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ABSTRACT. For a finite group G, a G-crossed braided fusion category is defined as a G-graded
fusion category equipped with a G-action and a G-braiding. In this work, we investigate G-crossed
braiding structures within exact factorizations of fusion categories, which are analogous to the
Zappa—Szép product in group theory. For a fusion category B faithfully graded by its universal
grading group U(B), we establish that if B = .AeC is an exact factorization, then the subcategories
A and C are U(A)- and U(C)-crossed braided, respectively. We extend these results to G-crossed
commutative fusion rings, where we analyze the U(R)-action in exact factorizations of fusion rings.
Additionally, we introduce the notion of the generalized semidirect product of fusion categories
and rings and show its relationship to the bicrossed product, an equivalent formulation of exact
factorization. We further establish that an exact factorization B = A e C is braided if and only
if B~ AKXC, and we provide a complete characterization of conditions under which bicrossed
products of categories and rings are commutative or braided. Finally, for a general group G, we
present criteria for exact factorization and examine the implications of fusion subcategories of G-

crossed braided fusion categories.

1. INTRODUCTION

A fusion category [11], §4.1] is a specific type of monoidal category, equipped with a tensor prod-
uct that satisfies associativity and unitality axioms. More precisely, fusion categories are finite
semisimple tensor categories where the set of simple objects is finite. The fusion rules, which
describe how objects combine under the tensor product, are central to the study of anyonic sys-
tems and topologically ordered phases, particularly in two spatial dimensions [I8]. These algebraic
structures encapsulate the fusion properties of anyons, quasiparticles with nontrivial braiding sta-
tistics [I5]. The fusion rules play a critical role in understanding the non-abelian statistics that
emerge in certain topological quantum field theories, which are essential for fault-tolerant quantum

computation [I7].

G-crossed braided categories [11 §8.24] have become significant mathematical structures for
describing symmetry-enriched invariants in low-dimensional quantum field theories. Specifically,
G-crossed braided categories emerge from global symmetries in (1 + 1)-dimensional chiral confor-
mal field theory [20], in (2 4 1)-dimensional topological phases of matter [3], and as invariants of
three-dimensional homotopy quantum field theories [30]. Moreover, G-crossed braided categories
generalize the notion of fusion categories by incorporating a G-grading and G-action that encodes
global symmetries, making them powerful tools for analyzing symmetry-enriched topological (SET)

phases [7].



Symmetry-enriched topological phases are phases of matter where global symmetries enrich the
topological order by introducing defects or domain walls that carry nontrivial braiding statistics
[8]. These G-crossed braided categories describe not only the anyonic content but also the interplay
between topological order and symmetry. This interplay is crucial for understanding symmetry-
protected topological (SPT) phases [26] and symmetry-enriched topological orders, which have ap-
plications in quantum information theory, particularly in the design of topological quantum codes
[6]. Furthermore, in the context of tensor networks, fusion categories and their G-crossed counter-
parts are employed in the construction of matrix product states (MPS) and projected entangled
pair states (PEPS), which are used to efficiently represent quantum states in many-body quantum
systems [27]. These tensor networks provide a powerful framework for numerically studying the
ground states of strongly correlated systems, where topological order and symmetry enrichment
play a central role [2§].

In the study of topological quantum field theories (TQFTs) and related quantum systems, it is
crucial to create new examples of objects from existing ones or to comprehend how complex objects
can be broken down into simpler components. For example, fusion categories are fully dualizable in
the 3-category of tensor categories, which leads to a “ground-up” construction of the Turaev-Viro
fully extended 3-dimensional TQFT [16]. Following the idea of exact factorization for groups, we
can extend to analogous notions for Hopf algebras [24] and subsequently fusion categories [13];
given two fusion subcategories A,C C B of B, we say that B = A - C is an exact factorization if
ANC = Vec and FPdim(B) = FPdim(A)FPdim(C). Recently, in [21], the notion of a bicrossed
product, <, has been formulated and shown to be equivalent to the exact factorization in the
context of fusion rings, which are fusion categories without the associativity coherence data.

This paper focuses on exact factorizations of G-crossed braided fusion categories. We begin
with the case where G is the universal grading group of a fusion category B, denoted U(B), as
it encapsulates the most general grading structure for B, and any other G-grading arises from a
surjective group homomorphism 7 : U(B) — G. Several natural questions arise in this context.

Question 1. If B = Ae( is an exact factorization and B is a U(B)-crossed braided fusion category,
what can be inferred about A and C?

Our approach is to show that the U(B)-crossed action restricts to A and C by considering the
bicrossed product and lifting our problem to the level of fusion rings, thereby turning isomorphisms
in the categories into equalities in the corresponding ring. We prove in Theorem that if B = AeC
is an exact factorization of fusion categories and B is U(B)-crossed braided, then A is U(.A)-crossed
braided and C is U(C)-crossed braided. Furthermore, we prove some related propositions concerning
the universal grading.

Question 2. Is there a notion of a G-crossed braided fusion ring? What are the implications of
Question [T} in the context of fusion rings?

We first define a G-crossed ring in Definition In Theorem [4.4] , we show that if R = A e C is
an exact factorization of the fusion ring (R, B(R)) into a product of fusion subrings (A, B(A)) and

(C,B(C)) and R is U(R)-crossed braided, then A is U(A)-crossed braided and C is U(C)-crossed
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braided. Furthermore, motivated by the multiplicative structure within the bicrossed product, we
establish results concerning the U(R)-action in the bicrossed product R = A 1 C. These results
yield insight into the restriction of the U(R)-action and also provide an alternative proof of the
preceding statement.

Question 3. If B = Ae( is an exact factorization and B is G-crossed braided, what can be inferred
about A and C?

By setting H = {g € G,B4N A # 0} and K = {g € G,B, NC # 0}, we prove in Proposition
that G = HK is a factorization, and in Corollary that an exact factorization of the trivial
components of the gradings, B, = A. e C., implies that G = HK is an exact factorization, i.e, A is
H-crossed braided and C is K-crossed braided.

Question 4. What are the implications of a G-crossed braided structure when considering other
factorization structures, such as the semidirect product, Deligne tensor product, and fiber product,
instead of an exact factorization? Can we build new relationships between these structures and
exact factorization?

In Definition we introduce a new factorization structure, the generalized semidirect product
of two categories. For the standard semidirect product, known as the crossed product, we prove in
Proposition that C x G is G-crossed braided if and only if C is braided and p, is isomorphic to
ide for all g € G. For the Deligne product, we prove in Proposition that if B = AKXC, where A
is H-crossed braided and C is K-crossed braided, then B is H x K-crossed braided. For the fiber
product, we prove in Proposition that if A and C are G-crossed braided fusion categories, then
the fiber product A Xq C is G-crossed braided.

Question 5. What are the implications of exact factorization in general braided fusion categories

and their analog in rings, commutative rings?

In Proposition [8.1), we prove that A< C is a commutative ring if and only if A and C are
commutative rings, and the actions < and > are trivial. In Proposition [8.2] we prove that if
B = Ae(C is an exact factorization of fusion categories, B is braided if and only if A and C are
braided and B =2 AKX C. In Proposition [8:3] we provide an if and only if criterion regarding when
the bicrossed product A i C is braided.

This paper is organized as follows. A brief introduction to G-crossed braiding, fusion categories,
fusion rings, and exact factorizations is given in Section [2| In Section [3| we prove our main result
regarding exact factorization in fusion categories when taking the universal grading. In Section
we define a G-crossed fusion ring and look at exact factorization with the universal grading.
In Section [5] we prove our main results and build several intermediary propositions in the general
G-crossed braided case. In Section [0, we define the generalized semidirect product. In Section[7] we
study our problem in related factorization structures. In Section [8] we study the general braiding.

2. PRELIMINARIES

We work over an algebraically closed field k of characteristic zero.



2.1. Monoidal and fusion categories. In this subsection we recall some basic definitions and
fix notation, see [11] for more details.

Monoidal categories [11], §2.1] are categories where the primary elements consist of a bifunctor
® : C x C — C, a natural isomorphism ayyz : (X ®Y)® Z = X @ (Y ® Z) for all objects
X,Y,Z € C, an identity object 1 € C, and natural isomorphisms Ix : 1® X = X and rx :
X ®1 = X for all objects X € C. These elements satisfy associativity and unitality axioms, given
by (aw xy®idz)oawex,y,z = aw x,yezoaw xeyv,z0(idw®ax y,z) and ryoidy = (idx®ly)oax 1,y.
For conciseness, we denote (C,®,1) as C.

Example 2.1. [I1, Example 2.3.3] The category k-Vec of all k-vector spaces is a monoidal category,
where ® = ®y, 1 = k, and the morphisms a, ¢, [, r are the obvious ones. The same is true about
the category of finite dimensional vector spaces over k, denoted by k-vec.

A monoidal functor [I1l, §2.4] between monoidal categories (C,®,1,a,l,7) and (C1,®1, 11, a1,
l1,71) is a functor F : C — C; equipped with a natural isomorphism Fyy : F(X)®; F(Y) = F(X®
Y) for all objects X,Y € C, and an isomorphism Fy : 1; — F(1), such that the following conditions
hold for all objects X,Y,Z € C: F(X ®Y)o F(Z) = (F(X) ®1 idpy) o a1(F(X), F(Y), F(Z)) o
FX®Y®Z), F(lx)oly = F(lx) o (Fop ®1 idp(x)) © ar'(F(1),F(X),F(X)), and F(rx)or =
F(X®1)o (idpx) ®1 F1) 0 ay {(F(X),F(1), F(X)).

Let C be a k-linear, abelian, rigid (equipped with left and right duals), monoidal category. C is
a multitensor category over k if the bifunctor ® : C x C — C is bilinear with respect to morphisms.
We consider C to be indecomposable if it is not equivalent to a direct sum of nonzero multitensor
categories. If End¢(1) =k, then we call C a tensor category [11], §4.1].

A multifusion category [12] is defined as a finite semisimple multitensor category. A fusion
category [11), §4.1] is a multifusion category which is a finite semisimple tensor category. Given a
fusion category C, we denote by Irr(C) the set of isomorphism classes of simple objects of C. We
can decompose the product of two objects C,C’" € C as

Col~ @ N,
Crelre(C)

where Ng,’,cl = dimy Hom¢ (C”,C & C”).

Example 2.2. Let G be a group. The category Repy(G) of all representations of G over k is a
monoidal category, with ® being the tensor product of representations: if for a representation V'
one denotes by py the corresponding map G — GL(V), then

pvew(9) = pv(9) ® pw(g).

The unit object in this category is the trivial representation 1 = k. Note that in general, Rep(G)
is a fusion category if char(k) = 0, or char(k) is coprime to |G|. More generally, let H be a
semisimple Hopf algebra over k. The category Rep(H) of finite-dimensional representations of H

has the structure of a fusion category [I, Definition 1.8].

Example 2.3. The category Vecg consisting of finite-dimensional vector spaces graded by a finite

group G is a fusion category. The simple objects in this category are {ky}sec, where each k,
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is a one-dimensional vector space graded by g € G. The tensor product in Vecq is defined as

kg @ ky, = kgp, and the associativity morphisms are identities.

Example 2.4. [12| §2] Let G be a group, A an abelian group with trivial G-action, and w a
3-cocycle of G with values in A. This means w : G x G X G — A satisfies the equation:

w(g192, 93, 9a)w (g1, 92, 9394) = w(g1, 92, 93)w (91, 9293, 9a)w (92, 93, 94)

for all g1, g2, 93,94 € G. The category Vecg: consists of G-graded finite-dimensional k-vector spaces,
where the associativity is defined by the 3-cocycle w. If G is a finite group, then Vec{ is a fusion
category.

The natural tensor product operation on finite abelian categories is known as the Deligne tensor
product. The Deligne tensor product C X D [I1], §4.6] refers to an abelian k-linear category that
serves as a universal construction for the functor mapping every k-linear abelian category A to
the category of right exact bilinear bifunctors C x D — A. Specifically, there exists a bifunctor
X :C x D — CKX D, which is right exact in both variables, such that for any right exact bilinear
bifunctor F' : C x D — A, there exists a unique right exact functor F : C XD — A satisfying
FoX=F.

In a fusion category C, for an object X, its Frobenius-Perron dimension FPdim(X) is defined in
[11 Proposition 3.3.4]. The Frobenius-Perron dimension FPdim(C) of C is defined by:

FPdim(C) = Y (FPdim(X))>.
Xelrr(C)

A monoidal category C = (C,®,1,a,l,7) is braided [11}, §8.1] if it is equipped with a natural
isomorphism cxy : X ® Y = Y ® X for X,Y € C (braiding), such that the following hexagon
axioms hold for each X,Y, Z € C: CX@Y,7 = Az,X,Y © (CX,Z X idy) o a;(lzy o (idX X® CY,Z) ocax\y,z

1 . . -1
and CX,Y®Z = Oy 7 x © (ldy & CX,Z) 0ay,x,z°Cx,y © idz o axy 7

Example 2.5. The category sVec of super-vector spaces is based on the fusion category Vecz oz
with a braiding given by

o (L) (Woe Vo WoVi) | (Vo@Wo VieW
VIV ) e, wew VoW, View;)’

In this context, cyw(w @ v) = (—1)8"@) e @y @ w, where gr(w) and gr(v) denote the parity of w
and v in the super-vector space.

2.2. Fusion rings. A fusion ring [11, §3.1] is a pair (R, B(R)), where R is a ring with a fixed
Z-basis B(R) = {bo, ..., bn}, such that:

(i) The structure coefficients of the multiplication are non-negative integers, that is, b;b; =

Y o NZ-’fjbk for some NZ.’fj e N,

(ii) bo =1 is the unit of the ring,



(iii) there is an involution x : {0,1,...,n} — {0,1,...,n} such that the structure coefficients
satisfy
Vo _J1 =it

hj = .
’ 0 otherwise,

(iv) the involution * in I,, induces an involution * : R — R, given by z = >, a;z; = 2" =
Y ic 1, @i}, such that x is an anti-automorphism of rings.

Let (R, B(R)) be a fusion ring with basis B(R) = {bo,...,b,}. For i,j5,k € I,, we denote by
bisbi ._ a7k
ka .o Ni,j-

The Grothendieck ring [11], §4.5] of a fusion category C, denoted Ky(C), is a fusion ring with a
basis given by the equivalence classes of simple objects. This ring is the free Z-module generated
by Irr(C), with multiplication defined by the tensor product:

CeC = NEoC",
C"elIrr(C)

for C,C" € Irr(C). The involution is determined by the duality of the category.

2.3. Graded fusion categories. Let C be a fusion category and G a finite group. A G-grading
[11] §4.1] on C is a decomposition of C into a direct sum of full abelian subcategories

c=e,,

geG

such that C; = Cy-1 and the tensor product ® : C x C — C maps Cy X C to Cgp. A G-grading
on C is equivalently characterized by a function A : Irr(C) — G such that A(X*) = A(X)~! and
AMZ) = MX)A(Y) for all X,Y,Z € Irr(C). When Cy # 0 for all g € G, the grading is said to be
faithful.

Example 2.6. A G-graded vector space over a field k, for a finite group G, is naturally a graded
fusion category. It consists of a direct sum of vector spaces V = P e Vg4, where each component Vj
is finite-dimensional and over k. This category is semisimple, meaning every object can be decom-
posed into simple objects, and it admits a tensor product defined by (VW) =, ;,—n Vo1 @Wo,,
respecting the G-grading. The unit object is kg = @gec ky with ky = k and k; = 0 for g # 1.
The grading is faithful if each C, is nonzero, ensuring FPdim(C) = |G| - FPdim(Cy ).

The adjoint subcategory Caq [11] is the tensor subcategory generated by the elements X ® X* for
X € C. For any fusion category C, there exists a universal grading by a group U(C) with several key
properties: it is faithful; the trivial component forms the full fusion subcategory spanned by objects
of the form X ® X*; every full fusion subcategory D C C that contains the adjoint category C,q is of
the form D = @, ;; Cj, for some subgroup H C U(C); and the group of monoidal automorphisms of
the identity functor is canonically isomorphic to Hom(U(C),k*). We denote U(C) as the universal
grading group of C.

Proposition 2.7 ([14] Corollary 3.7). Any other faithful grading of C by a group G is determined
by a surjective group homomorphism 7 : U(C) — G.



Corollary 2.8. [23] §2] Suppose D is a fusion subcategory of C. Then D is faithfully graded by the
subgroup Up(C) ={g € U(C) | DNCy # 0} CU(C). By the universal property of U(D), there is a
surjective group homomorphism ¢p : U(D) — Up(C).

Example 2.9. Consider Vecg, the category of finite-dimensional vector spaces graded by a finite
group G. In this case, the universal grading group U(Vecg) = G.

Note that these notions on fusion categories can be readily generalized to fusion rings. Let
(R, B(R)) be a fusion ring and G a group. We say that R is graded by G if R can be decomposed as
a graded ring [11], §3.6], that is, R = @ gec Bg, where Ry are Z-submodules such that RgRy C Ry,
and there is a partition B(R) = | |, B(R),. Additionally, we require R} = R -1 and that Ry is
the Z-submodule generated by B(R),. This G-grading is called faithful if R, # 0 for all g € G.
A G-grading on R induces a map deg : B(R) — G, given by b — |b|, such that if xy has z in its
B(R)-decomposition, then |z| = |z||y|. Every fusion ring R is faithfully graded by the universal
grading group U(R) [14, Theorem 3.5].

2.4. G-crossed braided fusion categories. Let GG be a finite group and C be a fusion category.
We say that there is a categorical left action by tensor autoequivalences of G on C when, for every
g € G, there exists a tensor functor L, : C — C (resp. R, : C — C) whose action on an object X and
a morphism f is given by Ly(X) = g> X, Rg(X) = X<g, Ly(f) = g>f, and Ry(f) = f<g. We denote
g>Y as g(Y) for simplicity. Additionally, there are natural isomorphisms Lf],h :g<(h<—) = gh<—
(resp. Rf],h i (—<g)<ah — —<gh) and Lo : id¢ — e<— (resp. Ry : id¢ — — <e), such that the
diagrams given in [23] §2.7] commute.

A G-crossed braided fusion category [11], §8.24] is a fusion category C equipped with an action of

G on C, a (not necessarily faithful) grading C = @ . Cy, and isomorphisms

geG

(1) exy : XY Sg(Y)@ X forge G, X €Cy, and Y €C.
called the G-braiding isomorphisms. These structures must satisfy the following conditions:

(1) 9(Ch) C Cypg— for all g,h € G.

(2) The isomorphisms cy y are functorial in X and Y.

(3) The isomorphisms cx y are compatible with the G-action, i.e., g(cxy) = cg(x)4(v) for all
g€ G.

(4) The following diagrams commute for all g,h € G, X € Cy, and Y € Cp:

XoyYez X4 aYeZ)eX
lexy ®idz Lidgyy®ex z
Y)®
Mexez 27 (vygy2) e X
XeoYez =244 gh(Z)© X @Y
N\ idx ®cy, 7 N idgp(z)®idx ®idy

X@h(Z)®Y



2.5. Exact factorization of fusion categories. In this subsection, we will introduce the defini-
tion of exact factorization of groups and fusion categories and some of their properties. See [13] for
more details.

An ezact factorization of a group ¥ is defined in [5] as a pair (F,G) of subgroups such that
Y. = FG and F NG = {e}, where e is the identity element of 3. This implies that the restriction
of the multiplication map - : F x G — X is a bijection. In notation, we denote this situation as
¥ = F - G. An exact factorization of a group is also known as a Zappa—Szép product.

Exact factorizations can be described in terms of the notion of a matched pair. A matched pair
of groups is a collection (F,G, «,») where F' and G are groups, « and » are left and right actions
of G on F' and F on G, respectively, such that:

(gt) « f=(ga(tw» )t «f),g» (fI)=(9» f)((g «f)»]),

for all g,t € G and f,l € F. Then F x G := F x G with the multiplication (f,g)(l,t) = (f(g »
1), (g 4 l)t), where g,t € G and f,l € F, is a group which is an exact factorization. Moreover, any
exact factorization of F' and G is of this form.

Let B be a fusion category with fusion subcategories A and C. We say that B is an ezact
factorization of fusion categories A and C [13|, Theorem 3.8] if any of the following equivalent
conditions are met: B is the full abelian subcategory spanned by direct summands of X ® Y, where
XeAandY €C, and ANC = Vec; or ANC = Vec and FPdim(B) = FPdim(A) - FPdim(C);
or every simple object of B can be uniquely expressed as A ® C' with A € Irr(A) and C € Irr(C).
In this case, we denote B as A e C. For a fusion ring (R, B(R)), and fusion subrings (A, B(A)),
(C,B(C)), we say R = A e C is an exact factorization of fusion rings [21, Definition 2.7] if every
element b € B(R) can be uniquely expressed as b = ac, where a € B(A) and ¢ € B(C).

Proposition 2.10 ([2I] Proposition 3.24). Let B = A e C be an exact factorization of fusion

~Y

categories. Then, the universal grading groups satisfy U(B) = U(A) e U(C).
Remark 2.11. We identify a € U(A) with (a,e) € U(A) x U(C) = U(B).

Proposition 2.12 ([2I] Proposition 3.22). If R = A e C is an exact factorization of fusion rings,
then there is an exact factorization of groups U(R) = U(A) e U(C).

2.6. Matched pairs and Bicrossed product. Exact factorizations of fusion rings can be de-
scribed in terms of the notion of matched pair. Note that analogous notions have been developed
for fusion categories, see [21l Section 4]. A matched pair of fusion rings A and C with faithful
gradings

A=A B(A) = | | B(A, C=) G, B(C) = || B(O),

heH heH keK keK
for groups H and K, is a collection (A,C, H, K, », 4,>,<) where

e (H,K,», <) is a matched pair of groups between H and K,



e >: K xA— Aand<: Cx H— Care Z-linear left and right actions, respectively, such that
k> B(A)h = B(A)k>ha B(C)k <h = B(C)k<h, and

kv (ad') = (k> a)((k «|a])>d), a,a’ € B(A),
(ed)<ah = (ca (|| » h))( <h), c,c € B(Q),
k>l=1=14h ke K,h € H,

see |21}, Definition 3.10]. Moreover, any exact factorization of A and C is like this.

Given a matched pair of fusion rings (A, C,H, K, », «,>,<), we define the bicrossed product of A
and C, denoted as A 1 C, as the following Z-ring:

(i) A C=A®gzC as a Z-module, and the elements are denoted as a ¢ :=a ® c for a € A
and c € C.
(ii) The fixed Z-basis is B(Ax1 C) = {a>c:a € B(A),c € B(C)}.
(iii) The multiplication is given by

(axc)(a’ ) =a(le|>a’) = (c<ld])d,

for all a,a’ € B(A), ¢, € B(C) and extended Z-linearly.
(iv) The involution * : Apx C — A< C is given by

(aae)* = e/ pa*actalal™?,
for all a € B(A), ¢ € B(C) and extended Z-linearly.

Theorem 2.13 ([2I] Theorem 3.14). Let R = Ao C be an ezxact factorization of fusion rings. Then
there exists a matched pair of fusion rings between A and C such that R = A C.

More precisely, an exact factorization R = A - C give rise to a matched pair of fusion rings
(A,C,H,K,», «4,>,<), where ca = (|c|>a)(c<]al), with ¢ € B(C),a € B(A), such that R ~ A C,
see [21, Theorem 3.14, Corollary 3.20].

3. EXACT FACTORIZATION IN THE UNIVERSAL GRADING CASE

In this section, we establish some foundational results concerning exact factorizations of G-
crossed braided fusion categories, where G is the universal grading group. One of our main results
is the following: if B is U(B)-crossed braided, then both A and C inherit U(A)-crossed and U(C)-

crossed braided structures, respectively.

Lemma 3.1. If A is a fusion subcategory of B, then U(A) = Ua(B) ={g e U(B) | ANBy # 0} <
U(B).

Proof. By [23], §2], A s faithfully graded by the subgroup U4(B) = {g € U(B) | ANB, # 0} C U(B).
Note that U4(B) is a subgroup of U(B) by Proposition By the universal property of U(A),
there is a surjective group homomorphism ¢4 : U(A) — U4 (B). By [21, Proposition 3.22], ¢ 4 is

an isomorphism, and hence U(.A) is isomorphic to U(B), a subgroup of U(B). O
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Remark 3.2. Note that U(B) organizes the fusion category B into direct summands indexed by
elements of U(B). Therefore, any full fusion subcategory A C B containing the adjoint subcategory
Baa can be expressed as A = @,y Br, where H C U(B) is a subgroup by [9, Proposition 2.3].
Furthermore, the group of monoidal automorphisms of the identity functor of B is canonically
isomorphic to Hom (U (B), k), where k is the base field.

Corollary 3.3 ([9] Corollary 2.5). There is a one-to-one correspondence between fusion subcate-
gories A C B containing Bqq and subgroups G C U(B), namely A — G 4 := {g € U(B) | ANB, # 0}
and G — A = @D, By-

Theorem 3.4. Let B = AeC be an exact factorization of fusion categories. If B is U(B)-crossed
braided, then A is U(A)-crossed braided and C is U(C)-crossed braided.

Proof. Since B is U(B)-crossed braided, there is a U(B)-action T : U(B) — Autg(B) such that
Ty(By) C Byyp-1 for b,b' € U(B). By Lemma U(A) is isomorphic to a subgroup of U(B),
and from [21) Proposition 3.24] we have that U(B) ~ U(A) - U(C); hence, T' can be restricted to
U(A). Consider the restriction T'|¢;(4) : U(A) — Autg(B). Take a € U(A). For a simple B in By,
using Equation , we have the isomorphism B® A = T,(A) ® B. By [13, Theorem 3.8], we write
B~ A ®C’', where A’ is a simple object in A and C” is a simple object in C. Then, |B| = |A4’|-|C’|,
and it follows that |A’| = a and |C'| = e, where e is the identity element of U(C). Since T,(A) is a
simple in B,, and tensor autoequivalences send simples to simples, we have T,(A) = A®C, where A
is a simple object in A and C is a simple object in C, with |A| = a|A|a~" and |C| = e by definition.
Recall that our main equations are B® A = T,(A) @ B, B= A’ @ C’, and T,(A) = A® C.

In the fusion ring, by [21} Definition 3.12] and considering a “delifting” that is the converse of the
lifting described in [21) Definition 4.4], i.e., a categorification of fusion rings, these isomorphisms
translate to the equations:

BA=T,(A)(B), B=A(C', and T,(A)=AxC
— (A0 (Ax1) = (AxC) (A xa )
— A0 >A)x (C'<|A]) = (A= C)(A < C)
—  AAxC <|A] = AA = (C <|A)(C), VA simple in A,, €’ simple in Ce.
Let C’ = 1, the unit in C, in the above equality, which gives /A1 = AA > C < |A’|. Acting
from the right with |A’|~! gives
(2) AApal=AA > C

In terms of the basis elements A; of Ko(A), we get A’/A = Y7 (N, ,A;. Similarly, AA" =
Yoo Nii A’Ai' Substituting the basis decompositions yields

n n n n
i=0 -0 =0 “—o ’
Let’s work in A < C, with elements a X ¢ := a ® ¢, with Z-basis B(A<C) = {a>=c:a €

B(A),c € B(C)}, where 1 = by € B(C). For the sake of contradiction, assume C' # 1. Then, since
10



C is a simple object in the category C, it is an element of the basis B(C) = {c,c1,... ,¢j}. By
definition, ¢y = 1, so assume C = ¢, for some k € {1,2,...,j}. Then,

n n n n
ZNA/,AAiMl = ZN,%,A’AiNCk — ZNA/7AA1'[><11—ZNI%7A,AZ'NC]€ = 0.
i=0 i=0 i=0 i=0

Since {A; > ¢;}10" j—o forms a basis of A< C, the terms in the sum are basis elements and hence

linearly independent. Therefore, N, 4 = 0and Nii =0fori=0,1,...,n. However, this implies

7Al ~
A’A = AA’ = 0, which is false. Hence, we must have C' = 1.

Since the action T restricts to U(A) and U(C), the grading structure is preserved within both
U(A) and U(C). This follows from the fact that T" acts as a tensor functor on the larger category
B, and thus its restriction to the subcategories U(A) and U(C) naturally maintains the grading.
By similar reasoning, since the conditions for the action 7" hold in the larger category B, they also

hold in the subcategory C, as it resides within B.

We need to show that the braiding restricts to A and C in a G-crossed braided fusion category.
First, note for any g, h € G, the conditions Ty (Cp) C Cypg-
be compatible with the G-action, satisfying Ty(cx,y) = T, (x),1,(v) for any g € G hold because T is
closed. Second, we analyze the G-braiding isomorphisms cxy : X®Y — T,(Y)®X for X € C, and
Y € C. These isomorphisms are functorial in X and Y, meaning the naturality condition holds for
morphisms f: X — X" inCyand h: Y — Y’ in C. Since U(A) and U(C)are subcategories of U(B)

where the G-braiding already satisfies this condition, it naturally extends to these subcategories.

1 and the G-braiding isomorphisms must

Consider a restriction of the crossed braiding diagrams to the A subcategory. For the hexagon

equation:
(XoY)Z Xz X® (Y ®2) x®evz X @ (TAMh)(Z) 2 Y)
CX,Y@lzl laX,T-A(h)(Z),Y
(TAY)2X)® Z (X@TAMh)(Z2) oY
O‘TA(Q)(Y%X,Z\L llx®aTA(h)(Z),X,Y

ITA<g><Y>®CXvZTA T A(g) (), TA(9)(2), X

T4(g)(Y) @ (X ® Z) @) @ (T4(9)(2) ® X) (T4 (V) @ T(9)(2)) ® X

For the compatibility condition:

TA(g)(TAR)(X)) 290, 7A(gh)(x0)

Cg,TA(hxX)l lcgh,x

TA(g)(X) @1, 252 1, @ TAMR) (X)

These diagrams demonstrate that the U(A)-crossed braided structure on A fulfills the necessary
conditions inherited from the U(B)-crossed braided structure on B. Similar diagrams can be drawn

to show that the same conditions hold for C. O
11



4. G-CROSSED FUSION RINGS

We generalize the definition for G-crossed braided fusion categories to fusion rings. Then, we
impose an exact factorization on such a fusion ring to realize its implications. We prove that if
R = A e Cis an exact factorization, and R is a U(R)-crossed fusion ring, then A is a U(A)-crossed
fusion ring and C is a U(C)-crossed fusion ring. Furthermore, we study the restriction of the
U(R)-action to fusion subrings A and C in the bicrossed product R = A xx C.

Definition 4.1. A G-crossed commutative fusion ring R is a fusion ring equipped with:

(i) A grading R = @gEG Ry,
(ii) An action p : G — Aut(R) of G on R, such that p, : R — R is an automorphism of fusion
rings for each g € G,
(iii) pg(Rn) € Rypg-1 for all g,h € G,
(iv) zy = pg(y)z, for x € Ry, g € G, and y € R.

Remark 4.2. The commutative diagrams that define a braiding in the definition of a G-crossed
braided fusion category are redundant under this definition of a G-crossed fusion ring.

Example 4.3. If C is a G-crossed braided fusion category, then Ky(C) is a G-crossed commutative

fusion ring.

Theorem 4.4. Let R = AC be an ezact factorization of the fusion ring (R,B(R)) into a product of
fusion subrings (A,B(A)) and (C,B(C)). If R is U(R)-crossed commutative, then A is U(A)-crossed
commutative and C is U(C)-crossed commutative.

Proof. Let p : U(R) — Aut(R) be the action of U(R) on R. We want to show that p|i;a)(A) € A
and ply@e)(B) € B. By Definition we have that ba = pp(a)b, for all h € U(A), a € B(A)
and b € B(R),. Since R is an exact factorization and b € B(R), then b = d/¢’ and pp(a) = o’ ¢’, for

uniques a’ € B(A)y, a” € B(A)jqp-1 and ¢, " € B(C)e. By 21}, Corollary 3.20], we have that
d'a(cd <lal) =ba = ppla)b=a"d (" <|d|).

Choosing ¢’ = 1, we obtain a'a = a"a’(c" < |d'|), for ' € B(A)s, a” € B(A)pjqp-1, ¢ € B(C)e, and
for all a € B(A), h € U(A). Let B(A) = {aog,a1,...,am}. Then

n n
> Niwgai(c” <ld')) = Ny ,ai.
=1 1=0

Since the basis of R is the product of the basis of A and the basis of C, then ¢’ <|a’| =1 and ¢’ = 1.
Therefore, pp, € Aut(A), for all h € U(A). Similarly, pr, € Aut(C), for all k£ € U(C). Then it follows
that A is U(A)-crossed braided and C is U(C)-crossed braided. O

4.1. Image of the Action. Let G = U(R), and suppose R is a U(R)-crossed commutative ring such
that R = A < C is an exact factorization of fusion rings. Recall multiplication in R = A b C is given
by (a>c)(a’ > ') = a(|c[>a’) > (c<la’|)¢ by [21} Definition 3.12] and (a > ¢)(a’ > ¢) = pjq)i¢(a’ <
)(a < ¢) by Definition Hence, we are interested in finding what pjq¢/(a’ > ¢')(a < ¢)

12



looks like - in particular, when it provides a restriction on A or C. To study the restriction, we
consider four cases: (i.) a=1,¢ =1, (ii.) d’ =1,c=1, (iii.) d’ =1,a=1, (iv.)  =1,¢ = 1.

Let’s begin with (i), a = 1, = 1. Let pj(a’ > 1) = (y(d', c) > p(d’, c)), where y(a’,c) € B(A)
and u(a’,c) € B(C). Then, note

pii(al 5 1) (16 €) = (|| > a) o<t (c [
(100’ ¢) 3 (e €)) (1 3 ¢) = (Jel &'} b3 (¢.]a])

v(d,¢) pap(d, c)e = (|c| > ') > (e <la’])

Since these are basis elements and form an exact factorization,y(a’,c) = |¢|>d’ and pu(d’,c)ec =

c<la’|. This implies pj ) (a’ > 1) = (|c|>a’) > p(a’, ¢) and p(a’, c)(c) = c<|d’].

Proposition 4.5. The action p restricts on U(C) to A, or ply(c)(A) C A, if and only if the right
action < : U(A) x C — C is trivial. That is, pj(a’ > 1) is in A if and only if < is trivial. Moreover,
in this case, pic/(a) = |c[>a, for all |c| € U(C), a € A.

Proof. We will first prove that pj.(a’ > 1) € A implies < is trivial. If pj(a’ > 1) € A, then
plej(a’ > 1) = (¢ > a’) > p(a’,c) € A, where |¢|>a’ € B(A) and p(a’,c¢) € B(C). This implies
u(a',e) =1, and ¢ = c<d’], so < is trivial.

Reciprocally, we will prove that < is trivial implies pj¢(a’ > 1) € A. Recall py(a’ > 1) =
(le| > a’) > p(d’, c), where |c|>a" € B(A), p(a’,c) € B(C). If < is trivial, then u(a’,c)c = ¢. Since
the right hand side, ¢, does not depend on a’, we have p(a’,¢) = u(1,c). Denote this as 3(c). Take
a’ = 1. Then py, (1> 1) must be 1> 1 since p| is an automorphism of fusion rings. Note

ple(1a1) =11 = ([c|>1) > B(c) = 1< B(c).

Since 1 11 and 1 > f(c) both belong to the basis B(A 1 C), we there must have 5(c) = 1 and
plej(a’ 1) = le|>a’ a1, forall c € C, a' € A. O

Case (ii), where, a’ = 1,¢ = 1, is similar to (i), and the proof of the below proposition follows by

analogous reasoning.

Proposition 4.6. The action p restricts on U(A) to C, or plya)(C) € C if and only if the left
action >: U(C) x A — A is trivial. That is, pq(1 > ') is in C if and only if > is trivial. Moreover,
in this case, pjq|(c) = c<lal, for all |a| € U(A), c € C.

Note Case (iii), where @’ = 1,a = 1, and Case (iv), where ¢ = 1, ¢ = 1, follow from Theorem [4.4]

Corollary 4.7. The action p restricts on U(A) to A, or plyay(A) € A. That is, pjg(a’ > 1) is
always in A. Similarly, the action p restricts on U(C) to C, or ply(c)(C) € C. That is, pj (1> ¢’)

18 always in C.
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5. EXACT FACTORIZATION IN THE GENERAL CASE

Let B = A e (C be an exact factorization. Define H = {g € G,B,N A # 0} and K = {g €
G,B,NC # 0}. Through a series of intermediary propositions, we establish that if B, = A, e C.
represents an exact factorization of the trivial components of the gradings, then G = HK is an

exact factorization. Consequently, A must be H-crossed braided and C must be K-crossed braided.

Proposition 5.1. H and K are subgroups of G.

Proof. Note that the identity element e is in H since B, N A = A; closure holds as for h,h' € H,
By NAD (BB )NAD (ByNA)® (B NA) # 0; and inverses exist because if h € H, then
Bj,-1 N A= (Bp)*N.A#0. Similarly, K satisfies these criteria. O

Proposition 5.2. A has a faithful grading A = @, .y An, where A, = B, N A, and C has a
faithful grading C = @y, i Ck, where Cp = By NC.

Proof. Note that by the definition of H, Ay consists of objects in A that also belong to By,. Consider
A =@,y An- Every object X € A can be uniquely expressed as X = @y X where Xj € Ay,
for each h € H. This is because A, = B N A, ensuring that A is decomposed into H-indexed
components Aj. Hence, this forms a direct sum decomposition of A into homogeneous components
indexed by H. Next, we seck to prove the faithfulness of the grading. The direct sum A = @, An
implies that every object X € A belongs to some Ay. Ay are non-zero because By N.A # 0 for each
h € H, ensuring Aj # 0 and thus A = @,y Aj covers all of A. Therefore, A admits a faithful
grading A = @,,c 7 An, where A, = B, N A.

To show that A;, are abelian subcategories of A, consider that B has a faithful G-grading, which
means B = @geG By. Given A C B, it follows that: Ay ® Ay C App and (Ap)* € Ap-1. This
is because By, ® By C Bpy and (Bp)* C Bj,-1 by the properties of the G-grading of B. So A
inherits these properties as intersections with A. The proof is analogous for proving the statement
for C. 0

Proposition 5.3. G = HK is a factorization.

Proof. Since 7 : U(B) — G is a group epimorphism, every element g € G corresponds to an element
g € U(B). By the exact factorization U(B) = U(A)-U(C), every element g € U(B) can be written
as §j = hk where h € U(A) and k € U(C). Note that h corresponds to some h € H because m(h) = h
and h € H by definition (since h € U(A) C U(B)), and k corresponds to some k € K because
7(k) = k and k € K by definition (since k € U(C) € U(B)). Therefore, § = hk corresponds to

g = hk where h = w(h) € H and k = mw(k) € K. This shows that every g € G can indeed be
expressed as g = hk for some h € H and k € K. O

Question 6. Is there an exact factorization of the trivial components of the gradings, B, = A.eC.?

Corollary 5.4. Let w: U(B) — G be the surjective group homomorphism described in Proposition
(2.7 Similarly, let w1 : U(A) — H and 72 : U(C) — K denote the corresponding homomorphisms

for A and C, respectively. Then, B, = A ® C. if and only if |ker w| = | ker mq| - | ker ma|.
14



Proof. Note that FPdim(B.) = FPdim(Baq) - | ker(n)|, where B,q is the adjoint component. Sim-
ilarly, FPdim(A.) = FPdim(A.q) - | ker(m)| and FPdim(C.) = FPdim(C,q) - | ker(ms)|. Since
FPdim(B,q) = FPdim(A,q) - FPdim(Caq), we can write FPdim(B.) = FPdim(A,q) - FPdim(Cagq) -
| ker(m)|. Tt follows that FPdim(B.) = FPdim(Ac) - FPAim(Ce) - a5t ey~ Therefore, to show
that FPdim(B.) = FPdim(A,) - FPdim(C,), it suffices to prove that |ker(7)| = | ker(my)]| - | ker(ms)|,
which implies an exact factorization of the kernels ker(7), ker(m), and ker(msa). O

Corollary 5.5. If B, = A, ¢ C. then G = HK 1is an exact factorization, implying A is H-crossed
braided and C is K-crossed braided.

Proof. 1t suffices to show that H N K = {e}, i.e, | HN K| = 1. Note FPdim B = |G|FPdim B..
Since G is a factorization of H and K, we have |G| = ‘\guflg\“ Thus, FPdim B = “ZM?H FPdim B..
By our previous claim, FPdim B, = FPdim A, - FPdim C.. Therefore,

FPdim B = ||H|O|K|| FPdim A, - FPdim C..

Note that |H| - FPdim A, = FPdim A and |K| - FPdim C, = FPdim C. Thus,

FPdim A - FPdim C
|HNK |

But since FPdim B = FPdim A - FPdim C, it follows that | HN K | = 1. O

FPdim B =

6. GENERALIZED SEMIDIRECT PRODUCT

Let A be a fusion category and G be a finite group. A categorical action by tensor autoequiva-
lences of G on A is a tensor functor p : G — Autg(A). We recall the definition of the semidirect
product category A x GG, where G acts categorically by tensor autoequivalences on A. As an abelian
category A x G is the Deligne tensor product A X Vecq, with tensor product given by

(A#9) ® (A'#g') = A® pg(A)#gg, A,A €C, g,heq,

the unit object is 1#e and the associativity and unit constraints come from those of C. The

semidirect product category is also known as crossed product category, see [11, Definition 4.15.5].

Proposition 6.1. C x G is G-crossed braided if and only if C is braided and py is isomorphic to
ide for all g € G. The action p is given by G 2 Autg(C), and T : G — Aute(C x G).

Proof. We first prove the forward direction. Since C x G is G-crossed braided, then (C x G). =
C ® e 2 C is braided. Now, consider the natural isomorphism p,:
% rRex (r0)Re (2@ p,(1)Ke= (zHg) @ (1Kg™))
S @) Hge (1R Z[(z@p(l) Mg e 1Ry
(tMe)®(1Kg]® (1M ) 2 [L(1Kg)® (¢ Ke)]© (1Kg™)
% (1@ py() Bg) @ (1K g™ = (py(a) Bg) © (1K g ™)
(o) © py(1)) Bl e = (py(a) © 1) Hle = py () He =2 py(a). O
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We now prove the reverse implication. Consider p : G — Autg(C x G) by g — p(g) : C x G —
C x G, with p, given by x K h +— p(g)(x) X ghg~'. We first show that p and g, are tensor functors.

plgh)(z ®1) = p(gh)(z) R ghl(gh) ™" = p(g)(p(h)(z)) R ghlh~ g~
= p(g)(p(h)(x) ®hIh™") = (3(g) - p(h)) (= ®1)
= j(9)((z ® p(h)(y)) R bl) = p(g)(x @ p(h)(y)) B ghlg ™"

(
200280 o(g) () @ plghg™ ) (p(9) (y)) B ghg " glg ™"
(p(9)(x) R ghg™") @ (p(g)(y) K glg™")
=~ 5(g)(x ® h) @ plg)(y R 1) = (3(g) 0 p(h)) (xR 1) O

Note C x G = D, (C x g). Hence, p(g) = id¢ implies C x G is isomorphic to C X Vecg. It can
be seen that Cumgymn 1 (X g) @ (y®h) = (yRghg™) ® (zXg) = (y®@z) K (gh). Also, note that
(xXg)® (yX®h) is equal to (z ® y) X gh and hence

I

Cy id
(2Rg)® (y & h) —2

is a G-crossed braiding. O

(y@x) X gh

The associativity in the semidirect product can be twisted by a 3-cocycle w of G, see [10,
Definition 2.10]. In this case, the category is denoted by Ax“G. We offer an alternative construction
of this category in Proposition the proof is straightforward.

Proposition 6.2. Let G be a finite group acting by tensor autoequivalences on a fusion category
A. Let C be the tensor subcategory of (A x G) X Vecg: generated by the elements

(A#g) X g, Aelr(A),g €.

Then C is tensor equivalent to A x“ G.

The previous proposition give us a way to generalize A x* G, as it suffices to change Vecg to
another faithfully G-graded fusion category.

Definition 6.3. Let A and C be fusion categories and G be a finite group. Assume that G acts
categorically by tensor autoequivalences on A and C has a faithful G-grading. We define the
generalized semidirect product of fusion categories A x C as the fusion subcategory of (A4 x G) X C
generated by the elements

(A#|C|) K C, A e Irr(A),C € Irr(C).

Remark 6.4. Notice that A x C is as an abelian category A X C. Hence, we can denote the simple
objects of A x C by A#C, A € Irr(A), C € Irr(C). The tensor product is then given by

AH#C @ A#C = A@ 4 (|C| — ANH#C @c C'.

Remark 6.5. The semidirect product category A x C does not depend of the choice of grading group
G as we can always choose G = U(C). Indeed, since there exists an epimorphism ¢: U(C) — G

[14], the G-action on A induces a U(C)-action on A via ¢. The semidirect product defined with this
16



U(C)-action coincides with the semidirect product defined with the G-action. So, the semidirect
product depends only on the action, not the grading group.

Proposition 6.6. Let B = A1 C. Suppose B is U(B)-crossed braided, <: H — Aut(C) acts
by tensor autoequivalence, vy : — <A h = ide for all h € H are monoidal natural isomorphisms,
and Tl|yeyla + A — A. Then, A is U(A)-crossed braided, C is U(C)-crossed braided, and B is
monoidally equivalent to A x C.

Proof. Tt suffices to show that there exists a monoidal functor (F,F?) from A x C to B. Define
F : Ax C — B on objects as F(A#C) = A® C for A € Irr(A), C € Irr(C) and on morphisms
as F(f#g) = f ® g. It is straightforward to verify that since c¢ satisfies the braiding axioms,
F% ALC) (AT defined as follows satisfies the monoidal functor axioms.

2
Fhiwc apc

F(A#C) @ F(A'#C') ——— F((A#C0) ® (A'#C7))

(AC)e (A el F(A® T (A)#(C © ")

id =

(AT (A) @ (CeC)

7. RELATED FACTORIZATIONS

In this section, we study implications of a G-crossed braided structure when considering other
factorization structures. For the Deligne product, we prove that if B = AXC, where A is H-crossed
braided and C is K-crossed braided, then B is H x K-crossed braided. We then recall the definition
of the fiber product and prove that if A and C are braided G-crossed braided fusion categories,
then the fiber product A Xg C is G-crossed braided.

Proposition 7.1. Suppose B = AKX C, where A is H-crossed braided and C is K-crossed braided.
Then B is H x K-crossed braided.

Proof. Let A have H-grading as A = @),y Ap. and let C have K-grading as C = @), - Cx. Define
the grading on B by setting By, ) = Aj K C, for each (h,k) € H x K. Consequently, B can be

decomposed as
5= @ Bw- @ (Ec)
(hk)EHXK (hk)EHXK

Given that @,y An = A and @, Cr = C, it follows that

P Bunw=PAaRPc=Arc=8

(hk)eHxK heH keK
Next, we consider the tensor products of the graded components. For B, 1y and B 11y, we have:

By @ B gy = (A B Cr) @ (A R Crr) = (Ap @ Ap) B (Cr @ C ).
17



Since A and C are graded by H and K respectively, we have A, ® A € App and C @ Crr € Cpr -
Therefore,
(An ® Ap) B (C, @ Cr) € Appy B Crrr = B o) -

To determine the duals, we note that the dual of B, ;) is given by:
(Biagy)" = (An B Cr)* = (Ap)" X (Cr)"

Since the dual of a graded component is the graded component indexed by the inverse element, we
have (Ap)* = Aj-1 and (C)* = Cp-1. Thus,

(B(h,k))* = A1 XCpm1 = B(h717k71).

Next, we define the action T': H x K — Aut(AXC) by T(j, ) = T1(h) X Ty(k), where T : H —
Autg(A) and Th : K — Autg(C) are the actions associated with the H-crossed braiding on A and
the K-crossed braiding on C, respectively. Then, for B 1y = Ap B Cy,

Tin gy B wry) = (T1(h) B Ta(k)) (Ap K Chr) = T1(h)(Ap) B To(k)(Chr ).
Since Ty (h) acts on A and T, (k) acts on C, we have Ty (h)(Ap) C Appp—1 and To(k)(Crr) € Crppr—1-
Therefore,
Ty B k) S Appir—1 B Crprr—1 = Bann—1 ki —1)-
Hence, the decomposition B = ®(h,k)eHXKB(h,k) respects the H x K-grading, and the action

T: Hx K — Aut(B) defined by T(}, ) = T1(h) W Ty (k) satisfies the required properties for B to be
H x K-crossed braided. Thus, we have shown that B is H x K-crossed braided. ]

We now study the implications of a G-crossed braided structure in the fiber product, as defined
in [25] §2.2):

Definition 7.2. The fiber product of A and C is the fusion category AXg C := @gGG A, XC,y.

Proposition 7.3. Let A and C be G-crossed braided fusion categories. Then, the fiber product
AXq C 1s G-crossed braided.

Proof. Firstly, consider the grading of the fiber product. Clearly, AKX C is a fusion subcategory of
AMC graded by G, where each component 4,XC, corresponds to an element g € GG. This naturally
provides a G-grading for the fiber product, as the grading is inherited from the G-gradings of A
and C.

Next, we define the G-action on the fiber product A X C. The actions of G on A and C gives
rise to an action of G on A X C, defined by ¢g(X XY) = ¢g(X) K g(Y) for X € Ay, Y € (Cp,
and g € GG. This action is well-defined because both A and C are G-crossed categories, meaning
that g(An) C Agpg—1 and g(Cpr) C C
grading.

ghg—1- Therefore, the action on the fiber product respects the

The G-crossed braidings ¢; and ¢y of A and C can similarly be combined to define a G-crossed
braiding on A Mg C. Specifically, we define the braiding isomorphisms cxxy,zzxw as cxmy,zow =
cﬁ(’ P c%’w, where C}(, » and C%/’W are the G-braiding isomorphisms in A and C respectively. These

isomorphisms are functorial, as they inherit the functoriality from the individual G-braidings in A
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and C. Furthermore, the isomorphisms are compatible with the G-action due to the compatibility
of the braidings in the original categories.

Finally, we verify the duality structure of A K¢ C. The dual of the graded component By 1y =
Ap B Cy, is given by (B, )" = (Ap)* B (Cr)*, where (Ap)* = Aj—1 and (C)* = Cp—1. This implies
that (B r))* = B(p-14-1), ensuring that the duality structure of A X C is compatible with its
G-grading. Hence, the fiber product A X C indeed inherits the structure of a G-crossed braided
fusion category from A and C. O

8. GENERAL BRAIDING

In this section, we study the more general braided fusion categories and their natural analog in
rings, commutative fusion rings. In Proposition [8.1] we prove that A 0 C is a commutative ring if
and only if A and C are commutative rings, and the actions < and > are trivial. In Proposition [8.2
we prove that if B = A4 e is an exact factorization of fusion categories, B is braided if and only if
A and C are braided and B =2 AKXZC.

Proposition 8.1. A C is commutative if and only if A and C are commutative, and < and > are
trivial.

Proof. Note that if A > C is commutative, then for any a,a’ € B(A), we have (a < 1)(a’ > 1) =
(aa’ >11) and (@’ <1 1)(a < 1) = (a’a > 1) which implies a’a = ad’, so A is commutative. Similarly,
C is commutative.

For any ¢ € B(C) and a € B(A), we have (1 x¢)(ai1) = (|e|>a) < (c<|al). Also, since A C
is commutative, (1 >1¢)(a>11) = (a1 1)(1x¢) = (a < c). Note that (|c|>a) and a are in B(A),
and (c<|al) and ¢ are in B(C). Since A1 C = A - C is an exact factorization, we must have

(lej>a) =a and (c<la|) =cfor all ¢c € B(C) and a € B(A),

implying that < and > are trivial.

For the other direction, assume A and C are commutative and < and > are trivial. Then, (a <
c)(d xd)=a(le|ra) = (c<]d])d =ad xed =daxicde=(a >d)(ac) O

Proposition 8.2. Let B = AeC be an exact factorization. Then, B is braided if and only if A and
C are braided and B = AXC.

Proof. Suppose B is braided and has braiding ¢. Then, the restriction ¢* := c|4 implies A is

braided and the restriction ¢ := ¢|¢ implies C is braided. By [I3, Corollary 3.9], B = AKX C.
Suppose A and C are braided and B = AXC. It is straightforward to check ¢sxc amcr, defined
as follows, is a braiding in B = AKX C:

¢

(ARC)® (AR C)YEAE(MA RO @ (AR C)

:\L A ReC \L:

Sa,a7%C.ct

(Ao AR (C o Y254 @ AR (C'® C)
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O

Proposition 8.3. A C is braided if and only if A and C are braided, > and < are actions by tensor
autoequivalence, and uy : k> — — idyg and vy, : — <h — ide are monoidal natural isomorphisms.

Proof. The reverse direction follows by [21, Proposition 4.11]. For the first direction, define the
braiding in A as, for all A, A’ simple in A, C4 a7 := Casa1, 471 - Define a braiding on C analogously.

Note (A 1)(1 > C) = A C by [21, Proposition 4.7], so (|C|> A) < (C<|A]) = A C.
Hence, |C|> A C < |A] 2 A C. via a natural isomorphism. This implies |C|> A = A, which
we denote as the functor ujc((A), and C < |A] = C, which we denote as the functor vj4(C). It is
straightforward to check that the actions < and > are monoidal functors, as this would imply they

act by tensor autoequivalence, and to verify that u|c| and v|4) are monoidal natural isomorphisms.

0
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