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PROBABILISTIC MOTIVATION

Random variable X:

P(X =x1) = p,

P(X = xn) = pn.
(Atomic) probability measure p:
W= Pp1ox; + -+ Pndx,.
Moments of u:

n
my(p) =Y _pixf, k=123,
i=1
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PROBABILISTIC MOTIVATION

Uniform random variable X:

1
PX=x)=p=_,

1
P(X =xn)=pn= o

Uniform probability measure:

1 1 1
=23 6 = g S
k= ’Z:; T n"
Moments of a uniform probability measure:
noxk
my(p) == #7 k=1,2,3,---

n
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PROBABILISTIC MOTIVATION

X, Y random variables are independent if

P(X =a, Y =b)=P(X =a)P(Y = b).

For a random variable X define the cumulants k1 (X), k2(X), -+ as
oo n X
#a(X) = nl-[z"]In (HZ”’””) 1)
) n!

where m,(X) (n =1, 00) are moments m,(u) of the probability measure p of X.
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For a random variable X define the cumulants k1 (X), k2(X), -+ as
oo n X
#a(X) = nl-[z"]In (HZ”’””) 1)
) n!

where m,(X) (n =1, 00) are moments m,(u) of the probability measure p of X.

THEOREM 1 (LINEARITY OF CUMULANTS)

For independent variables X, Y and all positive integers n:

Kn(X + Y) = kn(X) + &n(Y)

Sketch of proof:
X, Y are independent = E[e*X*+Y)] = E[e?X] - E[¢?Y].

} = 1+§: 72"";"!()().

n=1

> kn(X + Y)zZ" > kn(X)z" > kn(Y)z"
exp <Z(,—:)> = exp <Z(n|)> - exp <Z(n')> O

n=1

>,z X"
By Taylor expansion: ]E[eZX] =E |:1 + Z |
n=1 :

n
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EMPIRICAL ROOT DISTRIBUTION

Consider a monic polynomial
P(x)=(x—n)(x—n)-(x—rq),

of degree d, where each root r; is real. Its empirical root distribution is:

1Y 1 1
P ._ —
poo= i ;:1 O, = E‘Sn +"‘+g5rd~
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EMPIRICAL ROOT DISTRIBUTION

Consider a monic polynomial
P(x)=(x—n)(x—n)-(x—rq),

of degree d, where each root r; is real. Its empirical root distribution is:

1
26’: = 6’1 st E(Srd'

An even polynomial is a polynomial on x2 with nonnegative real roots, so any even polynomial
Q(x) can be expressed as

Q) = (6 =)+ (6 = 1) = (x = ) 1) o (x = rg) (x o 1),

where r; > 0. The empirical root distribution of Q is:

d
1
Q_ — Sr + 01
2d ?:1( nt6-r)

and has moments:

r for even k.

0, for odd k,
mk(MQ) = {1 d Lk
d 2wi=1"i>
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ASYMMETRIC ADDITIVE CONVOLUTION

For monic polynomials p(x) and g(x) of degree d,

d d
p(x) = Zxdii(—l)“af, q(x) = Zxdii(—l)“af’,
i=0 i=0

where ag = a0 = 1, [Marcus-Spielman-Srivastava '22] defined the asymmetric additive
convolution (p BY g)(x), as

d
o =S v 3 (YoM g

k=0 i+j=k

d—1\?
(P8 ) i x® = (af + o)t (84 (S ) afal )t 2 o
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ASYMMETRIC ADDITIVE CONVOLUTION

For monic polynomials p(x) and g(x) of degree d,

d d
pi) = Sox@i(—1)a,  a(x) = 3] xI(—1)af
i—0 i=0

where a0 = a0 = 1, [Marcus-Spielman-Srivastava '22] defined the asymmetric additive
convolution (p BY g)(x), as

d
o =S v 3 (YoM g

k=0 i+j=k

d—1\?
(P8 ) i x® = (af + o)t (84 (S ) afal )t 2 o

If p(x) and q(x) both have nonnegative real roots, then (p B q)(x) also has nonnegative real
roots.

(UNDER GUIDANCE OF C. ( J CUMULANTS



POSITIVE REAL-ROOTEDNESS

If p(x) = x4 + a;x9=1 4 ... 4+ a4 has nonnegative real roots r12, el rs, for some ri,...,rg >0,
then
p(x2) = X2 f X292 oy

has (2d) real roots £nr1,...,*£ry.

The empirical root distribution

1 d
Cfﬂzl 5r,+5 r,




POSITIVE REAL-ROOTEDNESS

If p(x) = x4 + a;x9=1 4 ... 4+ a4 has nonnegative real roots r12, el rg, for some ri,...,rg >0,
then
p(x2) = X2 f X292 oy

has (2d) real roots £nr1,...,*£ry.

The empirical root distribution
1
Pi=— (6 [
o ; ot 6-r)

Probabilistic point of view: The polynomial operation (p, q) — p EEg g is “equivalent” to an
operation (P, u9) — upmgq.
This is similar to X, Y independent and (X,Y)— X + Y.

Our goal: define cumulants that “linearize” the asymmetric additive convolution.
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CUMULANTS LINEARIZE ASYMMETRIC ADDITIVE CONVOLUTION

For the monic polynomial p(x) = Z?:o x9=1(=1)/aP, with af = 1, define the asymmetric
cumulants of p(x) by:

2
W2, = 20 [y?]In <1+Z( an')')agy%), forall 6= 1,2,....d. @)
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CUMULANTS LINEARIZE ASYMMETRIC ADDITIVE CONVOLUTION

For any monic polynomials p(x), q(x) of degree d, we have

mo
rop 4l = KB, +wd,, forallk=1,2,...,d.

Thus, the asymmetric cumulants linearize asymmetric additive convolution.

Examples:

d—1\°
Recall:  (pH8Y q)(x) := x4 — (a‘f + a:‘f)xd*l + (3‘2’ + (7) afaj + ag>xd72 -

d

For k =1: o ; o ;
a a plge _ 31 + 3 :
M=o Mo M= om —rh

For k = 2:
WO S C O PR NN G
7 4d2(1—d)?2  8d*’ 47 ad2(1—d)?  8d*’
2
aP 4+ (ﬂ) aPad + a9
pBYg _ 2\ 4 ) T (@b +a)?

_ P q
=Ky + K-

a0 4d2(1 — d)>2 8d*
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ASYMMETRIC CUMULANTS AND MOMENTS

We want formulas between asymmetric cumulants and moments:

my
i

mg 2d —1 2
8d(d—172 ' 8Pd_12™>

Ko =

Kg = —

and
my = —2dko,
mg = —8d(d — 1)%k4 — 4d(2d — 1)k3,
me = —16d(d — 1)?(d — 2)%ke + 16d(d — 1)2(7d — 6)kar2 — 8d(2d — 1)%k3.
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ASYMMETRIC CUMULANTS AND MOMENTS

(i) For all k € Z>,:
1 (=D (#(r) — 1)
Fok = e > (22d)HO JUBI 1) me - > :
(Zk B 1)' a oePeven(2k) Beo T >0 HDGT"( d) \D\
(ii) For all k € Z>1:
22k—1
moy = m Z H (18] = 1)t ko - Z (_1)#(70(#(7") = 1) H (= d)lDl
ocEePeven(2k) BEo T >0 Der
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THANK YOU FOR ATTENTION!

FIGURE: https://www.britannica.com/science/mushroom

(UNDER GUIDANCE O CUMULANTS 4 16 /16


https://www.britannica.com/science/mushroom

	Background on probability and cumulants
	Asymmetric additive convolution of polynomials
	Main theorems

