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ABSTRACT. We consider €3 _(q), a Yetter-Drinfeld module with a point and
a pale block of dimension 3 first introduced by Andruskiewitsch, Angiono, and
Giusti in 2021. Working over an arbitrary field of characteristic 2, we compute
its Nichols algebra and show that it contains, as a subalgebra, an embedded
copy of the restricted Jordan plane. We then calculate its Drinfeld double,
explicitly determining the universal R-matrix of this quantum group and thus
finding a solution to the quantum Yang-Baxter equation. We also consider the
classical ¢ = 1 case, classifying all simple modules over this restricted double.
Finally, following a parallel construction, we compute the reflective algebra
of k with respect to the double and its associated universal K-matrix, thus
finding a solution to the quantum reflection equation.
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1. INTRODUCTION

Drinfeld first introduced his double construction ﬂgﬂ as a method to systemati-
cally recover solutions, called universal R-matrices, to the quantum Yang-Baxter
equation, which has applications in quantum integrable models and knot theory.
Shortly before the establishment of the double, Drinfeld [§] and Jimbo indepen-
dently introduced quantized enveloping algebras, which they recovered as quotients
of a topological notion of this more general construction. These Drinfeld-Jimbo
quantum groups motivate and relate to features of any arbitrary double.

The Drinfeld-Jimbo quantum group can be constructed from its positive part,
or a Nichols algebra of diagonal-type. In 2006, Heckenberger classified all
finite-dimensional diagonal-type Nichols algebras . This encourages studying
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the lesser-known Nichols algebras of group-type and the more general doubles that
arise from them. In fact, through the Andruskiewitsch-Schneider lifting method [4],
every pointed Hopf algebra (in characteristic 0) can be recovered from a Nichols
algebra, making the classification of the latter objects particularly fundamental.

In addition to a double’s positive part, its representation category is also rich.
For a Hopf algebra H, the representation category of the double D(H) is equivalent
to both the category of Yetter-Drinfeld modules over H as well as the Drinfeld
center of the monoidal category H-mod.

Parallel to the pursuit of these universal R-matrices (and the interesting doubles
that arise from them) is the search for universal K-matrices, or solutions to the
quantum reflection equation, which have applications in quantum integrable mod-
els with boundaries and knot theory in tori. In [6], Balagovi¢ and Kolb introduced
K-matrices for any right coideal subalgebra of a Drinfeld-Jimbo quantum group.
The reflective algebra construction as introduced by Laugwitz, Walton, and Yaki-
mov [13] generalizes this notion in the same way doubles generalize Drinfeld-Jimbo
quantum groups: the reflective algebra of a left comodule algebra of any double is
equipped with a K-matrix.

In this paper, we will explore several of the aforementioned structures in a specific
characteristic 2 case. We recall the necessary background in Section[2] In Section 3]
we study €3 _(q), a Yetter-Drinfeld module first introduced by Andruskiewitsch,
Angiono, and Giusti in [1]. While they worked in characteristic 0 to compute a
new Nichols algebra, we work in characteristic 2 to determine its Nichols algebra.
Adopting their notation, we call this algebra Endymion, in reference to its pale
braiding structure. We will then compute the double of this Endymion algebra
using the strategy outlined in [3]. In Section we explicitly determine the universal
R-matrix, the original motivation for the double construction. Though the double’s
size makes classifying all simple modules hard, in Section [5] we explicitly compute
all irreducible representations in the classical case ¢ = 1. Finally, in Section [f] we
explore the parallel process, computing the reflective algebra of k with respect to
the double and its associated K-matrix.

Throughout the paper, when several analogous computations arise, we present
one representative example and omit the others.

2. BACKGROUND AND PRELIMINARIES

2.1. Conventions. We utilize the Kronecker delta function ¢; ; = [i = j]. We
set I ={keZ|n<k<m}land I, ={k € Z |1 <k <n} Wewil
also adopt Sweedler notation: for a coalgebra C, the coproduct A : C — C ® C
is written as A(c) = c(1) ® ¢(2), for all ¢ € C. For a comodule M over C, the
coaction 6 : M — C @ M is written as d(m) = m(_1) ® myy, for all m € M.
Given a Hopf algebra H, the group of group-like elements in H is denoted by
GH) ={g € H: A(g) = g®g}. For g,h € G(H), the linear space of skew-
primitive elements is Py ,(H) = {x € H : A(z) = z ® g + h ® z}. Finally, for a
universal matrix X = X ® X the triple tensor product Xij (for 1 <i#j<3)
places X in the ith tensor position, X(? in the jth, and 1 in the remaining
position.

We also assume that the objects introduced in this section are finite-dimensional,
as that will hold for all the objects we study in this paper.
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2.2. Quasitriangular Hopf Algebras and Left Comodule Algebras. The
main objects of study are quasitriangular Hopf algebras.

Definition 2.1. A quasitriangular Hopf algebra is a Hopf algebra H equipped with
a universal R-matriz, or an invertible element R = R ® R®) € H ® H such that

(A &® Zd)R = Ri3Ro3, (’Ld® A)R = Ri3R19, RA(}L)R71 = h(g) X h(l) Vh € H.

The first two properties, along with the coassociativity of A, imply that R sat-
isfies the quantum Yang-Bazter equation

RioR13R23 = Ro3Ri3Ryo.

The Drinfeld double construction systematically produces quasitriangular Hopf
algebras and, with them, solutions to the quantum Yang-Baxter equation.

Definition 2.2 (Majid). The Drinfeld double of a (finite-dimensional) Hopf algebra
H, denoted D(H), is a Hopf algebra whose underlying coalgebra structure is H ®
(H*)°P. For all h € H and f € H*, the element h ® f € D(H) is denoted h < f.
Multiplication in D(H) is given by

(hoa f)(R" o2 ) = (fa)s h/(1)><f(3)7 S(h’(3))>(hh’(2)) > f' fra)-

The antipode map satisfies
Spy (hva f) = (S(h)) b4 S~ () {Fa)s S(hay)) (Fea)s hs))-

Majid [14] also explicitly finds an associated R-matrix:

Proposition 2.3 (|14, Proposition 8.2]). The R-matriz of D(H) is Y ,(1g >
e) @ (e; > 1g+), where {e;,e'}; is a dual basis of H.

We also consider the parallel structures cemented in [13]. As a quasitriangular
Hopf algebra is equipped with a solution to the quantum Yang-Baxter equation, a
quasitriangular left comodule algebra is equipped with a solution to the quantum
reflection equation.

Definition 2.4. Let H be a quasitriangular Hopf algebra. A quasitriangular left
H-comodule algebra A is a left H-comodule algebra with coaction given by ¢ :
A — H® A. It is equipped with a universal K-matriz, or an invertible element
K=KV ®K® e H® A such that,

(A®id)K = Ko3Ro K13R5, (id®06)K = RyyK13R12, Ké(a)K™' = d(a),
for all a € A.

The first property implies that K satisfies the quantum reflection equation:
Ro3K13R53 K1a = K12Ro3K13R53

Further, as the double of a Hopf algebra is a quasitriangular Hopf algebra, the
reflective algebra of a left comodule algebra is a quasitriangular left comodule al-
gebra. We focus on the trivial left H-comodule algebra k, as that is what we will
work with in this paper.

According to [14, Example 5.30, Lemma 5.26, Corollary 6.9], we have the follow-
ing definition.
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Definition 2.5. Let H be a quasitriangular Hopf algebra. The reflective algebra
of k with respect to H, denoted Ry (k), has the underlying vector space H* and a
H-comodule algebra structure given by, for (,& € H*,

PRa(C®E) =D (§@),ti) €y () (C2) 50 (C3) 55)E@ S
4,J
ORu(0(©) =D () tid @y M€y si)sit: @ &,
il
where {h;,&}; is a dual basis of H. The quantum K-matrix is given by Y, i ® &.
2.3. Nichols Algebras and Bosonization. In this paper, we study the double

of the bosonization of a Nichols algebra in characteristic 2 and its associated struc-
tures. We call the result a quantum group in characteristic 2.

Definition 2.6. A braided vector space is a vector space V equipped with an
isomorphism c¢: V@ V — V ® V that satisfies the Yang-Baxter equation:
(c®id)o(id®c)o(c®id) = (id® c) o (¢c®id) o (id ® c).
Braided vector spaces with a compatible module and comodule structure can be

realized over Hopf algebras.

Definition 2.7. A Yetter-Drinfeld module V over a Hopf algebra H is a vector
space with a module structure A : H ® V' — V and comodule structure ¢ : V. —
H ®V satistying,

o(h-v) = h(l)v(_l)S(h(g)) ® h(g) 0] Vhe HvelV.
We denote the category of Yetter-Drinfeld modules over H by £YD.

The Yetter-Drinfeld structure induces a braiding cy,y : V@V = V ® V given
by cyv (v ® V') = v_1) -V @ v, for all v,v" € V. If cy,y = ¢, we say the braided
vector space (V, ¢) can be realized as a Yetter-Drinfeld module over H. From (V/ ¢),
and independent of any realization, we can construct a Nichols algebra.

Definition 2.8. Realize V € ZYD for some Hopf algebra H. Let I(V) be the
largest coideal of the tensor algebra T'(V') contained in €, o 7" (V). The Nichols
algebra of V is B(V) =T (V)/1(V).

We can compute I(V') with skew-derivations. Let {v; : i € [,,} be a basis of V" and
say the coaction on H is defined by 6(v;) = g; ® v;. Define the right skew-derivation
0; : T(V) = T (V) recursively:

0:(1) =0, 0;(v;) = 8, 5, 0;(uv) = 9;(u)(g; - v) + ud;(v),
for all 7,5 € I,,.
Proposition 2.9 (|11, Proposition 7.3.4]). The Nichols algebra is defined by

BV)=TWV)/( J{zeT™(V): 0i(x) =0 for all i € I,}).

m>2

The Nichols algebra B(V) € ZYD is then a braided Hopf algebra. However,
B(V) itself is independent of this realization (i.e the choice of H). From B(V), we
can use bosonization to recover a Hopf structure.
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Definition 2.10. Given a braided Hopf algebra B € g)}D, the bosonization B#H
is a Hopf algebra with the underlying vector space B® H. For allb € B and h € H,
the element b ® h € B#H is denoted b#h. (Co)multiplication is given by,

(b#h)(c#tk) = b(hq) - ©)#ha)k
Ab#h) = bW #0P) by @ (630 h2),

for all b,c € B and h,k € H. Here, we denote Ag(h) = b") @ b and Ag(h) =
h(1y ® h(g) to differentiate between the two comultiplications.

2.4. The Jordan Plane. To illustrate the structures described in the previous
subsection, we consider the Jordan plane in characteristic 2 (see [5] and [7]). We will
show that, as algebras, the Jordan plane is embedded within our Nichols algebra,
making this example particularly applicable.

Let (V,¢) be a braided vector space with basis {v; : i € I3} and braiding defined
on the basis by:

vy ®v (v +v2) vy

(v ®Vj)4 jer, =
( i J)meﬂz V1 ® vy Vg @ Vo

We can realize V € ﬁig;yp where Cy = (o) is the cyclic group of order 2. The
corresponding action and coaction is given by
o v = v, 0 - Vg = V1 + Vo, 0(v;))=o®uv; Viel,.

The Nichols algebra B (V) in characteristic 2 was computed in |7]; it is presented
by generators vy, vs with relations
(2.1) =0, vg =0, vivy +v105 +vvv; =0,  Vv1VV; + V1vv v = 0.
The set of monomials {vS'v$30S* : e1, ey € 1), e3 € I3} form a PBW basis of B(V)
where v13 = v1v2 4+ vav1. By [7, Corollary 3.4], the bosonization H = B(V)#kCs
is generated by vy, v, and o with relations (2.1) and

oV = V10, ovy = (vg + v1)0, a2 =1.
The coalgebra structure is given by

G(H)= (o) and P, ,(H)=span{v;:i€ I}

3. COMPUTING THE DOUBLE OF THE ENDYMION ALGEBRA

From now on, we assume that k is a field of characteristic 2. We compute the
double of the bosonization of the Nichols algebra of the braided vector space V :=
€3 _(q),casdefined in [1]. Let V be the braided vector space with basis {z; : i € I4}
and braiding given by

r1 Q1 To ® X T3 ® X Q1274 @ T
c(x; @ )i jer, = T1 ® Zg T2 ® T2 T2 ® T3 q1274 © T2
‘ /I 1 ®x3 T2 @ 3 T3 ® T3 q1274 @ T3

@121 @7y q(T1 +72) @2y qo1(T2+73) Qry T4y

where ¢ € k* and g1 = ¢ = ¢5;'. Here, {x; : i € I3} forms a pale block of dimension
3 and {z4} forms a point. Suppose that ¢ is a primitive m-th root of unity for m
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odd. Then, we can realize V € E.YD, where kI' := C,;, ® Cy, = (g) ® (h). The
corresponding action and coaction are given by

g-xi =1z Viels, g T4 = q1274,

h -z = gy, h-xy = qa1(w1 + x2),
h-x3 = qo1(w2 + x3), h-x4 =14,

0(x;)) =g@x;, Viels, d(x4) = h ® 4.

We first compute B(V).

Theorem 3.1. Let z; = x42;+qo1 (T;+1;_1)x4 fori € I3, w = 2zow3+qo1 (v3+22) 20,
and y = z923 + 2322. Then, B(V) is generated by x;, i € 1y, with relations

(3.1) z? =0, Ti%j = %5, ViFjEls,
(3.2) r3 =0, T1T4 = 127471,

(3.3) 22 =0, 25 =0,

(3.4) 2522 + zzzg + 292329 = 0, 23292329 + 29232923 = 0,

(3.5) zgw+gawzz = 0.

The set of monomials

mi, . mo,_ms_ d_ns_ e_ni . m4g . 1 3
{z" " xy w232y 25 ay © my,d,e,ng € 15, ny € I}

is a basis of B(V).
Proof. We adopt a strategy analogous to that used in the characteristic 0 case, as

developed in [1, Theorem 4.4].

The relations and follow from [1]. Note that &(z2) = 8(z3) = hg,
(hg) - z2 = 22, and (hg) - z3 = 22+ 23, S0 22 and z3 generate the Jordan plane (as an
algebra) with skew derivatives defined by 0,, = 0401 and 0,, = 0402. Thus, 0404
and 0,0> annihilate the relations and . Further, 9;0; and 0;09 Kkill zo
and zg for all ¢ € I3, so they also annihilate these relations. In particular, since all
the skew derivatives of 07 and Js compute to 0, the relations and both
compute to 0 under d; and Js. Finally, d5 and 0, kill 25 and z3, so they annihilate

(3-3) and (3.4)) as well. So, the relations (3.3) and (3.4) also hold. Lastly, it is easy to
verify that 01,03, and 04 kill (3.5)). Relations (3.1)-(3.3)) imply that x42z0 = 212024
and zexo = @o1(x2 + x1)22. Ultimately,
raw = T4 (2223 + @21 (23 + 2)22)

= q21227473 + qo174(T3 + T2)22

= Qo122 (23 + o1 (23 + T2)T4) + q21 (23 + 22 + o1 (w3 + T1)T4) 20

= q21(2223 + 2322) + @3, (2223 + qo1 (T3 + T2)22) T4 + @31 (2222 + o1 (T2 + 1) 22) 24

=qny+ qSlwm-
The verification that 0, annihilates (3.5) follows from this. So we have verified that
all the claimed relations hold.

Now, we prove that the given basis spans the Nichols algebra. Observe that x

g-commutes with 29, z3, and w, and the following commutations also hold:

w? =0, 2222 = qo1(22 + 21)22,

293 = W + g1 (X3 + T2)22, Ty22 = (212224,
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23Ty = w + qo1 (T2 + 1)23, 2373 = q21 (w3 + 71)23,

T423 = q21(23 + 22)24, wry = Go1 (T2 + T1)W,

wrs = go1 (T3 + T2)W, T4W = g1y + G5 Wy,

Z22W = (21W22, Z223 = Y + 2322,

YTs = g3 T2y, yxs = g3, (T3 + T2)Y + 431212223 + qu1w22,
T4y = G31Y24, yzo = 22y,

23y = y(z2 + 23), yw = g3 wy.

In particular, given any element in 7'(V'), we may repeatedly swap any two adja-
cent variables until it follows the form of the monomials in our basis. Thus, the
monomials span the algebra.

We now show that the claimed basis is linearly independent. Assume for the
sake of contradiction that there exists a nontrivial linear combination of minimal
degree:

S = g kjx(™xy?wg P wP 2ty 2yt = 0,

where k; € k. Then,
_ my, . mo, ms,  d_mni,e_n3, ma\ __ my . mo,_ms_ d_ni,e_ns
0—84(5 k" ay?as P w2y ye 2yt ayt) = E Omy 1 ki sy 2y w25 y© 2y,
By the minimality of S’s degree, every element in S must have my4 = 0. Further,

mi,mz,m3, d_n n my ,mz, ms3, d n n,

0= 040:( E kjx" ay 2wy w2y Yo%) = E [z zh 2 a3 w g k;0401 (25 y°25%)],
0= 8482(5 ki a2 e w2y 2ys) = E [ 2y 2l w g ki0402 (25 y°25%)],

where we are grouping the terms by their mi, ms, m3, and d exponents. Since zo
and zs generate the Jordan plane, the monomials z5* y°25° are linearly independent.
In particular, no nontrivial combination of them is a relation, and therefore no
nontrivial combination of them compute to 0 under both 9491 and 9,0,. By the

minimality of S’s degree, we must therefore have n; = ¢ = ng = 0. Finally,
0= 848182(2 kix’lmx;"zx?awd) = Z dakix xy?xy,
0= 63(2 ke xy?es?) = Z Omag 1 kix ]t 52,
0= 62(2 ka"ay?) = Z Oy 1 kix]™,

0=01 " kixt™) =" b, 1ks,

so by the same argument as before, d = m; = mo = m3 = 0, contradiction as S is
nontrivial. Thus, the stated monomials do indeed form a basis.

Finally, assume for the sake of contradiction that there exists some other relation
S’ = 0 not stated. Then, S’ can be expressed as a linear combination of the basis
monomials; however, this is a clear contradiction as no nontrivial linear combination
of the basis monomials can sum to 0. Therefore, this is the final Nichols algebra. [

Let (V*,¢*) be the dual of (V,c). We now compute the dual B(V)* = B(V*) as
algebras. Define the functions w; such that w;(z;) = d; ;, for 4,5 € Lu.
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Lemma 3.2. Let a; = wyw;+qo1 (wi+w;1)wy fori € Ia, b = aswi+qo1 (w1 +ws)as,
and ¢ = ayag + asay. Then, B(V*) is generated by w;, i € Iy, with relations

(3.6) w? =0, ww; = wjw;, Vi#jEls,
(3.7) wi =0, W3W4 = q12W4W3,

(3.8) a3 =0, ai =0,

(3.9) a%ag + CLQCL% + asajas =0, aiasaias + asaiasa; = 0,
(3.10) a1b+qo1bay = 0.

The set of monomials
my  mh m’lbd' ny ¢ ny ml P d e et eI
{ws3 wy 2w, as?c® a;twy * omg,d el nh €1, ny € I3}
is a basis of B(V*).

Proof. Using [2, 1.10, 1.11], we compute the action and coaction of V* € FLYD:

g w; =w;, Vié€ls, g w4 = qa1W4,

h-wy = qua(w1 + wa + w3), h-we = qra(wz + w3),
h - w3 = qiaws, h-wy = wy,

S(w)) =g ' @w;, Viels, S(wyg) = h™! @ wy.

For example, for i € Iy, using [2, 1.10],
<h . w1,$i> = <w1, hil . ZL’Z>
= (w1, q12 (21 + 0; 222 + 05 3(22, +23)))
= (14 0i4)q12

and, using [2, 1.11],

5(w1)(—1)<5(w1)(0)7$i> = S(x;)(wy, z;)

= 5i,1g$1-

Mapping o + ws, 3 — wy, and x5 — wy shows that (V*,¢*) = (V, ¢~ !) and so
B(V) =2 B(V*) by |2, Lemma 1.11]. The stated relations and basis then follow. O

Observe that I' 22 C), ® C,,, ® C4 by mapping ¢ to g and h to h* ® h™, where i
and j are the unique integers (mod m and 4, respectively) satisfying 4i + mj = 1.
Let p = h* and r = h™; then, g,p,r generate I'. So we realize V € ELYD by the
action:

g -z =z, Vie€ls, g T4 = q12%4,
prx = qyw, Vi€ ls, DTy = Ty,
Tz =, T Ty =T+ Tg,
r-x3 = (1+a)r) + 29 + x3, T4 = T4.

where awis 1 if m =1 (mod 4) and 0 if m = 3 (mod 4).
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Lemma 3.3. The Hopf algebra H = B(V)#KD is generated by z;, i € 1y, and
g,p, 7, with relations (3.1) — (3.5) and

(3.11) JTa = 12749, rig = gx;, Vie€ls

(3.12) pT4 = T4p, pri = goyzip, Vi€,

(3.13) rTL = T1T, rae = (X1 + x2)r

(3.14) reg = ((14+ @)z + 22+ 23) 7 raTy = x47,

(3.15) gr=pm =1 rt=1, gp=pg, gr=rg, pr=rp.

The coalgebra structure is given by
G(H) = <gvp7 T>7 Pl,g(H) = Span{xi NS H3}a Pl,h(H) = span{z4}.

The set of monomials

mi,mz, m3, d_n2 e _ni,mg i j. .k
{z7" 2y xy w2y y 25 )  g' ' r

tmy,d,e,ng €15, n,kely, i,j €Iy}
is a basis of H.
Proof. Since we are working with a group algebra, bosonization simplifies to yv =

(v v)y for v € B(V) and v € kI'. Plugging in the actions gives us the stated
relations. The stated comultiplication and basis can also easily be verified. 0

By |3 Proposition 2.2], H* = B (V*)#k". Before we can compute this, we need
a presentation of k!'. Note that we can identify kU with k%~ @ k» ® k“* using
the map Ay, : V@ W* — (W @ V)* such that Ay, (f @ f')(w®v) = f(v) f(w)
forallve V,we W, f e V* and f' € W. Consider the natural dual bases of these
dual groups, i.e. the sets of functions fg:, fpi, and f,« such that fg (¢7) = &,
fpi(p?) = 6; 5, and f,i(rj) = &; ;. Then, we have

k' = kO @ kO @ k1t = k(u) @ k(v) @ k(s,t)/(s? + 5,12 + t, st +ts),
where u = 2?:01 quQfng, v = Z?;Bl 43 fpis 8= fr+ frs,and t = f + fro.

Lemma 3.4. The Hopf algebra H* = B(V*)#k" is generated by w;, i € Iy, u, v, s,t
with relations (3.6) — (3.10) and

(3.16) w;s = sw;, Viels, WS = SWy + Wy,

(3.17) w;t = tw;, Vi €3, wyt = twy + (1 + @)wy + swy,
(3.18) w;u = qrouw;, Vi€ I3, WAL = UWy,

(3.19) w;v = vw;, Vi€ I3, W4V = @210VWy,

(3.20) um =" =1, =3, t2=t,

(3.21) uv = vu, us=su, ut=tu, vs = sv, vt=tv, st=1ts.

The coalgebra structure is given by
G(H") = (u,v), Pyy(H") = span{s},
Pyo(H*) = span{uws}, Py o(H*) = spanfuws},
A =tR1+10t+5® s,
J=w1 ®1+v®@w; + svQws + (s + t)v ® ws,
)=was ®1+v®ws + svQ ws.

(w1

(w2

A
A
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The set of monomials
ik gkl my my  m gl nhy el nf o m)
{u* s™1t%207 wg Pwy 2wy 10 ag?c® aytwy
. g / 1 / 3 m—1
cmy,d e ny ki €ly, nyely, o7 eI}

s a basis of H*.

Proof. The proof of [3, Proposition 2.2] offers a realization of V* € ﬁiyp.

f €k, {vi,v;}; a dual basis of V, and w € V*,
frw= Z(f, (1)) {w, vi(g))w;.

i

Thus, we can compute the actions:

s-w; =0, Viels, S - Wy = Wy,
t-w; =0, Viels, t-wy = qwy,
U+ w; = gq21W;, Vi € Hg, U - Wy = Wy,
vew; =w;, Vi €ls V- Wy = q1oWyg.

For

This is sufficient to compute the relations stated. As an example of this computa-

tion, we will explicitly show twy = w4t + qwy + wys :
twy = (t(l) -w4)t(2)
= (1-wy)t+ (t-wg)l + (s-wy)s
= qwy + wyt + wys.

To compute the coproduct, we also need the action of V* € KLYD. We use our

work in Lemma (3.2} replacing h with the generators p and 7:

g-w; =w;, Viels, g - Wy = G21Wy,

= qiw;, Vi€l =
P wW; = qioW;i, 1 € ly, r-w; = w; + w2 + aws,
- Wy = Wy + W3, - w3 = ws,
T-Was = Wy.

For example, we compute A(w;):

Afwr) = 0P (W) 1y © (W)

w1 ® 1+ 1(wy)—1) @ (w1)(0)
wy @1+ Z fg*ifp*js(fr") ® (gipjrk) T wy
ik

w1®1+2vfrk @ rF - w
k
=w ®1+vfi @uwi+ frs @ (w1 + we + aws)

+vfre ® (w1 +w3) +vfr @ (w1 +wa + (1+ a)ws)

w1 @1+ o(fi + fr + frz + frs) @ w1 +o(fr + fr3) @ we
+ (va(fr +fr3) Jrv(fr Jrfr?)) ® w3

=w ®14+vR@w +vs®ws + (as+t)v ® ws.

The other computations collapse similarly.
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Finally, our last step before determining D(H) is computing D(kI"). Using Def-
inition we see that D(KT') is generated by g, p,r,u,v,s,t with relations (3.15)),

, (3.21) and
(3.22) gu =ug, pu=up, ru=ur, guv=7uvg, PV =0Vp, TV =T,
(3.23) gs =sg, ps=sp, rs=sr, gt=tg, pt=tp, rt=rtr.
We explicitly show that sg = gs:
s9=1(9)1(g™ " )gs + 1(g)s(g™)s + s(9)L(g™")s
=gs+(c®e®s) (g7 @10 )s+(c@e®s)(g@1®1)s
=gs
since s(1) = (fr + fr3)(1) = 0.
Theorem 3.5. D(H) is generated by x;,w;, i € Ly, g,p, 7, u,s,t,v with relations

ED - @23 and

ur; = quox;u, Vi € I3, UT4 = T4U,

vr; = xv, Vi €3, VT4 = (21T4Y,

sr; = x;8, Vi€ ls, ST4 = 45 + Ty,

tx; = x;t, Vi€ ls, txy = x4t + (1 + @)xg + 248,

wig = gw;, Vi€ I3, Wag = q129Wa4,

wip = qypw;, Vi€ I3, WaPp = PWa4,

wir = rwy + rws + (1 + a)rws, weT = Two + rws,

w;T = rw;, Vi€ ]I§ wiT; = Tjw;, Vi <iels,

wix; = 14+ x;w; + gv, Vi €13, WiTip1 = Tip1W; + gsv, Vi € Iy,
w1T3 = T3Wi + agsv + gut, WaT; = qroTiwy, Vi € I3,

wary = 1+ x4wy4 + hu, wity = g xa(w; + wiy1), Vi€l

W3Ty4 = ¢21T4W3.

The coalgebra structure is as in Lemma[3.3 and Lemma[3]} The set of mono-
mials

(@™ a2 Mg 02 e ™ M gk gk gk Uj’wgl'swgl;wvln’l bd/ag;ce/a?ll lei; :
mi,ml, d,d e, € ng,nh ki €5, ny,ni ke, 45,45 €l
is a basis of D(H).
Proof. This follows from [3, Proposition 2.4]. An example calculation using each of
the three different formulas is shown:
sty = 1(h)z4s + s(h)xyl
=15+ [(1+a)(e®e®@s) (1AM @R*) +ale@e®s)(1@ AT @ h™)|ay

= T48 + T4,

wr = Zwl(r ) rwy

1
= wy (z1)rwy + w1 (z1 + x2)rws + wy (1 + @)xy + 22 + x3) rws + wy (z4)rwy
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=r(w; +ws+ (1+ a@)ws),

wirz = wi(r3) +wi(g - T1)T3W1
+ Z wi(g - x1)wi(g'p’r" - 23) (e ® ws, S(x3))gfgi fpi frr
igk
= zgwi + Y wi(g'pr" - w3)g i S frn
irdok
= zzw +v{wr, (1 + @)z1 + 2 + 23)gfr + v(wi, 21 + x3)g fr2
+v{wy, (1 + a)zr + 22 + 23) g frs + v(w, 23)gf1

= zzw1 + avg(fr + fra) +vg(fr + fr2)

= z3w; + avgs + vgt.
The others follow analogously. Since D(H) = H ® (H*)°P as coalgebras, the co-

product of the double is adopted from that of H and H*. The claimed basis is also
clear. 0

Remark. Using the counit and antipode axioms, we can compute S evaluated on
the generators of D(H) :

S(x;) = gtz Viels, S(xzy) = h~lay,

S(wy) = v wy 4+ sv we + (as + s+ v rws,  S(ws) = v wy + svws,
S(ws) = v~ ws, S(wy) = utwy,
S@)=97" S =p"t Sr)=r Su)=u"t, S(v)=v""
S(s) = s, S(t)=s+t.

We show the computation for S(wq). It is easy to verify e(s) = e(t) = 0 and
g(v) = 1. Then,

wy = e(w1)l 4+ e(v)wy + e(sv)wy + e(as + t)ws = e(wy) = 0.
Since S(v) = v~ S(s) = s, and S(t) = s + ,
e(wy)l = S(wy)l + S(v)wy + S(sv)ws + S(as + t)ws
= S(wy) = v wy 4+ s wy + (as + s+ t)v  ws,
as desired. Observe that S? = id on all generators; thus, D(H) is involutive with
pivot 1.

4. THE R-MATRIX OF THE DOUBLE

Drinfeld doubles are guaranteed to have a R-matrix. From Proposition |2.3] it
suffices to find a dual basis of D(H). We start by computing the dual basis of B(V).
Alternately, write the basis of B(V) from Theorem as the set of monomials

S = {leigbzxgngzgl (zg)"zwdyezg:*xzn“ s my,d,e,n; € Htl)} .
Lemma 4.1. Define
Zy = wawi + qr2w1wWy,
Z3 = Waw2 + q12WaWa,

2\ * * % k% * *
(23)" = 2523 + 2323 = qurwaw™ + qraw*wy,
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* * * * *
W = ZoWa + q1aWa2Zy = Z3W1 + q12W1 23,
* *\2
Y =(23)"
The set of monomials
* . mi, Mo, m3 _xNi/ _2\x"2  xd xe_xng_  sxm4 1
S* = {wl twytws B2y (25)" Wy 2 Pwy "t my,d,e,ny EHO}
is the dual basis of S.

Proof. We will use the notation A(a) = 3 oV ® a® through this proof to help
differentiate between indices and comultiplication markings. We have the following

computations:
Alz) =2, @1 +1@x; Vicly,
Alze) =20 @1+ 1® 2p + 24 ® 21,
Alz3) =230 14+ 1® 23 + 24 ® T2,
A(z3) =23 @1+ 1@ 25 + 20 © 23 + 24 © 2123 + 1274 O W,
Alw) =w @1+ 1w+ 22 ® T2 + 14 ® 1122 + 23 ® T1,

A(y) =yYR1+1Q0y+20® 20+ 2024 QX1 + T4 R T1T2.
For example, for zo,

A(z2) = A (422 + qo1(z2 + 21)24)

- (id@c@id) ((:c4®1+1®x4)(x2®1+1®x2)
+q21<(a:2+x1)®1+1®(x2+x1))(x4®1+1®x4))>
=22Q01+1®z2 + ($4®$2+Q21($2+$1)®$4

+q21 ((5102 ®x1) ® x4 + qra(z2 + 1) ®$4)>

=2Q1+1Q 2 +x ®x4.

The other computations follow analogously.

A key observation will be the following: 1, x2, and x3 have coaction g, g acts
by a constant on every generator, and h acts by a constant on 2%, w, y, z2, and 4.
Particularly, for arbitrary v € S and some k; € k,

Ay) = Alafageay w5 () 2y 25 )
= (id ® ¢ ® id) (Z ) xg%)"“ . (Z g xgg))
SR () ) e () () )

We proceed with strong induction on the sum of the exponents appearing in

maq

’ ’ ’ ’ ’ ’
. .my _my Mm3z d _ni 2\nl e ng My
pi=xy ‘X 2y tw” zg' (25) 2y 2902, €S

to show that

m’ m.  m! d’ n! n’ e n! m’
pr= ) wy Py w25 (25) Py 2w € S

is indeed the dual of p. We prove (p*,~v) = 1 if and only if v = p.
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We can manually check that this holds when the sum of the exponents of p is 1.
As an example, we show that 23 is indeed the dual of zo. It suffices to check 23’s
pairing with basis monomials in S of degree 2. We show that (z5,wjw4) = 0; the
other verifications are clear.

(25, x124) = (W4 @ W1 + qrow @ wa)(Az124)
= (wg @ w1 + qraw; @ wy)(T124 @1 + 1 ® T4 + 1274 @ T1 + T4z R 1)
= qr2(wg @ w1) (24 @ 1) + qr2(w1 @ wyg)(z1 @ 24)
= 0’

as desired. Now, we prove the statement for an arbitrary p with multiple generators.
We say a pure tensor whose components are basis monomials in .S is ordered if
its components concatenate to p (i.e. y1 ® 2 for 1,72 € S is ordered if 173 = 7).
We say the tensor is unordered otherwise.
Consider some pure tensor 11 ® o in the summation expansion of A(x;)™1,
i €1y, A(z9)"2, A(23)™, A(22)"2, A(w)? or A(y)¢. We say v; ® vy has zero contri-
bution if

S (o) oo () (o) (o))

can be written as a linear combination of unordered tensors. For brevity, we denote

I <(x<11>>m1 e (xgln)m‘*) and R — ((xg))ml Uy (If))m)_

We classify the only possible contributing tensors through the following sequence
of claims.

Claim 1: Any tensor v1 ® vy such that v1 # 1 and vs contains an x1 term has zero
contribution.

Proof. Since 1 commutes with everything (up to a constant), R can be written as
a linear combination of basis monomials that have a nonzero power of x1. Since L
has degree greater than one, L ® R is a sum of unordered tensors, as desired. ¢

Claim 2: The tensor x4 ® xo in A(z3) has zero contribution.

Proof. Observe that, for vy ® V9 = x4 ® T2, we can write L as a linear combination
of basis monomials that have a nonzero power of x4, 2o, 23, 25, w, or y. Further, we
can write R as a linear combination of basis monomials that have a nonzero power
of x5. So, L ® R is a sum of unordered tensors. o

Claim 3: The tensors zo ® 23 in A(23), 20 ® 22 in A(w), and 22 @ 2o € Ay) have
zero contribution.

Proof. It (w(2))d7(y(2))67(252))”3, or (acf))m‘1 contain z1, we finish by Claim
Otherwise, (w™M)?, (yM)e, (zM)ms and (2(”)™ contain only 4, w, 25 and y. Thus,
since zy commutes (up to a constant) with w and y, L necessarily contains zs.

Similarly, R necessarily contains one of xa, 22, 23, 23, w, or y. Thus, L ® R is a sum
of unordered tensors. o

Claim 4: The tensor x4 @ w in A(z3)? has zero contribution.
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Proof. Claim [} Claim [2] and Claim [3] cover everything except when:
2 2 e (1,2}, Viels, AV 2P = (1,2}, Viel,
(=)D (=) € {1, 23}, y(l)»y 2 e{l,y}.

Then, since x4 commutes (up to a constant factor) with zo and y and “creates” a y
term when commuting with w, L contains a x4 or y. Further, R contains a w. So,
L ® R is a sum of unordered tensors. o

Therefore, the only possible contributing tensors have v; =1 or v = 1. So,
A(y) = 2P a2 w2 (23) 2y 2P e @ 1
O g () @ o

mi,.ma d ni
+ g e @y g w2y (25) "y © 2y e

mi mg 'rng d_mni e_ns3, . ma
+1l@ai" ey ?ay w2y (2 ) yezyi Ty
+ E unordered tensors.

Importantly, the only ordered tensors of A(+) have the concatenation of their com-
ponents equal to .

Finally, since the sum of p’s exponents is greater than 1, we can write p as
the concatenation of p; and ps where p1,ps > 1. By our inductive hypothesis,

p* = pip5. Then,
(") = (p1, p3) @ A7)
= o) o517
1

Again by our inductive hypothesis, this expression equals 1 if and only if 71(1) =m

and '71(2) = po for some [. Particularly, 'yl(l) ® 71(2)

7= ’Vz(l) ()_Plp2_p7

and we have completed our induction and shown that S* is indeed dual to S. It
suffices now to show that S* is in fact a basis of B(V*). We have the following
relations:

must be ordered. So,

ar = z3 + (qu2 + g21)wW1ws + ga1Wawy

ag = z3 + (q12 + q21)wawy + ga1w3wW4

b=w"+ (q12 + q21) (w125 + w225 + qraw1wawy) + qr2w323 + Waw3wy

¢ = (23)" + (g2 + g21)* (w1 Z3wa + w2zzwa) + (1 + 31 w3 23w + g31w3231ws

In particular, each monomial of the basis from Lemma [3:2] can be written in
terms of S*; thus, S* spans B(V*). Moreover, since we have 256 monomials of S*

and the dimension of B(V*) is precisely 256, we have that S* does indeed form a
basis. O

Now, let T := {g'p’r* : i,k € I,,,r € I4} be the basis of kI'. We compute the
dual basis to T
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Lemma 4.2. Define the following recursively:

fro=st+s+t+1, fr = st, fr2 = st +1t,
m—1 m—1
o Lii
fra =st+s, fg = Z gzhu’, foi = Z a3,
=0 =0

fgipjr’C = fgifpjfrk'
The set of monomials
T* = {fgipirk 1 1,J € I, 7 € Iu}
is the dual basis of T.
Proof. See the description of k' given before Lemma The computations for
Jgipirs, the dual of g'pirk, follow. O
We are ready to present the R-matrix.
Theorem 4.3. The R-matriz of D(H) is ., ' ® e; where
{e'} = (WM w2 w25 (22) " w by 25w ™ f i g
cmy,dye,n; €13, 4,5 €1, k€ly}
is the dual basis of
{er} = {a"ay ey 25 () 2wy 2y g'p "
cmy,dye,n; €13, 4,5 €L,y k €Ty}
Proof. This is immediate from Lemma[4.I]and Lemma [£.2]and Proposition[2.3] O

Remark. Since D(H) has pivot 1, the quantum trace devolves to the classical trace.
The resulting knot invariant from our R-matrix is thus not very interesting.

5. IRREDUCIBLE REPRESENTATIONS AT ¢ = 1

The equivalence D(H)-mod ~ 2 YD makes the classification of all simple mod-
ules over D(H) particularly interesting. However, the complexity and size of D(H)
make it difficult to explicitly compute all such irreducibles. We instead consider
the simpler, classical case where ¢ =1, soa=g=p=v=wu=1and h =r. We
let D be the double at ¢ = 1; it admits a triangular decomposition

D=D"%D°® D0 =B(V)® (kI @ k") @ B(V*).

We present all simple modules over D in this section. For completeness, we initially
show how D is presented using Theorem

Theorem 5.1. D is generated by x;,w;, © € Iy, h,s,t with relations

CL’? =0, Viels, TiTj = TjTq, Vl?é] e I3,
2
zy =0, T1XT4 = T4,
z% =0, z§ =0,
2 2 _ _
Z329 + 2225 + 222322 = 0, 23292329 + 29232223 = 0,
Z3Ww = wzs, hxy = x1h,

hzy = (1 4+ x2)h, hxs = (z2 + x3)h,
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hzy = x4h, wf =0, Viels,
wiw; = wjw;, ViF#jEls, wZ =0,
W3Wy = WaW3, az =0,
a‘ll =0, a%ag + agaf + asaias =0,
a1az2a1a2 + asaiasa; = 0, a1b+ ba; =0,
w;s = sw;, Vi€ 3, W48 = SWq + Wy,
wit = tw;, Vi€ I3, wyt = (s + t)wy,
sr; = x;8, Vi€els, STy = T4S + T4,
tr; = x;t, Viels, tey = x4(s + 1),
wih = h(wy + ws), wah = h(ws + ws3),
w;h = hw;, Vi€ Hg, wix; = vjws, Vi <i€ls,
WiTip1 = Tipaw; + 8, Vi € Iy, wix3 = r3wi + S + t,
wak; = x;wy, Vi € g, wyry = 1+ xqw4 + h,
wiy = x4(wy + wa), way = x4(wa + w3),
W3T4 = T4W3, ht=1,
2= s, 2 = t,
st = ts.
The coalgebra structure is given by
G(D) = (h), P11(D)=span{zy,zs,xs, w1, ws,s}, Pij) =span{zs},
Alw) =w1 @1 +1Qw +sQ@ws+ (s +1t) @ ws,
Alws) =wa ® 1+ 1®@ ws + s Q@ ws,
Alt) =t@1+1Rt+s5®s.
|

We now define four modules Uy, Uy, Wy, Wi such that irrep D = {Uy, Uy, Wy, W1 }.
We help describe each simple module through their weight decompositions with
respect to D?. The weights are then {\s, s, : 0s,0; € I}} where A5, 5, is the 1-
dimensional module over D° with action given by:

s-1=4d,, t-1=26, hol=1, z;-1=0, Viel,.

(1) Uy is the trivial 1-dimensional module over D where elements of D act by their
counit. It admits the weight decomposition Uy = (Up)x,.,-

(2) Uy == k{1,w,} is the 2-dimensional module where h and t act by id and the
other generators of D act by 0. It admits the weight decomposition U; =
(Ul))\O,l'

(3) For &, either 0 or 1, W5, == k{w}", wlwsz, wib, wia? : m € Ii,n € Iy}
is the 10-dimensional module where x; and ws act by 0, w; and ws act by
D’s multiplication (i.e. w; - w = w;w, for ¢ € Iy and w € Wy,), and the other
generators act as follows:

h-wl® = (wy +we)™,

s-wit = wit,

h - wwe = wtws,

s - wi'we = witwa,
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t-w = dwl,

T2
T3
L4

Wy

m
Wy = 6m,17
m
Wy = 6t5m,17
~wit =0,

m
Wy = 5m,1a17

h-wb = wi"b,
s-wi'h =0,

t-wib = 6w,

T2
Zs3
L4

Wy

~wib =0,
. ’LU;nb = 5t6m,1b =+ w{”al,
~wib =0,
~wib =0,

t - wwe = opwMwe,

T2
T3
T4

Wy

m
S wWWa = Oy 1 W2,

m
C Wy w2 = (1 + 6t)5m,1w2a
~wiwg = 0,

m
Wy w2 = (5m71b7

m, n n
h-wi"al = wial,

mo . n n
s-wi'ay = p a7,

towl'a} = (Ouz + Sul'al,

T2
Z3
L4

Wy

m . n
~wi'al = 6p,10m 107

m _n n
. wl al == 6n,26m71a1,

m_ . n m_n
cwi'ay = (8p,1 + 6¢)0m 1wy ay,

m _n m m
~wital = 6p 1w wa + 6, 2wi'h,

n+1

In Ws,, D acts diagonally on all generators except w; and 3. Let B < B(V)
be the subalgebra generated by everything except x5 and B’ < B(V*) be the
subalgebra generated by everything except w;. Then, viewing Wj, as a module
over B® D° ® B’ — D, we have the following weight decompositions:

Wy = (WO)AI,O D (WO))\O,I S2] (WO)AI,I

= k{w;nv wTUJQ} & ]k{w{nb, winal} D k{w{na%},

Wy = (WI)AI,I D (Wl))\o,o S2] (Wl)Al,O

= k{w", w'ws} ® k{w'b, wi'ar} ® k{wi"ai}.

Lemma 5.2. Uy, Uy, Wy, and Wy are simple modules over D.

Proof. Uy is obviously simple. Consider some proper, nontrivial, submodule U] C
U;. Say U] contains an element kjw; + ko for ki, ko € k. Then, it must also contain
x3 - (kywy + ko) = k1, contradiction. Thus, U; is simple.

Now, consider some proper, nontrivial, submodule W’ C Ws,. Consider some
nonzero element z € W’ of minimal degree; call this minimal degree d. Let z4
be the (nonzero) degree d component of z. The main observation is the following:
xz; -z € W’ for all i € . So, since z has minimal degree, we must have z; - z =

z; - zqg = 0.

e d = 0: Then, 1 € W’, contradiction of W’ being proper.

e d = 1: Then, z4 = kywy + kows for some ki,ks € k. So 929 = k1 =0
and z3 - zg = ko = 0, contradiction.

e d = 2: Then, zg = kiwiws + koay, so x3 - zqg = kywe = 0 and x3 - zg =
kows = 0. Consequently, k; = ko = 0, contradiction.

e d = 3: Then, z4 = k1b+kowiaq, 80 x4y = kowrwe = 0and xz3-y = k1b =0,
contradiction.

o d =4: Then, zg = kywib + kea?, so x4 -y = kob = 0 and x473 -y =
24 - (0th + k1wia1) = kywiwy = 0, contradiction.

e d = 5: Then, y = kywia?, so x4 -y = kw1 b = 0, contradiction.

Thus, there exists no such W', and Wy, is indeed simple as well. g
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In fact, these are the only simples over D. To show this, we will use the induction
functor to induct from simples over subalgebras of D to simples over D itself. For
B a subalgebra of A, the functor Ind% : B-mod — A-mod takes a left B-module M
to the left A-module A ® g M with action given by o’ - (a ® g m) = (a’a) ® g m for
all a,a’ € A and m € M. Every simple module of A can be recovered as a quotient
of Ind(M) for some left B-module M.

Theorem 5.3. irrep D = {Uy, Uy, Wy, W1 }.

Proof. We induct with D°® ¢ D29 := D> ® D° and DZ2° c D. We first consider
the simple modules D°. Since s? = 5,12 = ¢, and h* = 1, s and ¢ must act by 0 or 1
and h must act by a fourth root of unity. In characteristic 2, the only fourth root of
unity is 1, so h must act by 1. Thus, the 1-dimensional modules {\s, s, : ds,0; € I} }
are precisely the simple modules over DY.

We now consider the simple modules over DZ°, They are are quotients of Ind()\) =
D=%®po As,.5,- As PBW bases, since A, 5, is one dimensional,

DZO & po /\5375t ~ )\55)& & po DZO
~ )‘55,& X po DY & %(V)
~ Xs..5 © B(V)
= %(V) . )\55)5“

The largest submodule of Ind() is then €9,,5, B"(V)- As, s,, so the simple mod-
ules of D=0 are isomorphic to B(V)-As, 5,/ (B, B"(V)-Xs,.5,)- Since @, B"(V)
is generated by {z; - A : Vi € I4}, we have that ;- A =0 Vi € I in this quotient.
Thus, the simple modules of D=° are the 1-dimensional modules As, 5, with action
given by

s+ 1 =4, t-1 =0y, h-1=1, z;-1=0, Viely.

Now, we determine the simple modules over D, which we recover as quotients of
Ind(As, 5,) = D®p>oAs, s5,. As before, as PBW bases, since A, 5, is 1-dimensional,
D ®pzo As, 5, =2 B(V*) @ DZ° @pzo As, s,
~B(V*) @ As, s,
=B(V") - As, .-

We have the following commutation relations, using the ones presented in The-
orem

ria; = a;x1, Vi€l Toa1 = a1X2 + Wy,

Tols = QoL r3a; = a;T3 +wy, Vi€ely
401 = (a1 + a2)xg + (wo + w3)h, T409 = aox4 + wsh,

x1b = bxq, Tob = bxo + as,

x3b = bxs + a1 + as, x4b = bxy + wowsh,
r;c=cx;, Vi€ly, T3C = CT3 + AWy,

T4C = CT4 + W3ao, sa; = ai(s+1), Viely,
ta; =a;(s+t+1), Viely, sb="b(s+1),
th=>b(s+t+1), sc = cs,

te=c(t+1).
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This gives us the actions of D= on Ind(As, s,); for example
xy- (a2 - Ns,5,) = a2 (xa- N5, 5,) +ws - (h-As,5,) =ws-As, 5,
We now proceed with casework on the parameters d5 and d;.
Case 1: 05, =0,0; = 0.

Using the relations presented above, we can check that (€, ~; B(V*) - Agyo) is
a submodule of Ind(Ag ), and Up is isomorphic to the quotient. This is trivially
the only simple module induced from (Ag): every proper submodule of Ind(Ag )
is contained in (,,~; B(V*) - Ao,o).

Case 2: 0, =0,0; = 1.

Let (way, w3, ws) be the left ideal of B(V*) generated by wsy, ws, and wy. Then,
N = ((we, ws,ws) - Ap1) is a submodule of Ind(Ag 1), and Uy is isomorphic to the
quotient.

Assume for the sake of contradiction there exists a different proper submodule
N’ C Ind(Ap,1) inducing an irreducible representation of D in the quotient. Since
(N + N")/N C Ind(Ag1)/N and (N + N')/N’ C Ind(Ap1)/N’, we must have
N + N’ =1Ind(Ap,1) to not contradict irreducibility.

Observe that no element of N has a w; in it, and no commutation relation
between non-w; generators “creates” a wi. Thus, we must have wy - Ag1 € N'. In
particular, zgwy - Ag1 = (05 +0¢) - Ao1 = 1+ Ag,1 € N/, contradiction as N’ would
then equal Ind(Ag,1). Thus, U; is the only simple induced from Ag ;.

Case 3: 6, = 1.

Let (w3, wy, az, ¢, a}, weay, bay) be a left ideal of B(V*). Then, we can check that
K = ((w3,wy,as,c,a3, waar,bar) - Ay 5,) is a submodule of Ind(A; g,), and Wy, is
isomorphic to the quotient.

Assume for the sake of contradiction there exists a different K’ C Ind(A1,)
inducing an irreducible representation in the quotient (for a fixed ;). As in Case[2]
K + K’ =1Ind(A15,), so since K contains no terms with a wy in it, wy - Ay 5, € K'.
But then, xows - A1 s, = 1Ay 5, € K', contradiction. Thus, W, is the only simple
induced from A; s, .

Therefore, since all simples are quotients of Ind(As, s,), the only simples over D
are Uy, Uy, Wy, and Wj. d

6. THE REFLECTIVE ALGEBRA OF k WITH RESPECT TO THE DOUBLE

The earlier sections studied the double, its R-matrix, and its irreducible repre-
sentations at ¢ = 1. Now, we consider a parallel construction: the reflective algebra
of k with respect to D(H).

This reflective algebra has the underlying vector space D(H)*. Before presenting
it, we thus need to establish the algebra structure of D(H)*. Observe that D(H)* =
H* ® HP as algebras. D(H)* then has elements f®h for f € H* and h € H with
multiplication structure given by, for h < f € D(H),

(ipan-(F © h),hoa ) = <f®h,A(ﬁ><f>
= (s hay fay) (h by fray)
<f>h(1)>< F) (L ki) (b, fiz))-
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Inductively, starting from the generators of D(H), the only term in A(h) with
group-like h(2 has h(1 = h and the only term in A(f) with group-like fa)
has f(g) = f Thus, fh is the dual of f* > A*. Similarly, we can show that

<MD(H (h® f), h><1f> 07, =07 e 80 hf = fhin D(H)*.

Theorem 6.1. The reflective algebra of k with respect to D(H) is generated by
i, wi, o €y, g, 0,7, hyu, s, t, v with relations (3.1) — (3.23)) and

Tu = ux;, Vi€ ly, v =vx;, VieEly

T;8 = sx;, Vi€ ly, rit =tx;, Vi€ly,

gw; = w;g, Vi€ ly, pw; = w;p, Vi€ Iy,

rw; = w;r, Vi€ ly, Tiw; = Wik, Vi< j €y,
Tip1W; = W1 + gSv, Vi € Iy, T3w; = wix3 + agsv + gut,
Tw; = g+ wix; +gv, Vi € g, Tawy = h + waxy + hu.

The comodule structure is given by
ig)=9®g, dp)=p®p, o(r)=ro®r
d(u)=u®u, dv)=v®uv,
0(s)=1Rs+s®1,
S(t)=10t+te1+s®s,
0(z) =1Qx;+2;,®g, Viels,
0(xg) =1Q@ x4 + 24,

(w1)) =w1 @1 +v@w; + sv@ws + (s + t)v @ ws,
d(we) =we ® 14 v @ ws + sv @ ws,
O(ws) =w3 @1+ v ®ws,
O(wg) =wy @1+ u® wy.

The quantum K-matriz is ), hy ® &, where

e} = g () s ™

(=)

-/ ’ ’ 4 ’ 7 ’
Cf i K mh mG mb nh o ownl o dl el ng my
Soipirreg' PP r" wy @y Py P 2y (23) "W YT 2wy

cmy, dye,ng,ml,d € n €15, k k' €1y}
is the dual basis to
{hi} = {lexQ"Zx?Szgl(zg) wdyezn3xm4glp T

. m) mh_xnf 2ykn2  xd’ *nG M)
fgi/pi’rk’wl w2 w3 zy H(zg)" Pty 22 Wy

cmy, dye,ng,mb,d € nl €15, kK €1y}
Proof. This follows from Definition 2.5] As an example of the multiplication com-

putation, we show why the relation wixz; = 1 + z7w1 + ¢ holds in the reflective
algebra:

HRp () (@1 @ w1) = (0, 1)L, (L, f1) (1, fr)wizs + (wi, 1) (v, 1) (@1, frw)(1, f1)gv

+ (1, 9) (w1, g~ m1) (g, fo) (w1, w1)g
=wir1 +4gv +g.
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Further,

I’LRD(H)(k)(wl ® .271) = <1a 1><g7 1><1afl><1?f1>xlw1
= T1W1.

Thus, since z1w; = wizy in D(H)*, we have zyw; = g + wix; + gv in the
reflective algebra, as desired. The other calculations follow similarly.

Remark that {h;, &}; do indeed form a dual basis of D(H) because {e;, €'}; forms
a dual basis of H. As an example of the comodule computation, we compute the
coaction at x7 :

Srpanmw (@) = > (g g PV, g o frwn) (1 f) fyigion @ Fyr a1

.9,k ,5" k'

+ Z <g7gipjrk><gagi pj rk fg><x17f1w1>fg1pjrkx1 ®fgi’pj'rk'g
i,5,k,i’ 5"k’

= Z fgz‘pjrk X Z fgi’pj’rk’xl + Z fgip]‘,’,kxl ® Z fgi'pj'rk'g

1,5,k i,5" k! 1,5,k i 5" K
=1®xr1+721®g,

where the last line follows as Z” o foipirk = D i o ko Jgirpit i = 1. The other
computations follow analogously. [l
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