,g
g,h€S3

= > (sen(g)dn (9(12)g7") - 24012)9-1) ® Xnog
g,h€Ss
= Z12 @ X(12),e — T12 ® X(12),(12) — T23 @ X(23),(13)
— 213 @ X(13),(23) T P23 @ X(23),(123) T 13 ® X(13),(132)
=212 ® Xo,e — 12 @ Xo,o0 — 223 ® X7—1o,70
— 13 @ Xror-1o T 123 D Xr-15 7 T 213 D Xrg 71 =
2190 ® (AE, — AE,) + 113 ® (BAE,.-1 — BAE,_ 1) + 123 ® (B"YAE, — B"YAE,,),

S(x1z) = D (Onpag)-213) @ Xng = Y ((0h>a1)(129) - 213) ® Xng
g,h653 g,h653

= Z ((6h > 1) : Sgn(g)l'g(l?))g*l) & Xh,g
g,h€S3

= Z (Sgn(g)dh (9(13)9_1) : xg(13)g*1) & Xh,g
g,h€S3

= 213 ® X(13),e — 723 ® X(23),(12) — £13 @ X(13),(13)

— T12 @ X(12),23) T T12 ® X(12),(123) T T23 & X(23),(132)
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=213 @ Xro,e — 23 @ Xr-1g.0 — 13 @ Xro,70
— 212 Xo,r-10 T 212 @ Xoyr T 223 @ Xr-157-1 =

119 ® (AE; — AE,-1,) + 213 ® (BAE, — BAE,,) + 293 ® (B"'AE,-1 — B"'AE,),

S(waz) = Y ((6nvag)-wa3) @ Xng= Y ((Bn > 1)(11g)-23) ® Xng
g,h€S3 g,h€S3

= Z ((6h > 1) : Sgn<g>$g(23)g*1) & Xh,g
g,hGSg

= Z (Sgn(g)dh (9(23)9_1) 'xg(23)g*1) ® Xh,g
g,hGSg

= 23 ® X(23),e — T13 @ X(13),(12) — T12 ® X(12),(13)

— T23 @ X(23),(23) T T13 ® X(13),(123) T T12 ® X(12),(132)
=223 @ Xr-lge — 213 @ Xro,0 — 212 @ Xo,ro

— 223 @ Xr-1g7-1g + 213 @ Xror + 212 @ X -1 =

T19 @ (AE,-1 — AE,;) + 713 ® (BAE, — BAE,) + 123 ® (B"'AE, — B'AE,_1,).

Next, we recall that there is an equivalence between the categories MP(53)" and P (93)" M.

Proposition 5.7 (cf. [3] Prop. 4.2.14 ). For any finite dimensional Hopf algebra H, the categories
M and T M are equivalent. In particular, there is an equivalence F - MH — " M which maps the
right comodule M with coaction § to the left comodule M with coaction 6(z) = S(x(1)) ® x(g)-

With this, we can finally give FK3 a left comodule structure over D(S3)*, but first we will evaluate
the antipode on some elements of D(S3)* that will help us compute the left comodule structure:

Lemma 5.8. The antipode acts as follows on B~', BA, and B~ A:

S(BYY=B'E.+BE,+B 'E..1 + BE,; + B"'E. + BE, 1,
S(BA) = ABE. + AB™'E, + AE, + AE., + AB"'E._1 + ABE,1,,
S(B™'A)= AB'E.+ ABE, + ABE, + AB'E,, + AE, -1 + AE._1,.

Proof. We simply evaluate:
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S(B_l) =S Z Xr=1g | = Z S(XTfl,g) - Z Xgr—1g=1,g-1

gESs gESs gESs
= Xr-le + Xro T+ Xr=1,r-1 + Xr,ro Tt Xr=1,r + Xr,r=1o
=B 'E,+BE,+B'E,.1+BE,, + B'E, + BE._1,,

S(BA) = S(A)S(B)
=(AE,+ AE, + AB™'E, + ABE., + ABE, 1 + AB'E,_1,)
(BE.+ B 'E,+BE, +B 'E,,+ BE,_1 + B"'E,1,)
= ABE.+ AB 'E, + AE. + AE,;, + AB"'E__1 + ABE, -1,

S(B~'A) = S(A)S(B™Y)
= (AE.+ AE, + AB™'E, + ABE,, + ABE, -1 + AB™'E,_1,)
(B'E.+BE, +B 'E.-» + BE,; + B"'E, + BE,1,)
= AB 'E.+ ABE, + ABE, + AB™'E., + AE, 1+ + AE, 1,.
O

Theorem 5.9. The comodule F(FK3) where FK3 is given the right comodule structure described
earlier, and F' is the functor described in proposition 5.7, gives a left comodule structure for FKs
over D(S3)* with the following coaction § defined on the generators of FKs:

§(x12) = (AE. — AE,) ® x12
4+ (AE, — BT'AE.1,) ® x13
+ (AE,;-1 — BAE,;) ® w23,

6(z13) = (B~YAE,—1 — BAE,1,) ® 219
+ (BT'AE. — AE.;) ® 213

+ (B7YAE, — BTYAE,) ® 3,

5(1‘23) = (BAET — B_IAETU) ® x12
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+ (BAETfl — BAEU) ® x13
+ (BAEe — AETfla) & 23.

Proof. We simply use the definition of the functor F'; and our formulas from Lemma 5.8.

§(w12) = S(AE, — AE,) ® v12 + S(BAE, -1 — BAE. 1,) ® 213

+ S(B7'AE, — BT'AE,,) ® 3

= S(Ee — E;)S(A) ® 12 + S(Er-1 — Er-1,)S(BA) @ 213

+ S(E; — E+o)S(B71A) ® xo3
= (E,— E,)(AE, + AE, + B'AE, 1 + B'AE,, + BAE, + BAE,1,) ® x12
+(E; — E,-1,)(ABE, 4+ AB™'E, + AE, + AE., + AB™'E._1 + ABE,1,) ® x13
+(E,-1 — E;o)(AB 'E. 4+ ABE, + ABE, + AB 'E., + AE, -1 + AE,_1,) ® x3
= (AE, — AE,) ® 212 + (AE; — ABE,-1,) @ 213 + (AE,—1 — AB™'E,,) ® 3
= (AE. — AE,) ® x12 + (AET — BilAETAU) ®x13 + (AE, -1 — BAETJ) & T23,

= S(AE, — AE.1,) @ 112 + S(BAE. — BAE;,) ® 713
B7YAE, .« — BTYAE,) ® x93
= S(Er — E;-15)S(A) ® x12 + S(Ee — E75)S(BA) @ 713
+ S(E,-1 — E,)S(B™'A) ® 3
=(E,~1 — E,1,)(AE, + AE, + BYAE, 1 + B'AE,, + BAE, + BAE,_1,) ® x13
E.— E.;)(ABE.+ AB'E, + AE, + AE.; + AB'E,. -« + ABE,1,) ® 213
E, —E,)(AB™'E,+ ABE, + ABE, + AB"'E,;, + AE. 1 + AE,1,) ® 23
= (B™'AE.-1 - BAE. 1) ® 212 + (ABE, — AE,,) ® x13
+ (ABE; — ABE;) ® 293
= (B™Y'AE.-1 — BAE.1,)® z12 + (B YAE, — AE,,) ® 213
(

+
=

+ (B 'AE, — B'AE,) ® x93,
(.ZU23) S(A AETU) ® x12 + S(BAE — BAE, ) X 13
+S(B~ 1AE B7YAE,1,) ® 93

S(E,-1 — Erp)S(A) @ 212 + S(Ey — E,)S(BA) © 213
(Ee E )S( _1A) X T3

_|_
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= (B, — E;)(AE, + AE, + B"YAE, 1 + B YAE,, + BAE, + BAE.1,) ® 219
E,+ — E,)(ABE. + AB'E, + AE; + AE;, + AB"'E -1 + ABE,1,) ® 713
E.—FE,1,)(AB'E.+ ABE, + ABE, + AB 'E;; + AE. 1 + AE,1,) ® 23
= (BAE, — B 'AE,,)® 19+ (AB™'E, 1 — AB7'E,) ® 213

AB™'E, — AE._1,) ® x93

= (BAE, — B"'AE,,) ® 212 + (BAE,-1 — BAE,) ® 713

+ (BAE, — AE, -1,) ® x23.

+
+(

+

O

Before we move on, we need to find the braiding and coproduct structures for FK3. Before we
do this though, we will define x1 = x192, 2 = 213, and x3 = xo3.

Theorem 5.10. The braiding on FK3 is given by:

oz, @ x;) = —x; ® 4, and
c(x; ®xj) = —xp @y fori,j, k distinct.
Proof. We will use the standard formula c¢(v ® w) = (degv) - w ® v. Doing this gives:

clxr®@x1) =(12) - 21 @21 = —x1 @ 271,
c(xg @ x2) = (13) - 22 ® X9 = —x2 ® X2,
c(rs®@x3) = (23) - 23 @3 = —23 ® X3,
c(xy ®@x2) = (12) - 29 ® 11 = —x3 @ 271,
c(r1 ®@x3) = (12) 23 @21 = —29 ® X1,
c(ro®@x1) = (13) - 21 @ X9 = —23 ® X9,
c(ro®@x3) = (13) - 23 @ 19 = —21 ® X9,
c(xz®@my) = (23) - 21 @ x3 = —T2 ® T3,
c(x3 ®@me) = (23) - 22 ® x3 = —11 ® T3.

Next we need the coproducts on FK3.
Theorem 5.11. The coproducts on FK3 are as follows:
Alz)) =211+ 1® g,
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A(zars) = xox3 @ 1+ 29 @ 3 — 71 @ T2 + 1 ® x973,

A(zg) =22 @1+ 1 x9,
Alzs) =230 1+ 1® x3,
Alx1z2) =122 @ 1+ 21 @22 — 23 Q21 + 1 @ 2122,
Alr1z3) =123 Q@ 1+ 21 Q@ — 22 21 + 1 ® 2173,
A(zoxy) =221 @ 1 + 22 @21 — 23 @ 22 + 1 @ w2271,
)
) =

(1‘1:(:2331 =212201 ® 1 — 2123 @ T2 + 2321 @ T1 + T2 ® T1X2

+ 2122 ® 1 + 21 Q21 + 1 @ T12277,

A(z12223) = 112223 @ 1 + 2372 @ 71 + 21 ® 122 + T122 @ 23
+ 21 Q® xoxs — T3 Q123 + 1 ® 217973,

A(x2x3$1) = 292371 Q1+ 2123 @ 9 — T2 @ Toxz + Tox3z ® T
4+ To ® x311 — T1 ® Tox1 + 1 ® 1973771,

A(z1207123) = 21727123 @ 1 4+ 212223 ® T — T27123 @ T1 + 221 & T122
+ 2122 ® Tox1 — 23 @ T1T2x1 + X1T22x1 ® X3 — T1T3 @ T2x3
+ 2371 @ T123 + T2 @ 12923 + T1T2 @ T1Z3 + T1 & To2x1X3
+1® z1T27173.
Proof. The first three identities are true since the x; are primitive elements of F/3, and the rest

can be derived through multiplication. O

We may now begin computing the codouble bosonisation of FKCs.

6. THE ALGEBRA STRUCTURE OF THE CODOUBLE BOSONISATION OF FK3
We now look at the definition of the codouble bosonisation:

Definition 6.1 (cf. [2] Theorem 3.1). Let B be a finite-dimensional braided group in 4 M with
basis {e,}. Denote its dual by B* € M with dual basis {f?}. Then there is an ordinary Hopf
algebra B2L>qAp< B*, the co-double bosonisation, built on the vector space BL ® A ® B* with

(2 bk D ) (w b4 €04 2) = T g ™) b Koy DY@ 2 R(YD, Loy )RSk, w),
Az <k ay)

= ZLL‘ (1) ] l'(g) 1)k(1) > f &® ea(l)( ) %:U@(OO) @ Sea@(oo) > k(4)yﬁ(l) (2) > y@

R(eaQ< ), 20D 2k ) R(S (ke ya) V1), am®) (Y@ €a)
for all x,w € B2 k¢ € A, and y,z € B*.
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To find the codouble bosonisation of F/C3 in P58)" M, we first need to compute the structure of
FK3* and its coaction, as well as the structure of FIC322. We will start with FIC3™.

Definition 6.2. Let y1,y2,y3 € FK3* be the dual elements of x1, z2, x3 respectively.

With this, we can talk about the structure of F/IC3*. But first, we need to build to a lemma
relating the duals of the basis elements of FK3 to the generators of FK3*.

Lemma 6.3. We have the following:

Y1y2 = (z122)" — (2273)", y1y1 = 0,
youn = (w2r1)" — (v123)", yay2 = 0,
y1ys = (z123)", y3ys = 0,
Y2ys = (w213)", Y1y2y1 = (v17271)",
ysy1 = —(v172)", Y1y2ys = (T17273) %
Ysy2 = —(w211)", Y2v1ys = (v2m173)",

Y1Y2y1y3 = (T1222123)".

Proof. We will let {e,} be the basis of FK3 with {f,} being the corresponding dual basis of FK3
So, we have:

yiy2 = > (12, €a) £

a
Since FK3 is a Nichols algebra, evaluations will be zero unless the degrees of the terms agree.
So, we have:

y1y2 = (y1y2, x122) (T122)" + (Y192, T123) (T123)”

*

+ (y1y2, zox1) (x221)* + (Y1y2, Tows) (zow3)™.
Using the definition of the product in the dual algebra and simplifying, we get:

y1ye = (z122)" — (T223)".

The rest of the identities follow similarly

We can now derive the relations for the dual algebra



26 LUCAS HINDS

Theorem 6.4. The dual algebra FICs* is generated by yi,ys2,ys with relations as follows:

y1Y2 + y2y3 + ysy1 = 0,
ysy2 + y2y1 + y1ys = 0,

yi=y3=y3=0.

Proof. To start, we will show that these relations are satisfied:

y1y2 + y2ys + ysy1 = (x122)" — (xox3)” + (zox3)" — (z122)",
Y3y2 + voy1 + 1Yz = —(z221)" + (z271)" — (2123)" + (2123)".

Let the algebra generated by y1,y2 and y3 under these relations be A. We wish to prove that
FK3* =2 A. Since FK3* satisfies the relations from A, there exists an injective algebra homo-
morphism from FK3* into A. Thus, if we can show that dim A < dim FK3*, we are done, as
this algebra homomorphism would have to be an isomorphism. We can see this by the fact that

dim FK3* = dim FK3 = dim A since A = FK3. So, we are done. O
Next, we will find the coactions on FK3. We will need the following theorem to find them.
Definition 6.5. Given a left comodule B € 4 M with coaction
0(2) = (1) @ 2(c0),
we define B* € M* as follows:
S+ (y) = Y iy, (1) (00)) ® S~ () 1)),

where x; is a basis for B and y; is the dual basis.
Now we can use this definition to find our comodule structure.

Theorem 6.6. The comodule structure of FKs* in MPS3)" is given as follows:

—~

AE, — AE,)

B YAE_ . — B 'AE__.,)
BAE, — BAE,,),

AE, — AE__1,)

B 'AE. - B 'AE,,)
BAE, -1 — BAE,),

6(y1) =0 ®
+ Y2 ®
+ Y3 ®
5(y2) =1 @
+ Y2 ®
+ Y3 ®

R e N
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5(y3) = 11 ® (AE, -1 — AE;,)
+ 1y, ® (BYAE, — B 'AE,)
+ys® (BAEe - BAET—la).

Proof. We will simply use Theorem 6.5. By simply plugging in, and noting that the left coaction
on a degree n element gives a degree n element in the FX3 tensor, we can conclude that:

3

S(yk) = > yilye 25) @ S Zyz®5
ij=1
Evaluating gives us:

5(y1) =y1 ® STHAE, — AE,)
+1y2® STYWAE; — BT'AE, 1,)
+y3® S YAE,-1 — BAE,,),

5(y2) =y1 ® STHB'AE, 1« — BAE, )
+y,® S"YBYAE, — AE,,)
+y3® S"HB'AE, — BT'AE,),

5(y3) =y ® STYBAE, — BT'AE,,)
+ 12 ® STYBAE, -1 — BAE,)
+y3® S"YBAE, — AE,.-1,).

And simplifying gives us:

§(y1) =y ® (AE, — AE,)
+1y2® (B'AE, .« — BT'AE_1,)
+y3 ® (BAE, — BAE,,),

0(y2) =y1 @ (AE; — AE 1)

+ 1y, ® (B 'AE. — BT'AE,,)

+y3® (BAET \ — BAE,),
0(y3) =y1 @ (AE, 1+ — AE,,)

+y2 ® (B 1AE — B7lAE,)

+y3® (BAE, — BAE,1,).
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O

Now we need to find the structure of ngl. To do this, first let us recall the definition of the
braided opposite braided group.

Definition 6.7 (cf. [2] 2.3). If B is a braided group in C, with invertible antipode, then B2 has
the same coalgebra structure but with braided opposite product and antipode given by:
‘op = © \IIJ;IB, S=5""
Using this we can conclude the following:
Theorem 6.8. The algebra flC%p has a presentation with generators x1,xs and xs with relations:
L1 op T2 + L2 0p T3 + 23 -op 1 = 0,
T3 op T2 + L2 op T1 + T1 -op 3 = 0,
L1 op T1 = T2 "op T1 = T3 op T3 = 0.

Proof. To start, we will show that these relations are satisfied:

Ty op X2 + X2 "op T3 + T3 ‘op T1 = —X3T1 — T122 — 23 = 0,
Z3 op T2 + Zo “op T1 —+ 21 ‘op T3 = —IT1T3 — T3Ty — TaT1 = 0,
L1 op T1 = —a:% =0,
T2 op T2 = —x3 =0,
T3 op T3 = —x% = 0.

Now, let the algebra generated by x1, x5, and x3 under these relations be A. We wish to prove that
FKs = A. Since FK3* satisfies the relations from A, there exists an injective algebra homomorphism
from FK3* into A. Thus, if we can show that dim A < dim FK3*, we are done, as this algebra
homomorphism would have to be an isomorphism. We can see this by the fact that dim FK3* =
dim FK3 = dim A since A = FK3. So, we are done.

O

We can now find the product structure of the codouble bosonisation.

Theorem 6.9. The codouble bosonisation fIC%pr(Sg)*Kfng has the following presentation by
generators and relations:
Generators:

x1,T2,I3, A7 B7 Eg7 Y1,Y2,Y3.
Relations:

2t =23 =23=0, w3+ a370 + 2021 =0, X371 + Toxz + 1172 = 0,



THE CODOUBLE BOSONISATION OF THE FOMIN-KIRILLOV ALGEBRA 29
Yi=ys=v3=0, viys+ysy2+yay1 =0, ysy1 +yoys +yiye =0,
A*=B*=1, E,E,=6,,E,, AB=BA™,
AE,=E;A, BE,=E,B, > E,=1,
geSs
ylA = _A(Eeyl + anl + Er—lyB + Er—lay?) + E‘ryQ + ETO'yQ)a
y2A = _A(EE?JS + anl% + Er—lyQ + ET—lng + E‘ryl + Erayl)a
y3A = —A(Ee?JQ —+ EO'yQ —+ ET—lyl + ET—lo-yl + E‘ryd + ETO'y3)a
1B = B(Eeys + Eryz + E.—1y3 + Egyo + Eroya + E—1,12),

y2 B = B(Eeyl + B+ By + Esys + Eroys + Er—lay?))’
y3B = B(Eey2 + Eryo + B —1y2 + Esyr + Eroy1 + Er—layl)’

Ary = 11A, Axy =1x9BA, Axz= 1‘3371/1,
Egl‘l = xlEgg, Eg$2 = x2ETfla-g, Egl‘g = $3E7—gg,
yikg = Egy;, Bz = xiB_la Yili = XTiYi-

Proof. To start, we will define our generators:

wllemlml, xgzxzbdlml, .733:(63[>41D41,
A=1xAx]1, B=1xBxl, E;=1xE;x1,
y1 =11y, =11y, y3=1>x11>ays3.

It is clear that these generators generate the entire algebra. Now, to find the relations, it is
sufficient to find the relations for each individual tensor, and the cross-relations. The relations for

each individual tensor are as follows:

2_ 2 _ 9
T=a5=23=0, xx3+a302+ 2201 =0, 2371+ 2223+ T122 =0,

=ys=y3=0, yiys+ysy2+yoym1 =0, Ysy1 +yays +v1y2 =0,

A*=DB*=1, EyE,=06,,E, AB=BA™,
AE,=E4A, BE,=E,B, Y E,=1.
gES3

These come directly from the relations for the subalgebras. Now, we will use the formula to
derive cross relations. To start, we will look at 1 A.



30 LUCAS HINDS

NA=(1xlxy)(I=xAxl)
=114 yiO)R(ygl), A(Q))
= 159 (Xoe + Xouor) 2 31 R, A)
159 (Yo + Xor10) 2 01 RS, BA)

+ 154 (Xgrt + Xovro) M YRy, B714)

= =14 (Xoe + Xoo) DAY

=1 (Xor + Xoyr-10) X U2

=1 (Xg,r-1 + Xoy70) X Y3

= —AEey1 — AE;y1 — AEry2 — AE —1,y2 — AE —1y3 — AEys.

The other y; A and y; B cross relations follow similarly:

Yo A = —A(Eeys + Eyys + Er-1y2 + Er—1,y2 + Eryr + Eroyn),
ysA = —A(Eey2 + Esy2 + Er-vyn + Er—1,y1 + Erys + Eroys),
1B = B(Eeys + Erys + Er-1ys + Egya + Ergya + E-1,92),
Y2B = B(Eeyr + Ery1 + Er1y1 + Egys + Eroys + E-1,y3),
ysB = B(Eeys + Erys + E--1y2 + Ecyr + Ergyn + Er-1,01).

The y; E, cross relation is a bit different.

yiEg = (1>alpay;)(1Ey>al)
= 10 By ) g "RV, By ()
= Z 1 Egh*1 > ng)R(yZ(l), Eh)
hesSs
— 10 By oy RN 1)
:1D<]EgD<ly¢:Egyi.

Now we need to find the cross relations between the x;’s and A, B, and Ej.

Az = (1 Axl)(zp=xlxl

)
= xgoo) D] A(Q) ( ( ),905 ))
=11 X A(Q) 2 R(S(A(l )7 Xo,e
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=1 X A R(S(Xg,e + Xa,a)a XU,E)
+ 21 <1 BA < R(S(XJJ—I + Xg,»rfla)a Xa,e)

+ 21 B 1A R(S(XJ,T + Xa;ra)a Xa,e)
:l‘1[><1A[><11:l'1A.

Similarly we can obtain the other Az; and Bx; cross relations:
A{L‘Q = iL‘QBA, Ax‘g = £L'3B_1A, Bl‘l = ZL‘z‘B_l.

Now we will find the E x1 cross relation:

Ejxi =1 Ey>al)(zy>xaleal)
=Y ™ 1 By s R(S(Egp1), 2{")
heSs3

=) 215 By A R(Epg-1, Xoe)
heSs
=T X Eo'g 1= ﬂj‘lEo-g.

The other E x; cross relations follow similarly:

Eg$2 = x2ETflo-g, Egl‘3 = $3E.rgg.

Finally, we have only the y;x; cross relations left:

yiri = (I 1oy, (z; >l l)
= xg&) > 1 1 yl@R(y@, I)R(l,xg))

= xl(%) > 1 ygﬁ)e(yf))e(xg))

=x; X 1 X y; = zy;.

With that, our presentation is complete.
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