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ABSTRACT. A complex semiring is a subset of the complex plane that is closed under the standard
addition and multiplication of complex numbers and contains both 0 and 1. A complex semiring S is
called a bi-UFS if both its additive monoid (S, +) and its multiplicative monoid (S\{1}, ) are unique
factorization monoids (UFM). The Bi-UF Positive Conjecture states that Ng is the only subsemiring
of the nonnegative cone of the real line that is a bi-UFS. In this paper, we prove that no simple
semiring extension of Ng by a quadratic algebraic number is a bi-UFS, identifying a natural class
of complex semirings satisfying the statement of the Bi-UF Positive Conjecture. We also identify
another class of complex semirings satisfying the statement of the Bi-UF Positive Conjecture. Then
we extend the statement of the Bi-UF Positive Conjecture by motivated by a structural theorem
we established for semidomains whose additive monoid are finite-rank free commutative monoids.
Finally, we consider the bi-HF property, which is a relaxed version of the bi-UF property. We prove
that Np is the only positive rational semidomain having the bi-HF property, and we provide two
methods to construct bi-HF'S complex semirings that are distinct from Ng.

1. INTRODUCTION

The statement of the Fundamental Theorem of Arithmetic (FTA) is central not only in number
theory but also in commutative algebra, semigroup theory, and several related fields. In factorization
theory we study the arithmetic and atomic structure of algebraic objects governed by weaker versions
of the FTA. The statement of the FTA has been conceptualized to cast one of the most relevant classes
of integral domains, the class consisting of all unique factorization domains (UFD). More general, we
say that a cancellative commutative monoid is factorial or a unique factorization monoid (UFM) if
every nonunit can be factored into atoms (i.e., irreducible elements) in a unique manner. A cancellative
and commutative monoid is atomic if every nonunit can be factored into finitely many atoms, and we
say that an atomic monoid is a half-factorial monoid (HFM) if every two factorizations of the same
element have the same number of atoms (counting multiplicity). A subset S of the complex field C is
called a complex semiring if it contains 0 and 1 and is closed under the usual operations of addition and
multiplication. Its additive and multiplicative monoids are denoted by (S,+) and S* := (S'\ {0},-),
respectively. A monogenic semiring (of characteristic 0) is a simple semiring extensions Ny[p] of the
prototypical semiring Ny by p € C:

No[p] = {p(p) : p(x) € No[z]}.
To ease the notation, we let S, denote the monogenic semidomain Ny[p] and we call S, rational,
positive, real, or algebraic according as the generator p has the corresponding property.

The phenomenon of non-unique factorization has been largely investigated in the more general
contexts of commutative monoids and, more recently, in the context of semidomains. The interest
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in the atomic structure, ideal theory, and factorization aspects of monogenic semidomains has sig-
nificantly increased after the simultaneous appearances in 2019 of the papers [7] by Campanini and
Facchini and the paper [10] by Chapman, Gotti, and Gotti: in [7] the authors study factorization and
ideal-theoretical aspects of the transcendental monogenic semidomain Ny[z], while in [10] the authors
investigate the factorization and arithmetic of lengths of (the additive structure of) the monogenic
rational semidomain. A recent investigation of the multiplicative structure of monogenic semidomain
from the lens of factorization has been carried out by Deng, Gotti, and Zeng [12]. On the other
hand, the additive structure of monogenic semidomains has been considered in several papers re-
cently: see [2, 21] for the case of rational generators and [1, 11] for the case of algebraic generators
(rational examples had first appeared in [18, Section 5]).

The following characterization of additive factoriality and additive half-factoriality for algebraic
monogenic semidomains is due to Correa-Morris and Gotti, and it plays an essential role through this
paper.

Theorem 1.1. [14, Theorem 5.4] Let « be a positive algebraic number with minimal polynomial
ma(z) € Q[z]. Then the following conditions are equivalent.

(Sa,+) s a UFM.

(Sa,+) is an HFM.

(Sa,+) has degmg () atoms.

{a¥ : k € [0,degmy(z) — 1] } is the set of atoms of (Sa,+).

A complex semiring whose additive and multiplicative monoids are both UFMs (resp., HFMs) is
called a bi-UFS (resp., bi-HFS). As the additive and multiplicative monoids of Ny are the (additive)
free monoid on {1} and the free multiplicative monoid on the set of rational primes, respectively, the
prototypical semiring Ny is a bi-UFS and so a bi-HFS. In their study of classes of bi-atomic semirings,
Baeth, Chapman, and the first author [5] proposed the so-called “Bi-UF Positive Conjecture”, which
is one of the primary motivations of this paper.

Conjecture 1.2 (Bi-UF Positive Conjecture). The prototypical semiring Ny is the only positive
semiring that is a bi-UFS.

1.1. Established Results. The conjecture is natural because the two factorization structures pull in
opposite directions: while additive factoriality makes a positive semiring look like a free commutative
monoid, the factoriality of the multiplicative monoid imposes strong divisibility restrictions. In this
paper, we identify two classes of positive semirings that satisfy the statement of the Bi-UF Positive
Conjecture. We formulate the natural extended version of the the Bi-UF Positive Conjecture to the
class of complex semirings. In [5], Baeth, Chapman, and Gotti also posed the question of whether Ny
is the only complex semiring consisting of nonnegative real numbers that is a bi-HF'S, and a counterex-
ample for this question has been provided by Gonzalez, Polo, Rodriguez in [17, Example 4.6]. In the
second part of this paper, we consider the half-factorial analogue of the UF-Positive Conjecture. First,
we quickly argue that Ny is the only positive rational semidomain whose additive and multiplicative
monoids are both HFMs. Then we devote the section to the construction of two classes of bi-HFS,
including a Laurent-polynomial positive semiring distinct from Nj.
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1.2. The Roadmap. In Section 2, we collect the notation and terminology from factorization theory
and semidomain theory needed to make the paper as self-contained as possible for the reader.

In Section 3, we prove that Bi-UF Positive Conjecture holds in two classes of positive semidomains,
one of them being the class of simple extension semidomains of the form Ng[a], where « is a quadratic
algebraic number. For this, we use Theorem 1.1 as it enforces the relation a? = ma+n with m,n € Ny
whenever (Sq,+) is factorial. This relation gives a two-coordinate description of the elements of
Sa, allowing coefficient comparisons in multiplicative factorizations. We use these comparisons to
identify enough multiplicative irreducibles and then construct explicit non-unique factorizations in
every possible quadratic case. We conclude Section 3 proving that the statement of the Bi-UF Positive
Conjecture holds also over certain class of monogenic algebraic semidomains.

In Section 4, we establish a finite-rank structure theorem: every semidomain whose additive monoid
is a free commutative monoid of finite rank is isomorphic to a finite Ny-span of algebraic numbers
inside a number field. Motivated by this result, we extend the Bi-UF Positive Conjecture to the Bi-
UF Complex Conjecture (from positive to complex semidomains). The established result allows us to
narrow the scope of the Bi-UF Complex Conjecture to complex semidomains with reduced, finite-rank
additive monoids.

Section 5 is devoted to the study of the bi-HF property. First, we prove that Ny is the only
positive rational semidomain that satisfies the bi-HF property (i.e., whose additive and multiplicative
monoids are both half-factorial). Then we provide two constructions of bi-HFS distinct from Ny, one
via pullbacks and one via Laurent polynomials.

2. BACKGROUND

We collect here the terminology and notation that will be used throughout the paper.

2.1. General Notation. Throughout this paper, we let Z, Q, R, A, and C denote the set of integers,
rational numbers, real numbers, algebraic complex numbers, and complex numbers, respectively. We
let P, N, and Ny denote the set of standard primes, positive integers, and nonnegative integers,
respectively. For any r,s € R, we set

[r,s] :={n€Z:r<n<s}.

Observe that [r,s] is empty for any r,s € R with » > s. For a subset S of the real line, we set
Ssp={se€S:s>r}and S5, :={se€ S:s>r}

For the sake of simplicity, it is convenient to assume that all monoids we consider in this paper
are cancellative and commutative. To make this possible, within the scope of this paper, we define
a monoid to be a semigroup with an identity element (the usual definition of a monoid) that is also
cancellative and commutative.

2.2. Monoids and Factorizations. Let M be a monoid written multiplicatively. We denote the
group of units of M by M >, and we say that M is reduced if M* is the trivial group. For r,s € M,
we say that s divides r, and write s |y r, if = st for some ¢t € M, while we say that r and s are
associates if v |pr s and s |pr . There is an abelian group ¢ (M) that satisfies the following property:
& (M) contains an isomorphic copy of M and every abelian group containing an isomorphic copy of M
also contains an isomorphic copy of 4(M). The group ¥ (M) is often referred to as the Grothendieck
group of M. The rank of M is the rank of the abelian group ¥(M), viewed as a Z-module.

A nonunit a € M is called an atom (or an irreducible element) if for any r, s € M such that a = rs
either r or s is a unit. We let &7 (M) denote the set of atoms of M. An element of M is called atomic
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if it is a unit or factors into finitely many irreducibles. Following Cohn [13], we say that M is atomic if
every element of M is atomic. A nonunit p € M is called a prime if for all r, s € M such that p |5 7s
either p |y 7 or p | s. In addition, an element of M is called factorial if it is a unit or it factors
into finitely many primes. If every element of M is factorial then we call M a factorial monoid. One
can check that every prime element is an atom, which immediately implies that factorial elements are
atomic and therefore every factorial monoid is atomic.

We say that a pair z := (A, f), where A is a finite subset of &/ (M) and f: A — N is a function, is
a factorization of an element r € M if [] 4 af(®) = r. Observe that the monoid M is atomic if every
nonunit of M admits a factorization. If every nonunit of M admits exactly one factorization then
we say that M is a unique factorization monoid (UFM). It is not hard to show that the notions of a
factorial monoid and a UFM are equivalent. That said, here we prefer the term “factorial monoid”
for brevity, especially when using the modifier “additively”. Given a factorization z := (A, f) of an
element of M, we set

2= f(a)

acA
and call |z| the length of z. We say that the monoid M is half-factorial or a half-factorial monoid
(HFM) if M is atomic and any two factorizations of the same element of M have the same length.
Observe that every factorial monoid is half-factorial.

2.3. Semidomains. An additively written monoid S endowed with a multiplicative binary operation
is called a semiring if the following two conditions hold:

e there exists 1 € S such that 1s = sl = s for all s € S and
e the multiplicative operation distributes over the additive operation.

The element 1 in a semiring is unique and called the identity element. Throughout this paper, we
tacitly assume that every semiring S is commutative, which means that rs = sr for all r;s € S.

Let T be a semiring. Then the additive monoid we obtain from 7' by ignoring its multiplication is
denoted by (7, +) and called the additive monoid of T. The group of units of 7" under multiplication
is denoted by T*.

A subset S of T is called a subsemiring of T if S is closed under both operations of T and contains
the elements 0 and 1. Let us introduce the notion of a semidomain, the central algebraic structure of
this paper.

Definition 2.1. A subsemiring of an integral domain is called a semidomain.

Thus, semidomains form a superclass of that consisting of all integral domains. The subsemirings Ny
and Ny[z] of Z and Z[z], respectively, are not integral domains but play a central role in this paper. It
follows from the definition of a semidomain that every given semidomain is a subring of a field, which
we call an ambient field of the given semidomain.

Let S be a semidomain. The subset S\ {0} of S is a monoid under multiplication, which is denoted
by S* and called the multiplicative monoid of S.

The additive rank of S refers to the rank of its additive monoid. Let us adapt the algebraic properties
we introduced earlier for monoids to the setting of semidomains. We say that S is reduced (resp.,
atomic, factorial, half-factorial) if its multiplicative monoid S* is reduced (resp., atomic, factorial,
half-factorial), while we say that S is additively reduced (resp., additively atomic, additively factorial,
additively half-factorial) if its additive monoid (.S, +) is reduced (resp., atomic, factorial, half-factorial).
A factorial semidomain is also called a unique factorization semidomain. We introduce the bi-UF and
the bi-HF properties, which are the most relevant properties in the scope of this paper.
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Definition 2.2. Let S be a semidomain.

e Sis called a bi-UFS if S is factorial and additively factorial.
e S is called a bi-HFS if S is half-factorial and additively half-factorial.

When a semidomain is a bi-UFS (resp., bi-HFS), we also say that it satisfies the bi-UF (resp., bi-HF)
property.

A subsemiring of the field C is called a complex semidomain. A complex semidomain S is called
algebraic (resp., positive, rational) provided that S consists of algebraic (resp., positive real, positive
rational) numbers.

The subsemiring S of S generated by 1 is called the prime subsemiring of S. Observe that S = Nj-1
and also that S is contained in every subsemiring of S. One can readily check that S is either the
prototypical semidomain Ny or the field F,, for some rational prime p. As C has characteristic 0, the
prime subsemiring of any complex semidomain is Nj.

Monogenic and finitely generated semidomains play a relevant role in this paper. Assume that
the semidomain S is contained in an ambient field F. Then S is called finitely generated if S can
be generated by finitely many elements over its prime subsemiring S, which means that there exist
at,...,a, € F such that S = S[ay,...,a,]. Monogenic semidomains are the most special case of
finitely generated semidomains: S is called monogenic if S has the form S[a] for some a € F. For
each a € C, the monogenic semidomain generated by « is

Se :=No[a] = {p(a) : p(z) € Ng[z]}.

When « is algebraic, m,, () denotes its minimal polynomial over Q. If d := degmq(x) and (S, +) is
a free commutative monoid with basis A := {1,q,...,a% 1} then every element of S, has a unique
additive expression as a nonnegative integer combination of the elements of A. In particular, in the
quadratic additively factorial case, Theorem 1.1 gives &/ ((S4,+)) = {1,a}, so every element of S,
can be uniquely written as ¢ + da with ¢, d € Ny.

3. FINITELY GENERATED SEMIDOMAINS AND THE BI-UF PoOSITIVE CONJECTURE

In this section, we prove that for any positive quadratic algebraic number «, the monogenic semido-
main S, does not satisfy the bi-UF property.

3.1. The Class of Quadratic Monogenic Semidomains. We start by proving the following simple
lemma.

Lemma 3.1. Let S, be the monogenic semidomain generated by a positive quadratic o € A with
minimal polynomial my(z) = 2% — mx —n € Q[z]. If S is additively factorial then the following
statements hold.

(1) m,n € Ny with n # 0.

(2) If da+ ¢ = (dia + ¢1)(d2a + ¢3) for some ¢,d € Ny and ¢y, ca,dy,ds € Ny then
o d =mdidy + dico + docy and

e ¢ = ndids + cica.
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Proof. (1) Since S, is additively factorial, Theorem 1.1 ensures that the set of additive atoms of S,
is {1, a}, whence a? = m’a + n’ for some m/,n’ € Ng. Thus, « is a root of 2> — m/z — n’ € Z[z] and
so the uniqueness of m, (x) ensures that m =m’ € Ny and n =n’ € N.

(2) Observe that a® = ma + n because « is a root of 2 — mx — n. Therefore

do +c= (dla + Cl)(dQOl + 02) = d1d2012 + (d102 + dgcl)Oé + ci1c9
= dldg(ma + ’ﬂ) + (dlcg + dQCl)OZ +c1co = (md1d2 + dlcg + dgCl)a + (nd1d2 + 0102).
As a consequence, we obtain the desired expressions for d and c:

d =mdids + dica +docy and ¢ = ndids + cico.

We first verify that the monogenic semidomain S, is reduced if S, is additively factorial.

Lemma 3.2. Let S, be the monogenic semidomain generated by a positive quadratic o € A with
minimal polynomial my(x) = 2% — mx —n € Q[z]. If S, is additively factorial then S, is reduced.

Proof. Let us assume that S, is additively factorial. It follows from Theorem 1.1 that o € Ny + Nya.
Thus, we can write a? = ma + n for some m,n € Ny with n # 0. To argue that 1 is the only unit of
Sa, write 1 = (a + ba)(c + da) for some a,b,c,d € Ng. Then

1 =ac+ (ad + be)a + bd(ma + n) = (ad + be + bdm)a + (ac + bdn).
After comparing the coefficients of «, we obtain that ad + bc + mbd = 0. Therefore both equalities

b =d =0 and ac = 1 must hold, from which we conclude that a + bao = ¢ + da = 1. Hence 1 is the
only unit of S,. O

Next we prove that for any p € P, the multiplicative monoid Sf/ﬁ is not factorial.

Proposition 3.3. Let S 5 be the monogenic complex semidomain generated by \/p for some p € P.
Then S /5 1s not factorial.

Proof. Fix a rational prime p and set o := ,/p. As the minimal polynomial of « is x2 — p, it follows
from Theorem 1.1 that S, is additively factorial and that
So ={m+nyp:m,n € Ny}

We will show that S, is not factorial. Notice that S, is a reduced semidomain in light of Lemma 3.2.

Since mq(z) = 22 — p = 22 — 0z — p, Lemma 3.1 gives that, whenever

z+y/p = (a+ byp)(c+ dyp)

for some a, b, c,d € Ny, one has
ac+pbd =x and ad+ bc=y.

We split the rest of the proof into two cases, based on the parity of the prime p.
CASE 1: p = 2. In this case, we can write

TH+TV2=T(1+V2) = (3+V2)(1+2V2).

The preceding identities show that 7, 1 + v/2, 3 + v/2, and 1 + 2v/2 are atoms. Indeed, for 7, the
equations ad+bc = 0 and ac+2bd = 7 force b = d = 0 and ac = 7, whence one factor is 1. For 1+ +/2,
the equation ac + 2bd = 1 forces bd = 0 and @ = ¢ = 1, whence b+ d = 1. For 3 + v/2, the equation
ad + bc = 1 leaves only the cases (ad, bc) = (1,0) and (0, 1), both of which force one factor to be 1.
Finally, for 14 2v/2, the equation ac+2bd = 1 forces bd = 0 and a = ¢ = 1, whence b+d = 2; because
bd = 0, one factor is 1.
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CASE 2: pis odd. In this case, we can write

(3.1) (1+\/]3)2—(p+1)+2\/;5—2<p;_1+\/]3>.

Again the identities above show that all factors in (3.1) are atoms. Indeed, 2 is an atom because
ad + bc = 0 and ac + pbd = 2 force b = d = 0 and then ac = 2. The element 1 + /p is an atom
because ac + pbd = 1 forces bd = 0 and a = ¢ = 1, whence b+ d = 1. Finally, if (p +1)/2 + \/p
factors nontrivially, then ad + bec = 1; the cases (ad,bc) = (1,0) and (0,1) force one factor to be 1,
since p{ (p+1)/2.

As a consequence, for every rational prime p, we have produced two factorizations into atoms with
different factors. This, along with the fact that the group of units of S, is trivial, implies that these
factorizations are genuinely distinct. Hence S, is not factorial. g

As a preparation for the proof of the main theorem, we prove the next two propositions.

Proposition 3.4. Let S, be the monogenic semidomain generated by a positive quadratic a € A.
If S, is additively factorial then, for each k € Ny, the element o+ k € S, is an atom of S, provided
that neither of the following conditions holds:

e o’ =a+k;

e o =n for somen € N such that n | k.

Proof. Write m,(z) = 22 —ma —n for some m,n € Q. By Lemma 3.1, we have m,n € Ny, with n # 0,
and we may use the coefficient identities from that lemma. Suppose that o + k admits a factorization
in Sy, say

o+ k= (dla + Cl)(dQOZ + CQ)
for some ¢y, co,d1,ds € Ng. Applying Lemma 3.1 with d = 1 and ¢ = k gives
(3.2) 1 =mdids +dico +dacy and k = ndids + cico.

Since all three summands in the first equality are nonnegative integers, exactly one of them is equal
to 1 and the other two are equal to 0.

If mdydy = 1, then m = dy = do = 1, while dycy = dacy = 0 forces ¢; = ¢ = 0. Hence the displayed
factorization is o + k = o2, which is the first excluded case.

It remains to consider the case in which dico = 1 or doc; = 1. By symmetry, assume that dycy = 1.
Then d; = ¢ = 1, and the vanishing of the other two summands gives doc; = 0 and mdy = 0. If
ds = 0 then the second factor is doav+co = 1. If do > 0 then m = 0 and ¢; = 0, so the second equality
in (3.2) gives k = ndz. In this case, a® = n and n | k, which is the second excluded case.

As a result, if neither exceptional condition in the statement holds then every factorization of o+ k
in S, has a factor equal to 1. Hence o + k is an atom of S,,. O

Proposition 3.5. Let S, be the monogenic semidomain generated by a positive quadratic a € A.
If So is additively factorial then every p € P is an atom of S, unless o = |/p.

Proof. Write mq (x) = 22 —max —n for some m,n € Q. By Lemma 3.1, we obtain that m,n € Ny with
n # 0, and we may use the coefficient identities from that lemma. Suppose that p = (dya+ec1)(dea+c2)
for some ¢y, ca,dy,ds € Ng. Applying Lemma 3.1 with d = 0 and ¢ = p gives
(33) 0 =mdyids + dica +dac; and p =ndids + cico.
The first equality forces mdids = dico = dac; = 0.

If di = 0 or da = 0 then both d; and do must be zero: indeed, if d; = 0 and dy > 0 then ¢; = 0,

contradicting the second equality in (3.3); the other case is symmetric. Thus p = cyce, and the
primality of p forces one factor to be 1.
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Now assume that di,ds > 0. Then the first equality gives m = 0 and ¢; = co = 0, so p = ndids.
Since « is quadratic, n # 1; otherwise o = 1, forcing a = 1. Hence n = p and d; = dy = 1, which
implies that o® = p, that is, a = /D

Therefore, unless o = /p, every factorization of p in S, has a factor equal to 1. Hence p is an
atom of S,. [l

Theorem 3.6. Let S, be the monogenic semidomain generated by a positive quadratic o € A. If S,
is additively factorial then S, is not factorial.

Proof. Write m(z) = 22 — mx — n for some m,n € Q. It follows from Lemma 3.1 that m,n € Ny
with n > 1, and a® = ma +n. We now produce, in each case, two distinct factorizations of the same
element into irreducibles. We split the rest of the proof into two cases according to the parity of m.
CASE 1: m is odd. In this case, we set
r—m
2
Observe that r is an odd integer such that » > 2, and so k € Ny. Moreover, using the expressions for
both r and k above, it is not difficult to verify that
r—2m+1
—
In addition, in light of the identity r — 2m + 1 = (m — 1)2 + 4n, the fact that m is odd guarantees
that (r —2m + 1)/4 € Ny. Hence

ri=m?+4n and k:=

E4+n=r

(3.4) (a+k)2:r<a+k2:n>.

Proposition 3.4 shows that o + k is an atom: indeed, the only possible exceptional case here is
a? = a + k, which would force o + k = ma + n, and so m = 1 and n = k, but then k = 2n, contrary
ton > 0.

If m # 1 then Proposition 3.4 also shows that the element a + (k? + n)/r is irreducible. If
m = 1 then (k? 4+ n)/r = n, so the right-hand side of (3.4) is ra?; in this case « is irreducible
by Proposition 3.4. Finally, since m is positive, every rational prime divisor of r is irreducible by
Proposition 3.5. Thus, (3.4) yields two distinct factorizations into irreducibles of the same element.

CASE 2: m is even. First, assume that m = 0. Then « = y/n, with n not a square. If n = 2 then
the result follows from Proposition 3.3. If n is odd then n > 1 and

(3.5) (\/ﬁ+1)2:2(ﬁ+";1>.

Because n 11 and n{ (n+1)/2, the two nonconstant factors on the two sides of (3.5) are irreducibles
by Proposition 3.4. In addition, the factor 2 is irreducible by Proposition 3.5. Thus, in light of the
identity (3.5), we see that (y/n + 1)? has two distinct factorizations into irreducibles.

Still in the case when m = 0, it remains to consider even n > 2. Then

(3.6) (\/ﬁ+2)22<2\/ﬁ+";4>.

Here /n + 2 is irreducible by Proposition 3.4, and 2 is irreducible by Proposition 3.5. Set B :=
2v/n+ (n+4)/2. If B = (a+ by/n)(c+ dy/n) then, after comparing the coefficient of \/n, we obtain
that ad + bc = 2. If bd > 0, then the constant coefficient is at least n, which is greater than (n +4)/2
because n is even, nonsquare, and greater than 2. Hence, after swapping factors if necessary, one
factor is a positive integer dividing 2. Consequently, B is either irreducible or twice an irreducible.
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Splitting B if necessary, the right-hand side of (3.6) gives a factorization into irreducibles that is
different from the one on the left-hand side.
Finally, suppose that m is an even positive integer, and take m; € N such that m = 2m;. Now set

ri=mi+n and k:=r—m;=m?—mq+n.
Observe that r > 1 while £ € Ny. In addition, the following identity holds:
(3.7 (a+k)? =ra+r—2m; +1).

By Proposition 3.4, we see that the element « + k is irreducible. On the other hand, every rational
prime divisor of r is irreducible by Proposition 3.5. If m; = 1, then 2a +7 — 2m; + 1 = a2, and
« is irreducible by Proposition 3.4. Hence (3.7) yields the desired two distinct factorizations into
irreducibles of the same element.

Assume now that m; > 1, and set C := 2a +r — 2m; + 1. Take a,b,¢,d € Ny such that C =
(a + ba)(c+ da). After comparing the coefficient of «, we obtain the equality

ad + bc + 2mqbd = 2.

From the equality m; > 1, we deduce that bd = 0. After swapping factors if necessary, we can assume
that b = 0 and, therefore, that ad = 2. Hence a = 1 or a = 2. It follows that C' is either irreducible
or 2(a 4+ £). In the latter case, a + £ is irreducible by Proposition 3.4. Splitting C' if necessary, the
right-hand side of (3.7) gives a factorization into irreducibles that is distinct from the factorization
(a+ k)%

Hence we conclude that the semidomain S, does not have the UF property. U

As an immediate consequence, we obtain that the statement of the Bi-UF Positive Conjecture holds
for the special class of quadratic monogenic semidomains.

Corollary 3.7 (Bi-UF Positive Conjecture for Quadratic Monogenic Semidomains). There is no
positive quadratic monogenic semidomain that is a bi-UFS.

3.2. Another Class of Non-Bi-UF Monogenic Semidomains. It was proved in [12] that for any
q € Q>0, the monogenic semidomain S, is factorial if and only if ¢ € NUN~!. Hence throughout this
section, we assume that the generator « of S, is non-rational.

Let « be a non-rational algebraic number with minimal polynomial m,(x). We let w,(z) denote
the unique primitive polynomial in Z[z] with positive constant coefficient that is an integer multiple
of mq(x). Tt turns out that, for any positive non-rational algebraic number a such that w,(0) is a
composite integer, the monogenic semidomain S, is not factorial.

Theorem 3.8. Let S, be the monogenic semidomain generated by a positive non-rational o € A. If
wo (0) is a composite integer then the monogenic semidomain S, is not factorial.

Proof. Let a be as in the statement of the theorem and assume that w,(0) is a composite integer.
We first show that a is an atom of S,. Before doing so, observe that « is not a unit of S,. Indeed,
if ah(a) =1 for some h(z) € Ny[z], then xh(x) — 1 vanishes at a. Since w, () is primitive, Gauss’s
lemma implies that wq(z) divides zh(z) — 1 in Z[z]. Comparing constant terms gives wq(0) | 1,
contradicting that w, (0) is composite.

Now take f(x),g(x) € No[z] such that @ = f(«)g(e). We prove that one of the two factors is a unit
of S,. Since a > 0, neither f(x) nor g(z) can be the zero polynomial. Now we consider the following
two cases.

CASE 1: « > 1. In this case, for every nonconstant polynomial h(x) € Ny[z], one has h(a) > «a.
>

Hence f and g cannot both be nonconstant as otherwise o = f(a)g(«) a? > «a, which is not
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possible. They also cannot both be constant polynomials because if this were the case then a =
fla)g(a) = f(0)g(0) € N, which is not possible becase « is not rational. Thus, after swapping f and g
if necessary, we may assume that f is constant and ¢ is nonconstant. Since f(a) = f(0) € N,

a = fla)g(e) = f(0)g(a) = f(0)a,

which ensures that 1 > f(0) and so f(0) = 1. Hence f(a) = 1, and then one of the two factors in
a = f(a)g(a) is a unit.

CASE 2: 0 < a < 1. Let r and s be the orders of the polynomials f and g, respectively, and take
F,G € Ng[z] such that

f(z)=2"F(z) and g(z)=2°G(x).

Observe that the polynomials F' and G have order zero, which implies that F(a) > 1 and G(«) > 1.
Now write

a = fa)gla) = a" " F(a)G(a).

Note that r+s # 0 as otherwise f(a)g(a) = F(a)G(a) > 1 > a. On the other hand, 7+ s < 2: indeed,
if r+s>2then 1 = o™ 1F(a)G(a), which is not possible as « is not a unit. Hence r + s = 1.
Therefore F(a)G(a) = 1, so both F(«) and G(«) are units of S,. Thus, either f(a) = F(«a) or
g(a) = G(a), and so one of the factors in @ = f(«)g(e) is a unit.

Since in both cases, we have obtained that either f(«) or g(«) is a unit of the semidomain S, we
conclude that « is an atom of S,,.

Now choose pg € P such that pg | we(0), and then take N € N such that gcd(N, wq(0)) = 1. We
write wq () = ZZ:O cpx® for some co,c1,...,cq € Z and ¢y € N. Let us prove the following claim.

CLAIM. There exists a polynomial f(z) € Ny[z] such that
f(0) =Nuwa(0),  f(x) = Nwa(z) € No[z],  and 2+ po vy ().

PROOF OF CLAIM. Let us produce a sequence aq, . .., aq+1 € Ng such that f(x) := Efiol a;x’ satisfies

the three given conditions. In order to satisfy the first condition, we set ag := Nw,(0). Suppose that,
for some k € [1,d], the coefficients aq, ..., ar—1 have already been chosen so that

k—1
Sk-1:=»_ai(—po)’
i=0
is divisible by plg and has sign (—1)*~! when nonzero. Let r) be the least nonnegative residue of Sj_;
modulo p’S‘H. Since pf | Sr_1, we see that p& | r,. Choose t € Ny sufficiently large, and set

T
ay = (—1)k+1% +p0t
Do
Then S := Zf:o a;(—po)* is divisible by pé“. By taking t larger if necessary, we also ensure that Sy
has sign (—1)* and that a; > max{0, Ncy}. After this has been done for k = d, define
a_Sd

ad+1 = (71) .
py

This is a positive integer, and the definition gives Zjiol a;(—po)* = 0. Hence

d d

A S A d ,
F(=po) = aas1(=po) ™ +>_ ai(—po)’ = (*Udpdil (—po)™ ™'+ ai(=po)' = =S+ _ ai(—po)' = 0.
i=0 0 i=0 =0
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Thus, = + pg divides f(x) in Z[z], which is the third condition. Now write

f(z) _ zd:bia:i

T+po D
for some by, ...,bs € Z. Observe that
d+1 d 4 d 4
Zaﬂ?z = f(z) = (z + po) Zbiﬂﬂz = (baz™*" + pobo) + Z(biﬂ + pobi)z’,
i=0 i=0 i=1
S0 pobg = ag while pfﬁ'lbi = pha; — pib;_1 for every i € [1,d]. This implies that, for each k € [0, d],
k
p6 ok = phak+(—1)'pb a1+ (1)l Par—2+- -+ (=) F Vpoar + (=1)Fag = > (-1)* " pas,
i=0
and so .
1 i (kaSk
bk = 7 (-1 Zai(*po) =5 €Z
pO i=0 pO

because of the fact that pi ™ | Sy for every k € [0,d]. Moreover, for each k € [0, d], the fact that Sy,
and (—1)* have the same sign ensures that b, € Ng. As a consequence, f(z)/(z+po) € No[z]. Finally,
the inequalities ar > max{0, Nci} and the equality ag = Nw,(0) imply that f(z) — Nws(x) € Nolz],
which is the second condition of the claim. Hence we have established the claim.

In order to prove that S, is not factorial, it suffices to argue that « is an atom that is not prime.
To argue this, first set g(x) := f(z)/(x + po) € No[z] so that we can factor f(«) as follows:

f(@) = (a4 po)g(a).

Since f(z) — Nwq(x) has nonnegative coefficients and constant term 0, the divisibility relation « |g,
f(a) holds. We claim that « divides neither factor on the right-hand side. If o |g, « + po then
xq(x) — x — po vanishes at a for some polynomial ¢(z) € Ny[z]. Hence w,(z) divides zq(xz) —z — pg
in Zx], forcing wq(0) | po, which is impossible because w, (0) is composite and pg | w,(0). Similarly,
if o |g,, g(a) then g(x) — zq(x) vanishes at o for some polynomial g(z) € No[z]. Thus, w,(z) divides
g(x) —xq(z) in Z[z], so wa(0) | g(0). But f(0) = pog(0) = Nwy(0) and, therefore, g(0) = Nw,(0)/po;
the divisibility wq(0) | Nwqa(0)/po would force pg | N, contradicting ged(N, wq(0)) = 1.

As a result, the atom « divides f(«) = (a+po)g(a), but it divides neither a4 pg nor g(«). Hence «
is not a prime. Since every atom in a factorial monoid is prime, so S, is factorial. O

As a consequence of Theorem 3.8, we can identify another class of positive semidomains whose
members do not satisfy the bi-UF condition regardless of whether they are additively factorial.

Corollary 3.9. Let S, be the monogenic semidomain generated by a positive non-rational o € A. If
wq(0) s a composite integer then S, is not a bi-UFS.

Given the relevance of algebraic integers, we record the following corollary of Theorem 3.8.

Corollary 3.10. Let S, be the monogenic semidomain generated by a positive non-rational algebraic
integer a. If [Ng(ay/q(a)| is composite then S, is not a bi-UFS.

We conclude this section highlighting the remaining monogenic semidomains S,, one must consider
to provide a full answer to the Bi-UF Positive Conjecture. These are the monogenic semidomains S,
generated by non-rational « that satisfy the following two conditions:

e S, is additively factorial, which means that the only positive coefficient of m,,(z) is its leading
coefficient.
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e S, is factorial, which implies that w,(0) € {1} UP.

4. BEYOND THE BI-UF PosITIVE CONJECTURE

The bi-UF property seems to be a strong condition. Indeed, at present, Ny is the only known
semidomain that satisfies the bi-UF property. This calls for a broader search. In this direction, the
following conjecture, which we refer to as the Bi-UF Conjecture, extends the Bi-UF Positive Conjecture
from the nonnegative real ray to the whole complex plane.

Conjecture 4.1 (Bi-UF Conjecture). The only complex semidomain that satisfies the bi-UF property
is No.

For each quadratic monogenic semidomain S, considered in Theorem 3.6, the additive monoid
(Sa,+) is both factorial and reduced. In general, it is well known and not difficult to argue that every
reduced finite-rank factorial monoid is a finite-rank free commutative monoid [15, Theorem 1.2.2]. Tt
turns out that every semidomain whose additive monoid is a finite-rank free commutative monoid is
isomorphic to a complex semidomain; more precisely, it is isomorphic to a subsemiring of an algebraic
number field whose additive monoid is finitely generated. We conclude this section by establishing
this result.

Theorem 4.2. Let S be a semidomain whose additive monoid is a finite-rank free commutative
monoid. Then there exist p1,...,pn € A such that S = 22:1 Nopp .-

Proof. Let n be the rank of the additive monoid of S, and take ey,...,e, € S such that (S,+) is free
on the set {ey,...,e,}. After replacing S by an isomorphic copy embedded into an integral domain,
we can assume that S itself is a subsemiring of an integral domain R. Let

4.(S)={s—t:s,t€S}CR.

Then ¢, (S) is the Grothendieck group of (S,+) inside (R,+). It is closed under multiplication
because, for all sy, s9,t1,t3 € 5,

(s1 —t1)(s2 — t2) = (s182 + tita) — (s1t2 + sat1).

After replacing R by its subring ¢,(S), we may assume that the Grothendieck group of (S5,+) is
(R,+). In particular, R is a free Z-module with basis ei,...,e,, so R = @I ;Ze;, and we can
identify (S,+) with Y_;_, Noeg. Therefore R is a torsion-free Z-module, which guarantees that R has
characteristic 0.

Now extend scalars from Z to Q by tensoring R with Q. This produces the Q-vector space V :=
Q ®z 9, (S) and embeds S into a Q-vector space as follows:

S 9. (S)=RSV:=QeyR,

where ¢: 4, (S) — V is the Z-module homomorphism determined by ¢(g) = 1® g for all g € 4, (.5).
The map ¢ is injective because Q is the field of fractions of the PID Z and ¥, (S) is a torsion-free
Z-module.

It remains to extend the multiplication on R to V. The natural map pu: R x R — R that induces
the multiplication on R is Z-bilinear, so scalar extension gives a Q-bilinear map

f:VxV =V determined by p(qg®r,qd ®@7")=q¢d @7

for all ¢, ¢ € Q and r,r’ € R. This turns V into a finite-dimensional commutative Q-algebra extending
the ring structure on R. Since R is an integral domain of characteristic 0, the Q-algebra V is also an
integral domain: to see this, it suffices to identify V with the localization (Z\ {0})~'R.
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Every nonzero element w € V acts injectively on the finite-dimensional Q-vector space V' by
multiplication. Hence w also acts surjectively on V', and so V is a field. Thus V is a finite field
extension of Q, and there exists an embedding o: V < C. Finally, set p; := o(1 ® e;) for every
k € [1,n]. From the equality S = >"}_; No(1 ® ej), we obtain the desired isomorphism

S=o(S) = a<€9NO(1 ® ek)) = P Noo(1® ex) = P Nopx-
k=1 k=1 k=1
O

From the previous theorem, we already obtained some partial progress towards the Bi-UF Conjec-
ture.

Corollary 4.3. Let S be an additively reduced complex semidomain whose additive monoid has finite-
rank. If S is a bi-UFS then there is a number field K and algebraic numbers p1,...,pn € K such

that
S = @ NOPk~
k=1

In particular, if (S,+) has rank 1 then S = Ny.

Proof. Since S is bi-UF, the additive monoid (S, +) is factorial. Because (5,+) is also reduced and
has finite rank, it is a finite-rank free commutative monoid by [15, Theorem 1.2.2]. The preceding
theorem now gives the desired representation as a finite Ng-span inside a number field.

If the rank is 1, let e be the additive generator of S. Since 1 € S, we can write 1 = me for some
m € N. Also €2 = ce for some ¢ € Ny. Then

e = le = (me)e = me* = mce.

By cancellativity, mc =1, so m = ¢ = 1. Hence e = 1, and therefore S = Nj. O

Thus, we can significantly narrow the scope of the Bi-UF Conjecture for a natural class of semido-
mains as Theorem 4.2 establishes a concrete structural reduction: to prove the Bi-UF Conjecture for
the class of complex semidomains with reduced, finite-rank additive monoids, it suffices to demonstrate
that the multiplicative monoid of any such finitely generated Ny-span is not factorial whenever n > 1.
Viewed through this finite-rank framework, the results established for positive quadratic monogenic
semidomains in Section 3.1 resolve the foundational n = 2 case.

5. ON THE BI-HF PROPERTY

Recall that a semidomain is called a bi-HFS, or is said to satisfy the bi-HF property, if both its
additive and multiplicative monoids are HFMs. In [5], where the Bi-UF Positive Conjecture was
originally posed, the authors also asked whether Ny is the only positive semiring satisfying the bi-HF
property. Gonzalez, Polo, and Rodriguez answered this question negatively by constructing a rank-2
semidomain with the bi-HF property [17, Example 4.6]. In this final section, we construct two classes
of bi-HF'S, one of which is based on their construction.

We begin by proving that the only positive rational semidomain whose additive and multiplicative
monoids are both HFMs is the prototypical semidomain Nj.

Proposition 5.1. The only positive rational semidomain that is a bi-HFS is Ny.
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Proof. Tt suffices to show that every additively half-factorial positive rational semidomain is equal to
Np. Let S be such a semidomain, and suppose, towards a contradiction, that S # Ny. Then there is
an element ¢ € S\ Ng. Write ¢ = a/b for relatively prime a,b € N with b > 1. Since S is closed under
multiplication, ¢ € S for every n € Ng.

For each n € Ny, let ¢, denote the length of an additive factorization of ¢™ in S. This is well
defined because S is additively half-factorial. From the equality ag™ = bg"t! in the additive monoid
of S, and from half-factoriality, we obtain af,, = bf,, ;1 for every n € Ny. Iterating this equality gives

akéo = bkfk
for every k € Ny. Since ged(a,b) = 1, it follows that b* divides £y for every k € Ny, which is impossible
because b > 1 and /; is a positive integer. Hence no such ¢ exists, and so S = Nj. O

5.1. A Class of Bi-HF Semidomains from a Pullback Construction. The first bi-HF semiring
distinct from Ny was constructed in [17, Example 4.6]. We now present a pullback construction that
generalizes that example.

Proposition 5.2. Let R be an atomic half-factorial domain, and let ¢: R — Z be a unital ring
homomorphism. Set

Sy, ={0}U{re R:p(r) e N}.
Then S, is a bi-HF'S.

Proof. Since N is closed under addition and multiplication, S, is a subsemiring of R and, therefore, a
semidomain. We first consider its additive monoid. We claim that

A (S, +) ={s€ S, :¢(s) =1}

Indeed, if s € S, and ¢(s) > 1 then s = (s — 1) + 1 is a decomposition into two nonzero elements
of S,, so s is not an additive atom. Conversely, if s = t 4+ u for some nonzero t,u € S,, then
©(s) = ¢(t) + p(u) > 2, and so no element with image 1 can be decomposed additively. Thus, the
displayed equality holds. If ¢(s) = n then

s=(s—(n—-1)+14+---+1
—_————
n—1 copies
is an additive factorization into atoms. Moreover, applying ¢ to any additive factorization of s shows
that its length is ¢(s). Hence S, is additively half-factorial.
It remains to prove that the multiplicative monoid of S, is also half-factorial. First, observe that
the group of units of S, is
Sy ={ue R*:p(u) =1}
We proceed to argue that every atom of R is also an atom of S, provided that it has positive image
with respect to ¢. For this, let a be an atom of R with ¢(a) > 0. Write a = bc for some b,c € S,,.
As a is an atom in R, the set {b,c} contains an element u € R*. Because u € R* NS, we see that
¢(u) is a positive integer and ¢(u)p(u~') = 1. Hence ¢(u) = 1 and so u is a unit in S,. Thus, a is
an atom of S,.

Fix s € S:;. Since R is atomic, we can write s = uaq - - - a,,, where u € R* and a1, ..., a, are atoms
of R. Since ¢(s) > 0, none of the integers ¢(a;) is zero. For each i € [1,n], set b; = a; if (a;) > 0
and b; = —a; otherwise. Then it follows from the argument given in the preceding paragraph that b;

is an atom of S, for every i € [1,n], and s = vb; - - - b,, for some unit v € R* satisfying ¢(v) = 1.
Thus v € 57, and so the semidomain Sy, is atomic.

Finally, we show that every atom of S, is also an atom of R. Suppose, towards a contradiction,
that a € &7(S},) and a = bc for some nonunits b,c € R. Since ¢(a) > 0, the nonzero integers ¢(b) and
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©(c) have the same sign: if they are both positive then b, c € S, while if they are both negative then

—b,—c € S,. In either case, a factors in S as a product of two nonunits, which is a contradiction.
Therefore we have proved that 27 (S,) C &/ (R*). This, along with the fact that R is half-factorial,

ensures that the semidomain S, is also half-factorial. Hence S, is a bi-UFS. O

Example 5.3. Fix ¢ € N, and let x1, ...,z be £ distinct indeterminates. Let R denote the polynomial
ring Z[x1, ..., z¢] and define S; as follows:

Sp = {0} U{f € Z[z1,..., 24 : f(0,...,0) > 0}

Then Sy is a subsemiring of R. Notice that the polynomial ring Z[x1, ..., 2] is a UFD and, therefore,
an atomic half-factorial domain. In addition, the constant-term map f +— f(0,...,0) is a unital ring
homomorphism onto Z. Thus, it follows from Proposition 5.2 that S, is a bi-HFS.

Finally, observe that Sy is not isomorphic to Ny because the additive rank of Sy is at least £ + 1
while the additive rank of Ny is 1. When ¢ = 1, this recovers the semiring in [17, Example 4.6]. R

5.2. A Class of Bi-HF Semidomains from Laurent Polynomials. Throughout this subsection,
we let R denote the ring of Laurent polynomials with integer coefficients. For a transcendetnal number
t € C, define

(5.1) Sp:={0yU{f(t): feR, f(t)>0, f(l)EN}.

Since t is transcendental, evaluation at t is injective, and we identify R with its image under this
evaluation. Whenever we consider an irreducible factor of an element of S}, we orient it so that its
value at t is positive and call it good or bad according as its value at 1 is positive or negative. The
parity condition on the bad factors yields a concrete two-class block-monoid pattern, whose realization
inside S} is recorded in the following lemma.

Lemma 5.4. For a transcendental t € C, let Sy be the semidomain in (5.1). The following statements
hold.

(1) S ={t":neZ}.
(2) A (St) consists of good irreducibles and products of two bad irreducibles.

Proof. (1) If f(t)g(t) = 1 with f(¢), g(t) € S}, then the injectivity of evaluation at ¢ gives fg = 1in R.
The units of R are £x™ with m € Z, and the negative sign is excluded by the positivity conditions
at ¢t and 1. Hence the units of S} are exactly the elements t™ with m € Z.
(2) Now take f(t) € S} and write
f=a"p1-pr

in the Laurent UFD R, orienting each nonunit irreducible factor so that p;(¢t) > 0. Since f(1) > 0,
none of the values p;(1) is zero, and the number of bad factors is even. Every divisor of f(t) in S}
corresponds, again by the injectivity of evaluation at ¢, to a Laurent-polynomial divisor of f. Hence,
up to a unit, it is represented by a subproduct of the factors p;,. Such a subproduct belongs to S}
precisely when it contains an even number of bad factors, because all the values p;(t) are positive
and the units t™ have value 1 at 1. Thus, modulo units, the divisors of f(t) are identified with the
zero-sum submonoid obtained by sending each good factor to 0 and each bad factor to the nonzero
element of Cy. This is the standard block-monoid picture for zero-sum sequences [16, Section 2];
over (s, its atoms are exactly the single zero terms and the pairs of nonzero terms. Translating back
gives the stated classification. O

Theorem 5.5. For a real transcendental t € C withet > 1, let Sy be the semidomain in (5.1).t € Ry
Then St is a bi-HFS distinct from Ny.
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Proof. Let S = S;. Then § is a subsemiring of R>(¢ containing 0 and 1: if f(¢),g(¢t) € S*, then
(f+9)@) >0, (fg)@t) > 0, (f +9)(1) = f(1) +9(1) > 0, and (fg)(1) = f(1)g(1) > 0. Also,
SNQ = Ny. Indeed, if f(¢t) = ¢ € Q, then f — ¢ vanishes at t. After clearing denominators and
multiplying by a suitable power of x, we obtain a polynomial in Z[z] that vanishes at the transcendental
number ¢. This polynomial must be zero, so f = ¢ in Q[z*1]. Since f has integer coefficients, ¢ is an
integer, and the defining conditions force ¢ € Ny.

For f(t) € S*, set A(f(t)) := f(1). This defines an additive map. Every element with A = 1 is
an additive atom, since a nontrivial decomposition would give 1 = g(1) + h(1) with g(1), h(1) € Zo.
Conversely, if f(1) =n > 1, choose a sufficiently negative integer N such that (n — 1)t < f(t), and
set a(z) := f(x) — (n — 1)z, Then a(t) > 0 and a(1) = 1, so a(t) € S is an additive atom, while
tVN € S is also an additive atom. Hence

fO)y =at) + " -+,
—_——
n—1 copies

Thus every nonzero element factors additively into atoms, and every additive factorization of f(t) has
length f(1). Hence S is additively half-factorial.

It remains to prove that S is multiplicatively half-factorial. Factor a nonzero representative f € R
as in Lemma 5.4. Every multiplicative factorization of f(¢) into atoms has length equal to the number
of good irreducible factors of f plus one half the number of bad irreducible factors of f, counted with
multiplicity. This length is independent of the factorization, so S is multiplicatively half-factorial.
Finally, t,t~! € S, so t is a nontrivial multiplicative unit. Since ¢ is transcendental, S # Ny. O
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