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Abstract. We consider E3,−(q), a Yetter-Drinfeld module with a point and

a pale block of dimension 3 first introduced by Andruskiewitsch, Angiono, and
Giusti in 2021. Working over an arbitrary field of characteristic 2, we compute

its Nichols algebra and show that it contains, as a subalgebra, an embedded
copy of the restricted Jordan plane. We then calculate its Drinfeld double,

explicitly determining the universal R-matrix of this quantum group and thus

finding a solution to the quantum Yang-Baxter equation. We also consider the
classical q = 1 case, classifying all simple modules over this restricted double.

Finally, following a parallel construction, we compute the reflective algebra

of k with respect to the double and its associated universal K-matrix, thus
finding a solution to the quantum reflection equation.

Contents

1. Introduction 1
2. Background and Preliminaries 2
2.1. Conventions 2
2.2. Quasitriangular Hopf Algebras and Left Comodule Algebras. 3
2.3. Nichols Algebras and Bosonization 4
2.4. The Jordan Plane 5
3. Computing the Double of the Endymion Algebra 5
4. The R-Matrix of the Double 12
5. Irreducible Representations at q = 1 16
6. The Reflective Algebra of k with Respect to the Double 20
7. Acknowledgments 22
References 22

1. Introduction

Drinfeld first introduced his double construction [9] as a method to systemati-
cally recover solutions, called universal R-matrices, to the quantum Yang-Baxter
equation, which has applications in quantum integrable models and knot theory.
Shortly before the establishment of the double, Drinfeld [8] and Jimbo [12] indepen-
dently introduced quantized enveloping algebras, which they recovered as quotients
of a topological notion of this more general construction. These Drinfeld-Jimbo
quantum groups motivate and relate to features of any arbitrary double.

The Drinfeld-Jimbo quantum group can be constructed from its positive part,
or a Nichols algebra [15] of diagonal-type. In 2006, Heckenberger classified all
finite-dimensional diagonal-type Nichols algebras [10]. This encourages studying
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the lesser-known Nichols algebras of group-type and the more general doubles that
arise from them. In fact, through the Andruskiewitsch-Schneider lifting method [4],
every pointed Hopf algebra (in characteristic 0) can be recovered from a Nichols
algebra, making the classification of the latter objects particularly fundamental.

In addition to a double’s positive part, its representation category is also rich.
For a Hopf algebra H, the representation category of the double D(H) is equivalent
to both the category of Yetter-Drinfeld modules over H as well as the Drinfeld
center of the monoidal category H-mod.

Parallel to the pursuit of these universal R-matrices (and the interesting doubles
that arise from them) is the search for universal K-matrices, or solutions to the
quantum reflection equation, which have applications in quantum integrable mod-
els with boundaries and knot theory in tori. In [6], Balagović and Kolb introduced
K-matrices for any right coideal subalgebra of a Drinfeld-Jimbo quantum group.
The reflective algebra construction as introduced by Laugwitz, Walton, and Yaki-
mov [13] generalizes this notion in the same way doubles generalize Drinfeld-Jimbo
quantum groups: the reflective algebra of a left comodule algebra of any double is
equipped with a K-matrix.

In this paper, we will explore several of the aforementioned structures in a specific
characteristic 2 case. We recall the necessary background in Section 2. In Section 3,
we study E3,−(q), a Yetter-Drinfeld module first introduced by Andruskiewitsch,
Angiono, and Giusti in [1]. While they worked in characteristic 0 to compute a
new Nichols algebra, we work in characteristic 2 to determine its Nichols algebra.
Adopting their notation, we call this algebra Endymion, in reference to its pale
braiding structure. We will then compute the double of this Endymion algebra
using the strategy outlined in [3]. In Section 4, we explicitly determine the universal
R-matrix, the original motivation for the double construction. Though the double’s
size makes classifying all simple modules hard, in Section 5, we explicitly compute
all irreducible representations in the classical case q = 1. Finally, in Section 6 we
explore the parallel process, computing the reflective algebra of k with respect to
the double and its associated K-matrix.

Throughout the paper, when several analogous computations arise, we present
one representative example and omit the others.

2. Background and Preliminaries

2.1. Conventions. We utilize the Kronecker delta function δi,j = [i = j]. We
set Imn := {k ∈ Z | n ≤ k ≤ m} and In := {k ∈ Z | 1 ≤ k ≤ n}. We will
also adopt Sweedler notation: for a coalgebra C, the coproduct ∆ : C → C ⊗ C
is written as ∆(c) = c(1) ⊗ c(2), for all c ∈ C. For a comodule M over C, the
coaction δ : M → C ⊗ M is written as δ(m) = m(−1) ⊗ m(0), for all m ∈ M.
Given a Hopf algebra H, the group of group-like elements in H is denoted by
G(H) = {g ∈ H : ∆(g) = g ⊗ g}. For g, h ∈ G(H), the linear space of skew-
primitive elements is Pg,h(H) = {x ∈ H : ∆(x) = x ⊗ g + h ⊗ x}. Finally, for a

universal matrix X = X(1)⊗X(2), the triple tensor product Xij (for 1 ≤ i ̸= j ≤ 3)

places X(1) in the ith tensor position, X(2) in the jth, and 1 in the remaining
position.

We also assume that the objects introduced in this section are finite-dimensional,
as that will hold for all the objects we study in this paper.
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2.2. Quasitriangular Hopf Algebras and Left Comodule Algebras. The
main objects of study are quasitriangular Hopf algebras.

Definition 2.1. A quasitriangular Hopf algebra is a Hopf algebra H equipped with
a universal R-matrix, or an invertible element R = R(1) ⊗R(2) ∈ H ⊗H such that

(∆⊗ id)R = R13R23, (id⊗∆)R = R13R12, R∆(h)R−1 = h(2) ⊗ h(1) ∀h ∈ H.

The first two properties, along with the coassociativity of ∆, imply that R sat-
isfies the quantum Yang-Baxter equation

R12R13R23 = R23R13R12.

The Drinfeld double construction systematically produces quasitriangular Hopf
algebras and, with them, solutions to the quantum Yang-Baxter equation.

Definition 2.2 (Majid). The Drinfeld double of a (finite-dimensional) Hopf algebra
H, denoted D(H), is a Hopf algebra whose underlying coalgebra structure is H ⊗
(H∗)op. For all h ∈ H and f ∈ H∗, the element h ⊗ f ∈ D(H) is denoted h ▷◁ f.
Multiplication in D(H) is given by

(h ▷◁ f)(h′ ▷◁ f ′) = ⟨f(1), h′
(1)⟩⟨f(3), S(h

′
(3))⟩(hh

′
(2)) ▷◁ f ′f(2).

The antipode map satisfies

SD(H)(h ▷◁ f) = (S(h(2)) ▷◁ S−1(f(2)))⟨f(1), S(h(1))⟩⟨f(3), h(3)⟩.

Majid [14] also explicitly finds an associated R-matrix:

Proposition 2.3 ([14, Proposition 8.2]). The R-matrix of D(H) is
∑

i(1H ▷◁
ei)⊗ (ei ▷◁ 1H∗), where {ei, ei}i is a dual basis of H.

We also consider the parallel structures cemented in [13]. As a quasitriangular
Hopf algebra is equipped with a solution to the quantum Yang-Baxter equation, a
quasitriangular left comodule algebra is equipped with a solution to the quantum
reflection equation.

Definition 2.4. Let H be a quasitriangular Hopf algebra. A quasitriangular left
H-comodule algebra A is a left H-comodule algebra with coaction given by δ :
A → H ⊗ A. It is equipped with a universal K-matrix, or an invertible element
K = K(1) ⊗K(2) ∈ H ⊗A such that,

(∆⊗ id)K = K23R21K13R
−1
21 , (id⊗ δ)K = R21K13R12, Kδ(a)K−1 = δ(a),

for all a ∈ A.

The first property implies that K satisfies the quantum reflection equation:

R23K13R
−1
23 K12 = K12R23K13R

−1
23 .

Further, as the double of a Hopf algebra is a quasitriangular Hopf algebra, the
reflective algebra of a left comodule algebra is a quasitriangular left comodule al-
gebra. We focus on the trivial left H-comodule algebra k, as that is what we will
work with in this paper.

According to [14, Example 5.30, Lemma 5.26, Corollary 6.9], we have the follow-
ing definition.
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Definition 2.5. Let H be a quasitriangular Hopf algebra. The reflective algebra
of k with respect to H, denoted RH(k), has the underlying vector space H∗ and a
H-comodule algebra structure given by, for ζ, ξ ∈ H∗,

µRH(k)(ζ ⊗ ξ) =
∑
i,j

⟨ξ(3), ti⟩⟨ξ(1), S(tj)⟩⟨ζ(2), si⟩⟨ζ(3), sj⟩ξ(2)ζ(1),

δRH(k)(ξ) =
∑
i,j,l

⟨ξ(1), tj⟩⟨ξ(2), hl⟩⟨ξ(3), si⟩sjti ⊗ ξl,

where {hl, ξl}l is a dual basis of H. The quantum K-matrix is given by
∑

l hl ⊗ ξl.

2.3. Nichols Algebras and Bosonization. In this paper, we study the double
of the bosonization of a Nichols algebra in characteristic 2 and its associated struc-
tures. We call the result a quantum group in characteristic 2.

Definition 2.6. A braided vector space is a vector space V equipped with an
isomorphism c : V ⊗ V → V ⊗ V that satisfies the Yang-Baxter equation:

(c⊗ id) ◦ (id⊗ c) ◦ (c⊗ id) = (id⊗ c) ◦ (c⊗ id) ◦ (id⊗ c).

Braided vector spaces with a compatible module and comodule structure can be
realized over Hopf algebras.

Definition 2.7. A Yetter-Drinfeld module V over a Hopf algebra H is a vector
space with a module structure λ : H ⊗ V → V and comodule structure δ : V →
H ⊗ V satisfying,

δ(h · v) = h(1)v(−1)S(h(3))⊗ h(2) · v(0) ∀h ∈ H, v ∈ V.

We denote the category of Yetter-Drinfeld modules over H by H
HYD.

The Yetter-Drinfeld structure induces a braiding cV,V : V ⊗ V → V ⊗ V given
by cV,V (v ⊗ v′) = v(−1) · v′ ⊗ v(0), for all v, v

′ ∈ V. If cV,V = c, we say the braided
vector space (V, c) can be realized as a Yetter-Drinfeld module over H. From (V, c),
and independent of any realization, we can construct a Nichols algebra.

Definition 2.8. Realize V ∈ H
HYD for some Hopf algebra H. Let I(V ) be the

largest coideal of the tensor algebra T (V ) contained in
⊕

n≥2 T
n(V ). The Nichols

algebra of V is B(V ) = T (V )/I(V ).

We can compute I(V ) with skew-derivations. Let {vi : i ∈ In} be a basis of V and
say the coaction on H is defined by δ(vi) = gi⊗vi. Define the right skew-derivation
∂i : T (V ) → T (V ) recursively:

∂i(1) = 0, ∂j(vi) = δi,j , ∂i(uv) = ∂i(u)(gi · v) + u∂i(v),

for all i, j ∈ In.

Proposition 2.9 ([11, Proposition 7.3.4]). The Nichols algebra is defined by

B(V ) = T (V )/
〈 ⋃
m≥2

{x ∈ Tm(V ) : ∂i(x) = 0 for all i ∈ In}
〉
.

The Nichols algebra B(V ) ∈ H
HYD is then a braided Hopf algebra. However,

B(V ) itself is independent of this realization (i.e the choice of H). From B(V ), we
can use bosonization to recover a Hopf structure.
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Definition 2.10. Given a braided Hopf algebra B ∈ H
HYD, the bosonization B#H

is a Hopf algebra with the underlying vector space B⊗H. For all b ∈ B and h ∈ H,
the element b⊗ h ∈ B#H is denoted b#h. (Co)multiplication is given by,

(b#h)(c#k) = b(h(1) · c)#h(2)k

∆(b#h) = b(1)#(b(2))(−1)h(1) ⊗ (b(2))(0)h(2),

for all b, c ∈ B and h, k ∈ H. Here, we denote ∆B(b) = b(1) ⊗ b(2) and ∆H(h) =
h(1) ⊗ h(2) to differentiate between the two comultiplications.

2.4. The Jordan Plane. To illustrate the structures described in the previous
subsection, we consider the Jordan plane in characteristic 2 (see [5] and [7]). We will
show that, as algebras, the Jordan plane is embedded within our Nichols algebra,
making this example particularly applicable.

Let (Ṽ , c̃) be a braided vector space with basis {vi : i ∈ I2} and braiding defined
on the basis by:

c̃(vi ⊗ vj)i,j∈I2 =

[
v1 ⊗ v1 (v1 + v2)⊗ v1
v1 ⊗ v2 v2 ⊗ v2

]
.

We can realize Ṽ ∈ kC2

kC2
YD where C2 = ⟨σ⟩ is the cyclic group of order 2. The

corresponding action and coaction is given by

σ · v1 = v1, σ · v2 = v1 + v2, δ(vi) = σ ⊗ vi ∀i ∈ I2.

The Nichols algebra B(Ṽ ) in characteristic 2 was computed in [7]; it is presented
by generators v1, v2 with relations

v21 = 0, v42 = 0, v22v1 + v1v
2
2 + v1v2v1 = 0, v2v1v2v1 + v1v2v1v2 = 0.(2.1)

The set of monomials {ve11 ve212v
e3
2 : e1, e2 ∈ I10, e3 ∈ I30} form a PBW basis of B(Ṽ )

where v12 = v1v2 + v2v1. By [7, Corollary 3.4], the bosonization H̃ := B(Ṽ )#kC2

is generated by v1, v2, and σ with relations (2.1) and

σv1 = v1σ, σv2 = (v2 + v1)σ, σ2 = 1.

The coalgebra structure is given by

G(H) = ⟨σ⟩ and P1,ρ(H) = span{vi : i ∈ I2}.

3. Computing the Double of the Endymion Algebra

From now on, we assume that k is a field of characteristic 2. We compute the
double of the bosonization of the Nichols algebra of the braided vector space V :=
E3,−(q), c as defined in [1]. Let V be the braided vector space with basis {xi : i ∈ I4}
and braiding given by

c(xi ⊗ xj)i,j∈I4 =


x1 ⊗ x1 x2 ⊗ x1 x3 ⊗ x1 q12x4 ⊗ x1

x1 ⊗ x2 x2 ⊗ x2 x2 ⊗ x3 q12x4 ⊗ x2

x1 ⊗ x3 x2 ⊗ x3 x3 ⊗ x3 q12x4 ⊗ x3

q21x1 ⊗ x4 q21(x1 + x2)⊗ x4 q21(x2 + x3)⊗ x4 x4 ⊗ x4

 ,

where q ∈ k× and q12 = q = q−1
21 . Here, {xi : i ∈ I3} forms a pale block of dimension

3 and {x4} forms a point. Suppose that q is a primitive m-th root of unity for m
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odd. Then, we can realize V ∈ kΓ
kΓYD, where kΓ := Cm ⊗ C4m = ⟨g⟩ ⊗ ⟨h⟩. The

corresponding action and coaction are given by

g · xi = xi, ∀i ∈ I3, g · x4 = q12x4,

h · x1 = q21x1, h · x2 = q21(x1 + x2),

h · x3 = q21(x2 + x3), h · x4 = x4,

δ(xi) = g ⊗ xi, ∀i ∈ I3, δ(x4) = h⊗ x4.

We first compute B(V ).

Theorem 3.1. Let zi = x4xi+q21(xi+xi−1)x4 for i ∈ I32, w = z2x3+q21(x3+x2)z2,
and y = z2z3 + z3z2. Then, B(V ) is generated by xi, i ∈ I4, with relations

x2
i = 0, xixj = xjxi, ∀i ̸= j ∈ I3,(3.1)

x2
4 = 0, x1x4 = q12x4x1,(3.2)

z22 = 0, z43 = 0,(3.3)

z23z2 + z2z
2
3 + z2z3z2 = 0, z3z2z3z2 + z2z3z2z3 = 0,(3.4)

z3w+q21wz3 = 0.(3.5)

The set of monomials

{xm1
1 xm2

2 xm3
3 wdzn2

2 yezn1
3 xm4

4 : mi, d, e, n2 ∈ I10, n1 ∈ I30}

is a basis of B(V ).

Proof. We adopt a strategy analogous to that used in the characteristic 0 case, as
developed in [1, Theorem 4.4].

The relations (3.1) and (3.2) follow from [1]. Note that δ(z2) = δ(z3) = hg,
(hg) · z2 = z2, and (hg) · z3 = z2+ z3, so z2 and z3 generate the Jordan plane (as an
algebra) with skew derivatives defined by ∂z2 = ∂4∂1 and ∂z3 = ∂4∂2. Thus, ∂4∂1
and ∂4∂2 annihilate the relations (3.3) and (3.4). Further, ∂i∂1 and ∂i∂2 kill z2
and z3 for all i ∈ I3, so they also annihilate these relations. In particular, since all
the skew derivatives of ∂1 and ∂2 compute to 0, the relations (3.3) and (3.4) both
compute to 0 under ∂1 and ∂2. Finally, ∂3 and ∂4 kill z2 and z3, so they annihilate
(3.3) and (3.4) as well. So, the relations (3.3) and (3.4) also hold. Lastly, it is easy to
verify that ∂1, ∂3, and ∂4 kill (3.5). Relations (3.1)-(3.3) imply that x4z2 = q21z2x4

and z2x2 = q21(x2 + x1)z2. Ultimately,

x4w = x4 (z2x3 + q21(x3 + x2)z2)

= q21z2x4x3 + q21x4(x3 + x2)z2

= q21z2 (z3 + q21(x3 + x2)x4) + q21 (z3 + z2 + q21(x3 + x1)x4) z2

= q21(z2z3 + z3z2) + q221 (z2x3 + q21(x3 + x2)z2)x4 + q221(z2x2 + q21(x2 + x1)z2)x4

= q21y + q221wx4.

The verification that ∂2 annihilates (3.5) follows from this. So we have verified that
all the claimed relations hold.

Now, we prove that the given basis spans the Nichols algebra. Observe that x1

q-commutes with z2, z3, and w, and the following commutations also hold:

w2 = 0, z2x2 = q21(x2 + x1)z2,

z2x3 = w + q21(x3 + x2)z2, x4z2 = q21z2x4,
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z3x2 = w + q21(x2 + x1)z3, z3x3 = q21(x3 + x1)z3,

x4z3 = q21(z3 + z2)x4, wx2 = q21(x2 + x1)w,

wx3 = q21(x3 + x2)w, x4w = q21y + q221wx4,

z2w = q21wz2, z2z3 = y + z3z2,

yx2 = q221x2y, yx3 = q221(x3 + x2)y + q221x1z2z3 + q21wz2,

x4y = q221yx4, yz2 = z2y,

z3y = y(z2 + z3), yw = q221wy.

In particular, given any element in T (V ), we may repeatedly swap any two adja-
cent variables until it follows the form of the monomials in our basis. Thus, the
monomials span the algebra.

We now show that the claimed basis is linearly independent. Assume for the
sake of contradiction that there exists a nontrivial linear combination of minimal
degree:

S =
∑

kix
m1
1 xm2

2 xm3
3 wpzn1

2 yn2zn3
3 xm4

4 = 0,

where ki ∈ k. Then,

0 = ∂4(
∑

kix
m1
1 xm2

2 xm3
3 wdzn1

2 yezn3
3 xm4

4 ) =
∑

δm4,1kix
m1
1 xm2

2 xm3
3 wdzn1

2 yezn3
3 .

By the minimality of S’s degree, every element in S must have m4 = 0. Further,

0 = ∂4∂1(
∑

kix
m1
1 xm2

2 xm3
3 wdzn1

2 yezn3
3 ) =

∑[
xm1
1 xm2

2 xm3
3 wd

∑
ki∂4∂1(z

n1
2 yezn3

3 )
]
,

0 = ∂4∂2(
∑

kix
m1
1 xm2

2 xm3
3 wdzn1

2 yezn3
3 ) =

∑[
xm1
1 xm2

2 xm3
3 wd

∑
ki∂4∂2(z

n1
2 yezn3

3 )
]
,

where we are grouping the terms by their m1,m2,m3, and d exponents. Since z2
and z3 generate the Jordan plane, the monomials zn1

2 yezn3
3 are linearly independent.

In particular, no nontrivial combination of them is a relation, and therefore no
nontrivial combination of them compute to 0 under both ∂4∂1 and ∂4∂2. By the
minimality of S’s degree, we must therefore have n1 = e = n3 = 0. Finally,

0 = ∂4∂1∂2(
∑

kix
m1
1 xm2

2 xm3
3 wd) =

∑
δd,1kix

m1
1 xm2

2 xm3
3 ,

0 = ∂3(
∑

kix
m1
1 xm2

2 xm3
3 ) =

∑
δm3,1kix

m1
1 xm2

2 ,

0 = ∂2(
∑

kix
m1
1 xm2

2 ) =
∑

δm2,1kix
m1
1 ,

0 = ∂1(
∑

kix
m1
1 ) =

∑
δm1,1ki,

so by the same argument as before, d = m1 = m2 = m3 = 0, contradiction as S is
nontrivial. Thus, the stated monomials do indeed form a basis.

Finally, assume for the sake of contradiction that there exists some other relation
S′ = 0 not stated. Then, S′ can be expressed as a linear combination of the basis
monomials; however, this is a clear contradiction as no nontrivial linear combination
of the basis monomials can sum to 0. Therefore, this is the final Nichols algebra. □

Let (V ∗, c∗) be the dual of (V, c). We now compute the dual B(V )∗ ∼= B(V ∗) as
algebras. Define the functions wi such that wi(xj) = δi,j , for i, j ∈ I4.
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Lemma 3.2. Let ai = w4wi+q21(wi+wi+1)w4 for i ∈ I2, b = a2w1+q21(w1+w2)a2,
and c = a1a2 + a2a1. Then, B(V ∗) is generated by wi, i ∈ I4, with relations

w2
i = 0, wiwj = wjwi, ∀i ̸= j ∈ I3,(3.6)

w2
4 = 0, w3w4 = q12w4w3,(3.7)

a22 = 0, a41 = 0,(3.8)

a21a2 + a2a
2
1 + a2a1a2 = 0, a1a2a1a2 + a2a1a2a1 = 0,(3.9)

a1b+q21ba1 = 0.(3.10)

The set of monomials

{wm′
3

3 w
m′

2
2 w

m′
1

1 bd
′
a
n′
2

2 ce
′
a
n′
1

1 w
m′

4
4 : m′

i, d
′, e′, n′

2 ∈ I10, n′
1 ∈ I30}

is a basis of B(V ∗).

Proof. Using [2, 1.10, 1.11], we compute the action and coaction of V ∗ ∈ kΓ
kΓYD:

g · wi = wi, ∀i ∈ I3, g · w4 = q21w4,

h · w1 = q12(w1 + w2 + w3), h · w2 = q12(w2 + w3),

h · w3 = q12w3, h · w4 = w4,

δ(wi) = g−1 ⊗ wi, ∀i ∈ I3, δ(w4) = h−1 ⊗ w4.

For example, for i ∈ I4, using [2, 1.10],

⟨h · w1, xi⟩ = ⟨w1, h
−1 · xi⟩

= ⟨w1, q12 (x1 + δi,2x2 + δi,3(x2,+x3))⟩
= (1 + δi,4)q12

and, using [2, 1.11],

δ(w1)(−1)⟨δ(w1)(0), xi⟩ = S(xi)⟨w1, xi⟩
= δi,1gx1.

Mapping x1 7→ w3, x3 7→ w1, and x2 7→ w2 shows that (V ∗, c∗) ∼= (V, c−1) and so
B(V ) ∼= B(V ∗) by [2, Lemma 1.11]. The stated relations and basis then follow. □

Observe that Γ ∼= Cm ⊗Cm ⊗C4 by mapping g to g and h to h4i ⊗hmj , where i
and j are the unique integers (mod m and 4, respectively) satisfying 4i+mj = 1.
Let p = h4 and r = hm; then, g, p, r generate Γ. So we realize V ∈ kΓ

kΓYD by the
action:

g · xi = xi, ∀i ∈ I3, g · x4 = q12x4,

p · xi = q421xi, ∀i ∈ I3, p · x4 = x4,

r · x1 = x1, r · x2 = x1 + x2,

r · x3 = (1 + α)x1 + x2 + x3, r · x4 = x4.

where α is 1 if m ≡ 1 (mod 4) and 0 if m ≡ 3 (mod 4).
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Lemma 3.3. The Hopf algebra H = B(V )#kΓ is generated by xi, i ∈ I4, and
g, p, r, with relations (3.1) – (3.5) and

gx4 = q12x4g, xig = gxi, ∀i ∈ I3(3.11)

px4 = x4p, pxi = q421xip, ∀i ∈ I3,(3.12)

rx1 = x1r, rx2 = (x1 + x2)r(3.13)

rx3 = ((1 + α)x1 + x2 + x3) r rx4 = x4r,(3.14)

gm = pm = 1 r4 = 1, gp = pg, gr = rg, pr = rp.(3.15)

The coalgebra structure is given by

G(H) = ⟨g, p, r⟩, P1,g(H) = span{xi : i ∈ I3}, P1,h(H) = span{x4}.
The set of monomials

{xm1
1 xm2

2 xm3
3 wdzn2

2 yezn1
3 xm4

4 gipjrk

: mi, d, e, n2 ∈ I10, n1, k ∈ I30, i, j ∈ Im−1
0 }

is a basis of H.

Proof. Since we are working with a group algebra, bosonization simplifies to γv =
(γ · v)γ for v ∈ B(V ) and γ ∈ kΓ. Plugging in the actions gives us the stated
relations. The stated comultiplication and basis can also easily be verified. □

By [3, Proposition 2.2], H∗ ∼= B(V ∗)#kΓ. Before we can compute this, we need
a presentation of kΓ. Note that we can identify kΓ with kCm ⊗ kCm ⊗ kC4 using
the map λV,W : V ∗ ⊗W ∗ → (W ⊗ V )∗ such that λV,W (f ⊗ f ′)(w⊗ v) = f(v)f ′(w)
for all v ∈ V,w ∈ W, f ∈ V ∗, and f ′ ∈ W. Consider the natural dual bases of these
dual groups, i.e. the sets of functions fgi , fpi , and fri such that fgi(gj) = δi,j ,

fpi(pj) = δi,j , and fri(rj) = δi,j . Then, we have

kΓ ∼= kCm ⊗ kCm ⊗ kC4 ∼= k⟨u⟩ ⊗ k⟨v⟩ ⊗ k⟨s, t⟩/(s2 + s, t2 + t, st+ ts),

where u =
∑m−1

i=0 qi12fgi , v =
∑m−1

i=0 q4i21fpi , s = fr + fr3 , and t = fr + fr2 .

Lemma 3.4. The Hopf algebra H∗ ∼= B(V ∗)#kΓ is generated by wi, i ∈ I4, u, v, s, t
with relations (3.6) – (3.10) and

wis = swi, ∀i ∈ I3, w4s = sw4 + w4,(3.16)

wit = twi, ∀i ∈ I3, w4t = tw4 + (1 + α)w4 + sw4,(3.17)

wiu = q12uwi, ∀i ∈ I3, w4u = uw4,(3.18)

wiv = vwi, ∀i ∈ I3, w4v = q21vw4,(3.19)

um = vm = 1, s2 = s, t2 = t,(3.20)

uv = vu, us = su, ut = tu, vs = sv, vt = tv, st = ts.(3.21)

The coalgebra structure is given by

G(H∗) = ⟨u, v⟩, P1,1(H
∗) = span{s},

P1,v(H
∗) = span{w3}, P1,u(H

∗) = span{w4},
∆(t) = t⊗ 1 + 1⊗ t+ s⊗ s,

∆(w1) = w1 ⊗ 1 + v ⊗ w1 + sv ⊗ w2 + (αs+ t)v ⊗ w3,

∆(w2) = w2 ⊗ 1 + v ⊗ w2 + sv ⊗ w3.
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The set of monomials

{ui′sk
′
1tk

′
2vj

′
w

m′
3

3 w
m′

2
2 w

m′
1

1 bd
′
a
n′
2

2 ce
′
a
n′
1

1 w
m′

4
4

: m′
i, d

′, e′, n′
2, k

′
i ∈ I10, n′

1 ∈ I30, i′, j′ ∈ Im−1
0 }

is a basis of H∗.

Proof. The proof of [3, Proposition 2.2] offers a realization of V ∗ ∈ kΓ
kΓYD. For

f ∈ kΓ, {vi, v∗i }i a dual basis of V, and w ∈ V ∗,

f · w =
∑
i

⟨f, vi(−1)⟩⟨w, vi(0)⟩wi.

Thus, we can compute the actions:

s · wi = 0, ∀i ∈ I3, s · w4 = w4,

t · wi = 0, ∀i ∈ I3, t · w4 = αw4,

u · wi = q21wi, ∀i ∈ I3, u · w4 = w4,

v · wi = wi, ∀i ∈ I3 v · w4 = q12w4.

This is sufficient to compute the relations stated. As an example of this computa-
tion, we will explicitly show tw4 = w4t+ αw4 + w4s :

tw4 = (t(1) · w4)t(2)

= (1 · w4)t+ (t · w4)1 + (s · w4)s

= αw4 + w4t+ w4s.

To compute the coproduct, we also need the action of V ∗ ∈ kΓ
kΓYD. We use our

work in Lemma 3.2, replacing h with the generators p and r:

g · wi = wi, ∀i ∈ I3, g · w4 = q21w4,

p · wi = q412wi, ∀i ∈ I4, r · w1 = w1 + w2 + αw3,

r · w2 = w2 + w3, r · w3 = w3,

r · w4 = w4.

For example, we compute ∆(w1):

∆(w1) = w
(1)
1 (w

(2)
1 )(−1) ⊗ (w

(2)
1 )(0)

= w1 ⊗ 1 + 1(w1)(−1) ⊗ (w1)(0)

= w1 ⊗ 1 +
∑
i,j,k

fg−ifp−jS(frk)⊗ (gipjrk) · w1

= w1 ⊗ 1 +
∑
k

vfr−k ⊗ rk · w1

= w1 ⊗ 1 + vf1 ⊗ w1 + fr3 ⊗ (w1 + w2 + αw3)

+ vfr2 ⊗ (w1 + w3) + vfr ⊗ (w1 + w2 + (1 + α)w3)

= w1 ⊗ 1 + v(f1 + fr + fr2 + fr3)⊗ w1 + v(fr + fr3)⊗ w2

+ (vα(fr + fr3) + v(fr + fr2))⊗ w3

= w1 ⊗ 1 + v ⊗ w1 + vs⊗ w2 + (αs+ t)v ⊗ w3.

The other computations collapse similarly. □
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Finally, our last step before determining D(H) is computing D(kΓ). Using Def-
inition 2.2, we see that D(kΓ) is generated by g, p, r, u, v, s, t with relations (3.15),
(3.20), (3.21) and

gu = ug, pu = up, ru = ur, gv = vg, pv = vp, rv = vr,(3.22)

gs = sg, ps = sp, rs = sr, gt = tg, pt = tp, rt = tr.(3.23)

We explicitly show that sg = gs:

sg = 1(g)1(g−1)gs+ 1(g)s(g−1)s+ s(g)1(g−1)s

= gs+ (ε⊗ ε⊗ s)(g−1 ⊗ 1⊗ 1)s+ (ε⊗ ε⊗ s)(g ⊗ 1⊗ 1)s

= gs

since s(1) = (fr + fr3)(1) = 0.

Theorem 3.5. D(H) is generated by xi, wi, i ∈ I4, g, p, r, u, s, t, v with relations
(3.1) – (3.23) and

uxi = q12xiu, ∀i ∈ I3, ux4 = x4u,

vxi = xiv, ∀i ∈ I3, vx4 = q21x4v,

sxi = xis, ∀i ∈ I3, sx4 = x4s+ x4,

txi = xit, ∀i ∈ I3, tx4 = x4t+ (1 + α)x4 + x4s,

wig = gwi, ∀i ∈ I3, w4g = q12gw4,

wip = q421pwi, ∀i ∈ I3, w4p = pw4,

w1r = rw1 + rw2 + (1 + α)rw3, w2r = rw2 + rw3,

wir = rwi, ∀i ∈ I43 wixj = xjwi, ∀j < i ∈ I3,
wixi = 1 + xiwi + gv, ∀i ∈ I3, wixi+1 = xi+1wi + gsv, ∀i ∈ I2,
w1x3 = x3w1 + αgsv + gvt, w4xi = q12xiw4, ∀i ∈ I3,
w4x4 = 1 + x4w4 + hu, wix4 = q21x4(wi + wi+1), ∀i ∈ I2
w3x4 = q21x4w3.

The coalgebra structure is as in Lemma 3.3 and Lemma 3.4. The set of mono-
mials

{xm1
1 xm2

2 xm3
3 wdzn2

2 yezn1
3 xm4

4 gipjrkui′sk
′
1tk

′
2vj

′
w

m′
3

3 w
m′

2
2 w

m′
1

1 bd
′
a
n′
2

2 ce
′
a
n′
1

1 w
m′

4
4 :

mi,m
′
i, d, d

′, e, e′, n2, n
′
2, k

′
i ∈ I10, n1, n

′
1, k ∈ I30, i, j, i′, j′ ∈ Im−1

0 }.

is a basis of D(H).

Proof. This follows from [3, Proposition 2.4]. An example calculation using each of
the three different formulas is shown:

sx4 = 1(h)x4s+ s(h)x41

= x4s+ [(1 + α)(ε⊗ ε⊗ s)(1⊗ hm+1 ⊗ h3m) + α(ε⊗ ε⊗ s)(1⊗ h3m+1 ⊗ hm)]x4

= x4s+ x4,

w1r =
∑
l

w1(r · xl)rwl

= w1(x1)rw1 + w1(x1 + x2)rw2 + w1 ((1 + α)x1 + x2 + x3) rw3 + w1(x4)rw4
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= r (w1 + w2 + (1 + α)w3) ,

w1x3 = w1(x3) + w1(g · x1)x3w1

+
∑
i,j,k

w1(g · x1)w1(g
ipjrk · x3)⟨ε⊗ w3, S(x3)⟩gfgifpjfrk

= x3w1 +
∑
i,j,k

w1(g
ipjrk · x3)gfgifpjfrk

= x3w1 + v⟨w1, (1 + α)x1 + x2 + x3⟩gfr + v⟨w1, x1 + x3⟩gfr2
+ v⟨w1, α(1 + α)x1 + x2 + x3⟩gfr3 + v⟨w1, x3⟩gf1

= x3w1 + αvg(fr + fr3) + vg(fr + fr2)

= x3w1 + αvgs+ vgt.

The others follow analogously. Since D(H) ∼= H ⊗ (H∗)op as coalgebras, the co-
product of the double is adopted from that of H and H∗. The claimed basis is also
clear. □

Remark. Using the counit and antipode axioms, we can compute S evaluated on
the generators of D(H) :

S(xi) = g−1xi ∀i ∈ I3, S(x4) = h−1x4,

S(w1) = v−1w1 + sv−1w2 + (αs+ s+ t)v−1w3, S(w2) = v−1w2 + sv−1w3,

S(w3) = v−1w3, S(w4) = u−1w4,

S(g) = g−1, S(p) = p−1, S(r) = r−1, S(u) = u−1, S(v) = v−1

S(s) = s, S(t) = s+ t.

We show the computation for S(w1). It is easy to verify ε(s) = ε(t) = 0 and
ε(v) = 1. Then,

w1 = ε(w1)1 + ε(v)w1 + ε(sv)w2 + ε(αs+ t)w3 =⇒ ε(w1) = 0.

Since S(v) = v−1, S(s) = s, and S(t) = s+ t,

ε(w1)1 = S(w1)1 + S(v)w1 + S(sv)w2 + S(αs+ t)w3

=⇒ S(w1) = v−1w1 + sv−1w2 + (αs+ s+ t)v−1w3,

as desired. Observe that S2 = id on all generators; thus, D(H) is involutive with
pivot 1.

4. The R-Matrix of the Double

Drinfeld doubles are guaranteed to have a R-matrix. From Proposition 2.3, it
suffices to find a dual basis of D(H). We start by computing the dual basis of B(V ).
Alternately, write the basis of B(V ) from Theorem 3.1 as the set of monomials

S :=
{
xm1
1 xm2

2 xm3
3 zn1

3 (z23)
n2wdyezn3

2 xm4
4 : mi, d, e, ni ∈ I10

}
.

Lemma 4.1. Define

z∗2 = w4w1 + q12w1w4,

z∗3 = w4w2 + q12w2w4,

(z23)
∗ = z∗2z

∗
3 + z∗3z

∗
2 = q21w4w

∗ + q12w
∗w4,
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w∗ = z∗2w2 + q12w2z
∗
2 = z∗3w1 + q12w1z

∗
3 ,

y∗ = (z∗2)
2.

The set of monomials

S∗ :=
{
wm1

1 wm2
2 wm3

3 z∗3
n1(z23)

∗n2
w∗dy∗ez∗2

n3w∗
4
m4 : mi, d, e, ni ∈ I10

}
is the dual basis of S.

Proof. We will use the notation ∆(α) =
∑

α(1) ⊗ α(2) through this proof to help
differentiate between indices and comultiplication markings. We have the following
computations:

∆(xi) = xi ⊗ 1 + 1⊗ xi ∀i ∈ I4,
∆(z2) = z2 ⊗ 1 + 1⊗ z2 + x4 ⊗ x1,

∆(z3) = z3 ⊗ 1 + 1⊗ z3 + x4 ⊗ x2,

∆(z23) = z23 ⊗ 1 + 1⊗ z23 + z2 ⊗ z3 + x4 ⊗ x1z3 + q12x4 ⊗ w,

∆(w) = w ⊗ 1 + 1⊗ w + z2 ⊗ x2 + x4 ⊗ x1x2 + z3 ⊗ x1,

∆(y) = y ⊗ 1 + 1⊗ y + z2 ⊗ z2 + z2x4 ⊗ x1 + x4 ⊗ x1x2.

For example, for z2,

∆(z2) = ∆ (x4x2 + q21(x2 + x1)x4)

=

(
id⊗ c⊗ id

)(
(x4 ⊗ 1 + 1⊗ x4)(x2 ⊗ 1 + 1⊗ x2)

+ q21

(
(x2 + x1)⊗ 1 + 1⊗ (x2 + x1))(x4 ⊗ 1 + 1⊗ x4)

))
= z2 ⊗ 1 + 1⊗ z2 +

(
x4 ⊗ x2 + q21(x2 + x1)⊗ x4

+ q21

(
(x2 ⊗ x1)⊗ x4 + q12(x2 + x1)⊗ x4

))
= z2 ⊗ 1 + 1⊗ z2 + x1 ⊗ x4.

The other computations follow analogously.
A key observation will be the following: x1, x2, and x3 have coaction g, g acts

by a constant on every generator, and h acts by a constant on z23 , w, y, z2, and x4.
Particularly, for arbitrary γ ∈ S and some kl ∈ k,

∆(γ) = ∆(xm1
1 xm2

2 xm3
3 wdzn1

3 (z23)
n2yezn3

2 xm4
4 )

= (id⊗ c⊗ id)
(∑

x
(1)
1 ⊗ x

(2)
1

)m1

· · ·
(∑

x
(1)
4 ⊗ x

(2)
4

)m4

=
∑
l

kl

((
x
(1)
1

)m1

· · ·
(
x
(1)
4

)m4
)
⊗
((

x
(2)
1

)m1

· · ·
(
x
(2)
4

)m4
)
.

We proceed with strong induction on the sum of the exponents appearing in

ρ := x
m′

1
1 x

m′
2

2 x
m′

3
3 wd′

z
n′
1

3 (z23)
n′
2ye

′
z
n′
3

2 x
m′

4
4 ∈ S

to show that

ρ∗ := w
m′

1
1 w

m′
2

2 w
m′

3
3 w∗d′

z∗3
n′
1(z23)

∗n
′
2y∗e

′
z∗2

n′
3w

m′
4

4 ∈ S∗

is indeed the dual of ρ. We prove ⟨ρ∗, γ⟩ = 1 if and only if γ = ρ.
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We can manually check that this holds when the sum of the exponents of ρ is 1.
As an example, we show that z∗2 is indeed the dual of z2. It suffices to check z∗2 ’s
pairing with basis monomials in S of degree 2. We show that ⟨z∗2 , w1w4⟩ = 0; the
other verifications are clear.

⟨z∗2 , x1x4⟩ = (w4 ⊗ w1 + q12w1 ⊗ w4)(∆x1x4)

= (w4 ⊗ w1 + q12w1 ⊗ w4)(x1x4 ⊗ 1 + x1 ⊗ x4 + q12x4 ⊗ x1 + x4x1 ⊗ 1)

= q12(w4 ⊗ w1)(x4 ⊗ x1) + q12(w1 ⊗ w4)(x1 ⊗ x4)

= 0,

as desired. Now, we prove the statement for an arbitrary ρ with multiple generators.
We say a pure tensor whose components are basis monomials in S is ordered if

its components concatenate to ρ (i.e. γ1 ⊗ γ2 for γ1, γ2 ∈ S is ordered if γ1γ2 = γ).
We say the tensor is unordered otherwise.

Consider some pure tensor ν1 ⊗ ν2 in the summation expansion of ∆(xi)
mi ,

i ∈ I4, ∆(z2)
n2 ,∆(z3)

n3 ,∆(z23)
n2 ,∆(w)d or ∆(y)e. We say ν1 ⊗ ν2 has zero contri-

bution if∑
l

kl

((
x
(1)
1

)m1

· · · ν1 · · ·
(
x
(1)
4

)m4
)
⊗
((

x
(2)
1

)m1

· · · ν2 · · ·
(
x
(2)
4

)m4
)

can be written as a linear combination of unordered tensors. For brevity, we denote

L :=
((

x
(1)
1

)m1

· · · ν1 · · ·
(
x
(1)
4

)m4
)

and R :=
((

x
(2)
1

)m1

· · · ν2 · · ·
(
x
(2)
4

)m4
)
.

We classify the only possible contributing tensors through the following sequence
of claims.

Claim 1: Any tensor ν1⊗ν2 such that ν1 ̸= 1 and ν2 contains an x1 term has zero
contribution.

Proof. Since x1 commutes with everything (up to a constant), R can be written as
a linear combination of basis monomials that have a nonzero power of x1. Since L
has degree greater than one, L⊗R is a sum of unordered tensors, as desired. ⋄

Claim 2: The tensor x4 ⊗ x2 in ∆(z3) has zero contribution.

Proof. Observe that, for ν1 ⊗ ν2 = x4 ⊗ x2, we can write L as a linear combination
of basis monomials that have a nonzero power of x4, z2, z3, z

2
3 , w, or y. Further, we

can write R as a linear combination of basis monomials that have a nonzero power
of x2. So, L⊗R is a sum of unordered tensors. ⋄

Claim 3: The tensors z2 ⊗ z3 in ∆(z23), z2 ⊗ x2 in ∆(w), and z2 ⊗ z2 ∈ ∆(y) have
zero contribution.

Proof. If (w(2))d, (y(2))e, (z
(2)
2 )n3 , or (x

(2)
4 )m4 contain x1, we finish by Claim 1.

Otherwise, (w(1))d, (y(1))e, (z
(1)
2 )n3 , and (x

(1)
4 )m4 contain only x4, w, z2 and y. Thus,

since z2 commutes (up to a constant) with w and y, L necessarily contains z2.
Similarly, R necessarily contains one of x2, z2, z3, z

2
3 , w, or y. Thus, L⊗R is a sum

of unordered tensors. ⋄

Claim 4: The tensor x4 ⊗ w in ∆(z3)
2 has zero contribution.
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Proof. Claim 1, Claim 2, and Claim 3 cover everything except when:

x
(1)
i , x

(2)
i ∈ {1, xi}, ∀i ∈ I4, z

(1)
j , z

(2)
j = {1, zj}, ∀j ∈ I32,

(z23)
(1)(z23)

(2) ∈ {1, z23}, y(1), y(2) ∈ {1, y}.

Then, since x4 commutes (up to a constant factor) with z2 and y and “creates” a y
term when commuting with w, L contains a x4 or y. Further, R contains a w. So,
L⊗R is a sum of unordered tensors. ⋄

Therefore, the only possible contributing tensors have ν1 = 1 or ν2 = 1. So,

∆(γ) = xm1
1 xm2

2 xm3
3 wdzn1

3 (z23)
n2yezn3

2 xm4
4 ⊗ 1

+ δm4,1x
m1
1 xm2

2 xm3
3 wdzn1

3 (z23)
n2yezn3

2 ⊗ xm4
4

+ δn3,1x
m1
1 xm2

2 xm3
3 wdzn1

3 (z23)
n2ye ⊗ zn3

2 xm4
4

...

+ 1⊗ xm1
1 xm2

2 xm3
3 wdzn1

3 (z23)
n2yezn3

2 xm4
4

+
∑

unordered tensors.

Importantly, the only ordered tensors of ∆(γ) have the concatenation of their com-
ponents equal to γ.

Finally, since the sum of ρ’s exponents is greater than 1, we can write ρ as
the concatenation of ρ1 and ρ2 where ρ1, ρ2 > 1. By our inductive hypothesis,
ρ∗ = ρ∗1ρ

∗
2. Then,

⟨ρ∗, γ⟩ = (ρ∗1, ρ
∗
2)⊗∆(γ)

=
∑
l

⟨ρ∗1, γ
(1)
l ⟩⟨ρ∗2, γ

(2)
l ⟩.

Again by our inductive hypothesis, this expression equals 1 if and only if γ
(1)
l = ρ1

and γ
(2)
l = ρ2 for some l. Particularly, γ

(1)
l ⊗ γ

(2)
l must be ordered. So,

γ = γ
(1)
l γ

(2)
l = ρ1ρ2 = ρ,

and we have completed our induction and shown that S∗ is indeed dual to S. It
suffices now to show that S∗ is in fact a basis of B(V ∗). We have the following
relations:

a1 = z∗2 + (q12 + q21)w1w4 + q21w2w4

a2 = z∗3 + (q12 + q21)w2w4 + q21w3w4

b = w∗ + (q12 + q21)(w1z
∗
3 + w2z

∗
2 + q12w1w2w4) + q12w3z

∗
3 + w2w3w4

c = (z23)
∗ + (q12 + q21)

2(w1z
∗
3w4 + w2z

∗
2w4) + (1 + q221)w3z

∗
2w4 + q221w3z

∗
3w4

In particular, each monomial of the basis from Lemma 3.2 can be written in
terms of S∗; thus, S∗ spans B(V ∗). Moreover, since we have 256 monomials of S∗

and the dimension of B(V ∗) is precisely 256, we have that S∗ does indeed form a
basis. □

Now, let T := {gipjrk : i, k ∈ Im, r ∈ I4} be the basis of kΓ. We compute the
dual basis to T .
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Lemma 4.2. Define the following recursively:

fr0 = st+ s+ t+ 1, fr = st, fr2 = st+ t,

fr3 = st+ s, fgi =

m−1∑
j=0

qij21u
j , fpi =

m−1∑
j=0

q4ij12 vj ,

fgipjrk = fgifpjfrk .

The set of monomials

T ∗ := {fgipjrk : i, j ∈ Im, r ∈ I4}
is the dual basis of T.

Proof. See the description of kΓ given before Lemma 3.4. The computations for
fgipjrk , the dual of gipjrk, follow. □

We are ready to present the R-matrix.

Theorem 4.3. The R-matrix of D(H) is
∑

l e
l ⊗ el where

{el} := {wm1
1 wm2

2 wm3
3 z∗3

n1(z23)
∗n2

w∗dy∗ez∗2
n3w∗

4
m4fgipjrk

: mi, d, e, ni ∈ I10, i, j ∈ Im, k ∈ I4}
is the dual basis of

{el} := {xm1
1 xm2

2 xm3
3 zn1

3 (z23)
n2wdyezn3

2 xm4
4 gipjrk

: mi, d, e, ni ∈ I10, i, j ∈ Im, k ∈ I4}.

Proof. This is immediate from Lemma 4.1 and Lemma 4.2 and Proposition 2.3. □

Remark. Since D(H) has pivot 1, the quantum trace devolves to the classical trace.
The resulting knot invariant from our R-matrix is thus not very interesting.

5. Irreducible Representations at q = 1

The equivalence D(H)-mod ≃ H
HYD makes the classification of all simple mod-

ules over D(H) particularly interesting. However, the complexity and size of D(H)
make it difficult to explicitly compute all such irreducibles. We instead consider
the simpler, classical case where q = 1, so α = g = p = v = u = 1 and h = r. We
let D be the double at q = 1; it admits a triangular decomposition

D = D>0 ⊗D0 ⊗D<0 := B(V )⊗ (kΓ⊗ kΓ)⊗B(V ∗).

We present all simple modules over D in this section. For completeness, we initially
show how D is presented using Theorem 3.5.

Theorem 5.1. D is generated by xi, wi, i ∈ I4, h, s, t with relations

x2
i = 0, ∀i ∈ I3, xixj = xjxi, ∀i ̸= j ∈ I3,

x2
4 = 0, x1x4 = x4x1,

z22 = 0, z43 = 0,

z23z2 + z2z
2
3 + z2z3z2 = 0, z3z2z3z2 + z2z3z2z3 = 0,

z3w = wz3, hx1 = x1h,

hx2 = (x1 + x2)h, hx3 = (x2 + x3)h,
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hx4 = x4h, w2
i = 0, ∀i ∈ I3,

wiwj = wjwi, ∀i ̸= j ∈ I3, w2
4 = 0,

w3w4 = w4w3, a22 = 0,

a41 = 0, a21a2 + a2a
2
1 + a2a1a2 = 0,

a1a2a1a2 + a2a1a2a1 = 0, a1b+ ba1 = 0,

wis = swi, ∀i ∈ I3, w4s = sw4 + w4,

wit = twi, ∀i ∈ I3, w4t = (s+ t)w4,

sxi = xis, ∀i ∈ I3, sx4 = x4s+ x4,

txi = xit, ∀i ∈ I3, tx4 = x4(s+ t),

w1h = h(w1 + w2), w2h = h(w2 + w3),

wih = hwi, ∀i ∈ I43, wixj = xjwi, ∀j ≤ i ∈ I3,
wixi+1 = xi+1wi + s, ∀i ∈ I2, w1x3 = x3w1 + s+ t,

w4xi = xiw4, ∀i ∈ I3, w4x4 = 1 + x4w4 + h,

w1x4 = x4(w1 + w2), w2x4 = x4(w2 + w3),

w3x4 = x4w3, h4 = 1,

s2 = s, t2 = t,

st = ts.

The coalgebra structure is given by

G(D) = ⟨h⟩, P1,1(D) = span{x1, x2, x3, w1, w2, s}, P1,h = span{x4},
∆(w1) = w1 ⊗ 1 + 1⊗ w1 + s⊗ w2 + (s+ t)⊗ w3,

∆(w2) = w2 ⊗ 1 + 1⊗ w2 + s⊗ w3,

∆(t) = t⊗ 1 + 1⊗ t+ s⊗ s.

□

We now define four modules U0, U1,W0,W1 such that irrep D = {U0, U1,W0,W1}.
We help describe each simple module through their weight decompositions with
respect to D0. The weights are then {λδs,δt : δs, δt ∈ I10} where λδs,δt is the 1-
dimensional module over D0 with action given by:

s · 1 = δs, t · 1 = δt, h · 1 = 1, xi · 1 = 0, ∀i ∈ I4.

(1) U0 is the trivial 1-dimensional module over D where elements of D act by their
counit. It admits the weight decomposition U0 = (U0)λ0,0

.
(2) U1 := k{1, w1} is the 2-dimensional module where h and t act by id and the

other generators of D act by 0. It admits the weight decomposition U1 =
(U1)λ0,1

.

(3) For δt either 0 or 1, Wδt := k{wm
1 , wm

1 w2, wm
1 b, wm

1 an1 : m ∈ I10, n ∈ I2}
is the 10-dimensional module where x1 and w3 act by 0, w1 and w2 act by
D’s multiplication (i.e. wi · ω = wiω, for i ∈ I2 and ω ∈ Wδt), and the other
generators act as follows:

h · wm
1 = (w1 + w2)

m, h · wm
1 w2 = wm

1 w2,

s · wm
1 = wm

1 , s · wm
1 w2 = wm

1 w2,
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t · wm
1 = δtw

m
1 , t · wm

1 w2 = δtw
m
1 w2,

x2 · wm
1 = δm,1, x2 · wm

1 w2 = δm,1w2,

x3 · wm
1 = δtδm,1, x3 · wm

1 w2 = (1 + δt)δm,1w2,

x4 · wm
1 = 0, x4 · wm

1 w2 = 0,

w4 · wm
1 = δm,1a1, w4 · wm

1 w2 = δm,1b,

h · wm
1 b = wm

1 b, h · wm
1 an1 = w1a

n
1 ,

s · wm
1 b = 0, s · wm

1 an1 = δn,2a
n
1 ,

t · wm
1 b = δtw

m
1 b, t · wm

1 an1 = (δn,2 + δt)w
m
1 an1 ,

x2 · wm
1 b = 0, x2 · wm

1 an1 = δn,2δm,1a
n
1 ,

x3 · wm
1 b = δtδm,1b+ wm

1 a1, x3 · wm
1 an1 = (δn,1 + δt)δm,1w

m
1 an1 ,

x4 · wm
1 b = 0, x4 · wm

1 an1 = δn,1w
m
1 w2 + δn,2w

m
1 b,

w4 · wm
1 b = 0, w4 · wm

1 an1 = δn,1δm,1a
n+1
1 .

In Wδt , D
0 acts diagonally on all generators except w1 and x3. Let B ↪→ B(V )

be the subalgebra generated by everything except x3 and B′ ↪→ B(V ∗) be the
subalgebra generated by everything except w1. Then, viewing Wδt as a module
over B ⊗D0 ⊗B′ ↪→ D, we have the following weight decompositions:

W0 = (W0)λ1,0
⊕ (W0)λ0,1

⊕ (W0)λ1,1

= k{wm
1 , wm

1 w2} ⊕ k{wm
1 b, wm

1 a1} ⊕ k{wm
1 a21},

W1 = (W1)λ1,1
⊕ (W1)λ0,0

⊕ (W1)λ1,0

= k{wm
1 , wm

1 w2} ⊕ k{wm
1 b, wm

1 a1} ⊕ k{wm
1 a21}.

Lemma 5.2. U0, U1,W0, and W1 are simple modules over D.

Proof. U0 is obviously simple. Consider some proper, nontrivial, submodule U ′
1 ⊂

U1. Say U ′
1 contains an element k1w1+k2 for k1, k2 ∈ k. Then, it must also contain

x3 · (k1w1 + k2) = k1, contradiction. Thus, U1 is simple.
Now, consider some proper, nontrivial, submodule W ′ ⊂ Wδt . Consider some

nonzero element z ∈ W ′ of minimal degree; call this minimal degree d. Let zd
be the (nonzero) degree d component of z. The main observation is the following:
xi · z ∈ W ′ for all i ∈ I4. So, since z has minimal degree, we must have xi · z =
xi · zd = 0.

• d = 0: Then, 1 ∈ W ′, contradiction of W ′ being proper.
• d = 1: Then, zd = k1w1 + k2w2 for some k1, k2 ∈ k. So x2 · zd = k1 = 0

and x3 · zd = k2 = 0, contradiction.
• d = 2: Then, zd = k1w1w2 + k2a1, so x2 · zd = k1w2 = 0 and x3 · zd =
k2w2 = 0. Consequently, k1 = k2 = 0, contradiction.

• d = 3: Then, zd = k1b+k2w1a1, so x4·y = k2w1w2 = 0 and x3·y = k1b = 0,
contradiction.

• d = 4: Then, zd = k1w1b + k2a
2
1, so x4 · y = k2b = 0 and x4x3 · y =

x4 · (δtb+ k1w1a1) = k1w1w2 = 0, contradiction.
• d = 5: Then, y = k1w1a

2
1, so x4 · y = k1w1b = 0, contradiction.

Thus, there exists no such W ′, and Wδt is indeed simple as well. □
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In fact, these are the only simples over D. To show this, we will use the induction
functor to induct from simples over subalgebras of D to simples over D itself. For
B a subalgebra of A, the functor IndAB : B-mod → A-mod takes a left B-module M
to the left A-module A⊗B M with action given by a′ · (a⊗B m) = (a′a)⊗B m for
all a, a′ ∈ A and m ∈ M. Every simple module of A can be recovered as a quotient
of Ind(M) for some left B-module M.

Theorem 5.3. irrep D = {U0, U1,W0,W1}.

Proof. We induct with D0 ⊂ D≥0 := D>0 ⊗ D0 and D≥0 ⊂ D. We first consider
the simple modules D0. Since s2 = s, t2 = t, and h4 = 1, s and t must act by 0 or 1
and h must act by a fourth root of unity. In characteristic 2, the only fourth root of
unity is 1, so h must act by 1. Thus, the 1-dimensional modules {λδs,δt : δs, δt ∈ I10}
are precisely the simple modules over D0.

We now consider the simple modules overD≥0. They are are quotients of Ind(λ) =
D≥0 ⊗D0 λδs,δt . As PBW bases, since λδs,δt is one dimensional,

D≥0 ⊗D0 λδs,δt ≃ λδs,δt ⊗D0 D≥0

≃ λδs,δt ⊗D0 D0 ⊗B(V )

≃ λδs,δt ⊗B(V )

:= B(V ) · λδs,δt .

The largest submodule of Ind(λ) is then
⊕

n≥1 B
n(V ) ·λδs,δt , so the simple mod-

ules ofD≥0 are isomorphic toB(V )·λδs,δt/(
⊕

n≥1 B
n(V )·λδs,δt). Since

⊕
n≥1 B

n(V )

is generated by {xi · λ : ∀i ∈ I4}, we have that xi · λ = 0 ∀i ∈ I4 in this quotient.
Thus, the simple modules of D≥0 are the 1-dimensional modules Λδs,δt with action
given by

s · 1 = δs, t · 1 = δt, h · 1 = 1, xi · 1 = 0, ∀i ∈ I4.
Now, we determine the simple modules over D, which we recover as quotients of

Ind(Λδs,δt) = D⊗D≥0Λδs,δt . As before, as PBW bases, since Λδs,δt is 1-dimensional,

D ⊗D≥0 Λδs,δt ≃ B(V ∗)⊗D≥0 ⊗D≥0 Λδs,δt

≃ B(V ∗)⊗ Λδs,δt

:= B(V ∗) · Λδs,δt .

We have the following commutation relations, using the ones presented in The-
orem 3.5:

x1ai = aix1, ∀i ∈ I2, x2a1 = a1x2 + w4,

x2a2 = a2x2, x3ai = aix3 + w4, ∀i ∈ I2
x4a1 = (a1 + a2)x4 + (w2 + w3)h, x4a2 = a2x4 + w3h,

x1b = bx1, x2b = bx2 + a2,

x3b = bx3 + a1 + a2, x4b = bx4 + w2w3h,

xic = cxi, ∀i ∈ I2, x3c = cx3 + a2w4,

x4c = cx4 + w3a2, sai = ai(s+ 1), ∀i ∈ I2,
tai = ai(s+ t+ 1), ∀i ∈ I2, sb = b(s+ 1),

tb = b(s+ t+ 1), sc = cs,

tc = c(t+ 1).
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This gives us the actions of D≥0 on Ind(Λδs,δt); for example

x4 · (a2 · Λδs,δt) = a2 · (x4 · Λδs,δt) + w3 · (h · Λδs,δt) = w3 · Λδs,δt .

We now proceed with casework on the parameters δs and δt.

Case 1: δs = 0, δt = 0.

Using the relations presented above, we can check that (
⊕

n≥1 B(V ∗) · Λ0,0) is

a submodule of Ind(Λ0,0), and U0 is isomorphic to the quotient. This is trivially
the only simple module induced from (Λ0,0): every proper submodule of Ind(Λ0,0)
is contained in (

⊕
n≥1 B(V ∗) · Λ0,0).

Case 2: δs = 0, δt = 1.

Let ⟨w2, w3, w4⟩ be the left ideal of B(V ∗) generated by w2, w3, and w4. Then,
N := (⟨w2, w3, w4⟩ · Λ0,1) is a submodule of Ind(Λ0,1), and U1 is isomorphic to the
quotient.

Assume for the sake of contradiction there exists a different proper submodule
N ′ ⊂ Ind(Λ0,1) inducing an irreducible representation of D in the quotient. Since
(N + N ′)/N ⊆ Ind(Λ0,1)/N and (N + N ′)/N ′ ⊆ Ind(Λ0,1)/N

′, we must have
N +N ′ = Ind(Λ0,1) to not contradict irreducibility.

Observe that no element of N has a w1 in it, and no commutation relation
between non-w1 generators “creates” a w1. Thus, we must have w1 · Λ0,1 ∈ N ′. In
particular, x3w1 · Λ0,1 = (δs + δt) · Λ0,1 = 1 · Λ0,1 ∈ N ′, contradiction as N ′ would
then equal Ind(Λ0,1). Thus, U1 is the only simple induced from Λ0,1.

Case 3: δs = 1.

Let ⟨w3, w4, a2, c, a
3
1, w2a1, ba1⟩ be a left ideal of B(V ∗). Then, we can check that

K := (⟨w3, w4, a2, c, a
3
1, w2a1, ba1⟩ · Λ1,δt) is a submodule of Ind(Λ1,δt), and Wδt is

isomorphic to the quotient.
Assume for the sake of contradiction there exists a different K ′ ⊂ Ind(Λ1,δt)

inducing an irreducible representation in the quotient (for a fixed δt). As in Case 2,
K +K ′ = Ind(Λ1,δt), so since K contains no terms with a w1 in it, w1 ·Λ1,δt ∈ K ′.
But then, x2w1 ·Λ1,δt = 1 ·Λ1,δt ∈ K ′, contradiction. Thus, Wδt is the only simple
induced from Λ1,δt .

Therefore, since all simples are quotients of Ind(Λδs,δt), the only simples over D
are U0, U1,W0, and W1. □

6. The Reflective Algebra of k with Respect to the Double

The earlier sections studied the double, its R-matrix, and its irreducible repre-
sentations at q = 1. Now, we consider a parallel construction: the reflective algebra
of k with respect to D(H).

This reflective algebra has the underlying vector space D(H)∗. Before presenting
it, we thus need to establish the algebra structure of D(H)∗. Observe that D(H)∗ ∼=
H∗⊗Hcop as algebras. D(H)∗ then has elements f ⊗h for f ∈ H∗ and h ∈ H with

multiplication structure given by, for h̃ ▷◁ f̃ ∈ D(H),〈
µD(H)∗(f ⊗ h), h̃ ▷◁ f̃

〉
=

〈
f ⊗ h,∆(h̃ ▷◁ f̃

〉
= ⟨f, h̃(1)f̃(1)⟩⟨h, h̃(2)f̃(2)⟩

= ⟨f, h̃(1)⟩⟨1, f̃(1)⟩⟨1, h̃(2)⟩⟨h, f̃(2)⟩.
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Inductively, starting from the generators of D(H), the only term in ∆(h̃) with

group-like h̃(2) has h̃(1) = h̃ and the only term in ∆(f̃) with group-like f̃(1)
has f̃(2) = f̃ . Thus, fh is the dual of f∗ ▷◁ h∗. Similarly, we can show that〈
µD(H)∗(h⊗ f), h̃ ▷◁ f̃

〉
= δh̃,f∗δf̃ ,h∗ , so hf = fh in D(H)∗.

Theorem 6.1. The reflective algebra of k with respect to D(H) is generated by
xi, wi, i ∈ I4, g, p, r, h, u, s, t, v with relations (3.1) – (3.23) and

xiu = uxi, ∀i ∈ I4, xiv = vxi, ∀i ∈ I4
xis = sxi, ∀i ∈ I4, xit = txi, ∀i ∈ I4,
gwi = wig, ∀i ∈ I4, pwi = wip, ∀i ∈ I4,
rwi = wir, ∀i ∈ I4, xiwj = wjxi, ∀i < j ∈ I4,
xi+1wi = wixi+1 + gsv, ∀i ∈ I2, x3w1 = w1x3 + αgsv + gvt,

xiwi = g + wixi + gv, ∀i ∈ I3, x4w4 = h+ w4x4 + hu.

The comodule structure is given by

δ(g) = g ⊗ g, δ(p) = p⊗ p, δ(r) = r ⊗ r

δ(u) = u⊗ u, δ(v) = v ⊗ v,

δ(s) = 1⊗ s+ s⊗ 1,

δ(t) = 1⊗ t+ t⊗ 1 + s⊗ s,

δ(xi) = 1⊗ xi + xi ⊗ g, ∀i ∈ I3,
δ(x4) = 1⊗ x4 + x4 ⊗ h,

δ(w1) = w1 ⊗ 1 + v ⊗ w1 + sv ⊗ w2 + (αs+ t)v ⊗ w3,

δ(w2) = w2 ⊗ 1 + v ⊗ w2 + sv ⊗ w3,

δ(w3) = w3 ⊗ 1 + v ⊗ w3,

δ(w4) = w4 ⊗ 1 + u⊗ w4.

The quantum K-matrix is
∑

l hl ⊗ ξl, where

{ξl} := {wm1
1 wm2

2 wm3
3 z∗3

n1(z23)
∗n2

w∗dy∗ez∗2
n3w∗

4
m4

· fgipjrkg
i′pj

′
rk

′
x
m′

1
1 x

m′
2

2 x
m′

3
3 z

n′
1

3 (z23)
n′
2wd′

ye
′
z
n′
3

2 x
m′

4
4

: mi, d, e, ni,m
′
i, d

′, e′, n′
i ∈ I10, k, k′ ∈ I4}

is the dual basis to

{hl} := {xm1
1 xm2

2 xm3
3 zn1

3 (z23)
n2wdyezn3

2 xm4
4 gipjrk

· fgi′pj′rk′w
m′

1
1 w

m′
2

2 w
m′

3
3 z∗3

n′
1(z23)

∗n
′
2w∗d′

y∗e
′
z∗2

n′
3w∗

4
m′

4

: mi, d, e, ni,m
′
i, d

′, e′, n′
i ∈ I10, k, k′ ∈ I4}.

Proof. This follows from Definition 2.5. As an example of the multiplication com-
putation, we show why the relation w1x1 = 1 + x1w1 + g holds in the reflective
algebra:

µRD(H)(k)(x1 ⊗ w1) = ⟨v, 1⟩⟨1, 1⟩⟨1, f1⟩⟨1, f1⟩w1x1 + ⟨w1, x1⟩⟨v, 1⟩⟨x1, f1w1⟩⟨1, f1⟩gv
+ ⟨1, g⟩⟨w1, g

−1x1⟩⟨g, fg⟩⟨x1, w1⟩g
= w1x1 + gv + g.
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Further,

µRD(H)(k)(w1 ⊗ x1) = ⟨1, 1⟩⟨g, 1⟩⟨1, f1⟩⟨1, f1⟩x1w1

= x1w1.

Thus, since x1w1 = w1x1 in D(H)∗, we have x1w1 = g + w1x1 + gv in the
reflective algebra, as desired. The other calculations follow similarly.

Remark that {hl, ξl}l do indeed form a dual basis of D(H) because {el, el}l forms
a dual basis of H. As an example of the comodule computation, we compute the
coaction at x1 :

δRD(H)(k)(x1) =
∑

i,j,k,i′,j′,k′

⟨g, gipjrk⟩⟨x1, g
i′pj

′
rk

′
f1w1⟩⟨1, f1⟩fgipjrk ⊗ fgi′pj′rk′x1

+
∑

i,j,k,i′,j′,k′

⟨g, gipjrk⟩⟨g, gi
′
pj

′
rk

′
fg⟩⟨x1, f1w1⟩fgipjrkx1 ⊗ fgi′pj′rk′ g

=
∑
i,j,k

fgipjrk ⊗
∑

i′,j′,k′

fgi′pj′rk′x1 +
∑
i,j,k

fgipjrkx1 ⊗
∑

i′,j′,k′

fgi′pj′rk′ g

= 1⊗ x1 + x1 ⊗ g,

where the last line follows as
∑

i,j,k fgipjrk =
∑

i′,j′,k′ fgi′pj′rk′ = 1. The other
computations follow analogously. □
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