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Abstract

We define inhomogeneous theta sums as exponential sums of the form

s (X100 8) - Y fw 27ri<%kth+kta>

keZ"+3
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where X is an n X n symmetric matrix, «, 3 € R", and f is a fixed weight func-
tion. In recent work, F. Cellarosi and the second named author showed that
when n = 1 and f is a fixed Schwartz function, there exist «, 8 € R such that
]S]{/[(x;a,ﬁ)] <fap VM for every z € R and M € N. We show that this does
not extend to higher dimensions, i.e. there are no a,3 € R™ for which the bound
]S]{/[(X s, B)| <fap M™? holds for every real symmetric matrix X and every
M € N when n > 1.
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1 Introduction

Let Sym,, (R) denote the set of n x n symmetric matrices, with real entries. Recall
that upon fixing a basis, every quadratic form () in n variables with real coefficients
corresponds to an X € Sym, (R). We define Siegel theta sums as exponential sums of
the form

Su(X;o, B) = > e(1kX 'k + ko). (1.1)

ke(Zn+8)N(0,M]"

Such sums are well-studied objects and arise in many modern applications. For instance,
estimates for theta sums play an important role in [Il, 4 [10, [IT] to understand the value
distribution of quadratic forms. The goal of this paper is to study estimates for weighted
variants of Siegel theta sums, defined in ([1.2)), when o, 3 € Q™. Throughout, when
stating our estimates, we make use of Vinogradov’s “<” notation, which is equivalent to
Landau’s O-notation. When relevant, we stress the dependence of the implied constants
upon certain parameters by writing them as subscripts.

Theta sums in the case when n = 1 have received considerable attention over the
years. We observe that when z, a, § are rational, then Sy/(z; o, §) reduces to a quadratic
Gauss sum for which various bounds are classical, e.g. if ged(a,q) =1 and N < ¢ then
[Sm(%;0,0)] = O(/g). Further details on Gauss sums can be found in [9, 13]. The
detailed study of Sy (x;a, ) for € R was initiated by Hardy and Littlewood in [6],
who were attracted by its many “interesting and beautiful properties.” In particular, they
proved an approximate functional equation which they used to obtain various bounds,
usually under some stringent Diophantine conditions on x. For instance, for x of bounded
type (which is a measure zero condition) and any o € R, they proved that Sy (z; «, 0) <,

VM.

We define generalized Siegel theta sums as exponential sums of the form

SL(X;a,8) = Y f(M'k)e(3kX 'k + k'a), (1.2)
kezn+p

where a, 3 € R", e(z) := ¢*™* and f is a fixed cut-off function. We observe that if
we take f = Lo, then we recover Sy, defined in . In what follows, the cut-off
function f will be of Schwartz class, S(R™), i.e. the space of smooth functions where all
derivatives decay faster than any polynomial. Focusing on such cut-offs guarantees that

the sum defining S}\}(X , o, B3) converges absolutely. We note that by setting f(w) :=
—mwP 'w

e , where P is a symmetric, positive-definite matrix, we recover the Siegel theta
series associated to the shifted lattice Z™ + 3:
Y e(3kZ%k+ k'), (1.3)
keZn+3



where Z = X + i3 P. We study the size of Siegel theta sums for fized (o, 3) € R" x R"
as X varies over some prescribed set.

1.1 Main Results

Recently, Marklof and Welsh [12, Theorem 1.1] showed a general estimate for smooth
theta sums. For instance, they showed for any fixed Schwartz cut-off function f and
a, 3 € R" that there is a set of full Lebesgue measure 2~ such that for any M > 1 and
X € 2, then

1S,(X; a0, B)] <yx M™*log M. (1.4)

In the case where n = 1, if we choose o and [ to be rationals of a particular form,
then the estimate (1.4]) was improved significantly by Cellarosi and the second named
author [2, Theorem 1.2]. Suppose that ged(a,b,m) =1 and a = 5= and § = %, where
a, b, and m are all odd. Then the bound

159 (z: 0, B)| €mpg VM (1.5)

holds uniformly in ¢ € R and N € N. Conversely, if a bound of the form in holds
uniformly for x € R and M € N, then we must have that o = 3~ and 8 = %, where
ged(a,b,m) =1 and a, b, and m are all odd.

In other words, it is possible to classify all pairs (a, 8) € Q? for which the estimate
holds for every one-dimensional quadratic form. We remark that, given generic
(a, 8) € R?, a bound of the quality typically only holds when there are stringent
Diophantine conditions on z: e.g. = of bounded type. We also note that the methods
developed in [2] readily extend to obtain bounds for higher-dimensional sums when X is
diagonal. More specifically, for fixed n > 1, there exist vectors (o, 3) € Q" x Q" such
that the bound

1S1/(Ds e, B)| jap M2, (1.6)

holds for every diagonal matrix D and every M € N.
Our main result is that this cannot be extended further to every quadratic form X,
when n > 1.

Theorem 1.1. Fiz f € S(R") and (o, 3) € Q" x Q™. Then, for any R > 0, the set
{X € Sym,(R) : |S{,(X;a, B)| > RM"/*} # 2, (1.7)
for some M € N.

Theorem is an immediate consequence of the following theorem, which shows
that the normalized sum M~/ 251{, is large relatively often. Identifying Sym,,(R) with
R*"*+D/2 we equip Sym,,(R) with the standard Lebesgue measure on R™"+1)/2,

Theorem 1.2. Let o/ denote the set of real symmetric matrices whose entries are in
the interval [0,1]. Fiz f € S(R") and (o, 3) € Q" x Q™. We have that

lim Leb({X € o : M™2|S] (X;a, B)| > R}) >, R~ (1.8)

M—o0



1.2 Structure of the Paper

In Section , we briefly discuss the construction of an automorphic function |Oy/,
via the Schrodinger-Weil representation of the Jacobi group G on L?*(R™). We then
show that this function |©;| agrees with the normalized sum M~"/2|S,| on a special
submanifold, HS\?’B ), known as an expanding horosphere. The function |©| possesses
many symmetries, which generate a discrete subgroup I' of the Jacobi group G. Using
these symmetries, we may view |Oy| as a function on the quotient I'\G. It can be shown

that Hg\?’ﬁ ) becomes dense in the quotient I'"\G as M — oo. It follows that in order to
obtain good estimates for M~"/2|SJ |, it is enough to estimate |©| in '\ G. In Section ,

we characterize the region of I'\G that ’Hg\?’ﬁ ) must avoid in order to produce a uniform

bound for |©|. Finally, in Section , we show that ’Hﬁ\?’ﬁ ) cannot avoid this region, from
which Theorem [L] follows.
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2 Preliminaries

2.1 The Jacobi Group
Set

J = G _0]) : (2.1)

We define the Heisenberg group H(IR") as the set R” x R™ x R with group multiplication
given by

(p, )P, 1) = (p+ Pt +1 +5p]P). (2.2)
The symplectic group Sp(n,R) is defined by
Sp(n,R) := {g € GLo,(R) : gJ g = J } . (2.3)
The following defines a left action of Sp(n,R) on H(R") in the following way:
g-(p.t) = (pg 1), (2.4)

where g € Sp(n,R), and (p,t) € H(R").
The Jacobi group G is then defined as the semi-direct product

G = H(R") x Sp(n, R), (2.5)

with multiplication given by
(h.g)(h'.g') := (h(g - 1), 99"), (2.6)

where g - I/ is given by (12.4)).



2.2 The Schrodinger-Weil Representation

Let ((x,y),t) € H(R"). The Schrodinger representation W of H(R") on L*(R™) by
unitary operators is defined by

W((z,y),t)f(w) =e(—t+ 52"y +y'w) f(w+ ). (2.7)

Using the action of Sp(n, R) on H(R"), for each g € Sp(n,R) we may construct a new
representation W, where
W,(h) = W(g - h). 23)

By the Stone-von Neumann theorem, W and W, are unitarily equivalent, i.e. for g €
Sp(n,R) there exists a unitary operator R(g) such that

W, = R(g)"'WR(g). (2.9)

Remark 2.1. Let U(L?*(R™)) denote the group of unitary operators on L?(R™). Using
Schur’s lemma, the map

R : Sp(n,R) — U(L*(R™)), (2.10)
R:g— R(g), (2.11)

defined implicitly in , can be shown to be a projective representation of Sp(n,R).
More precisely, there exists a nontrivial, unitary phase cocycle p : Sp(n,R) x Sp(n, R) —
C such that

R(gg") = plg, 9" ) R(9)R(g"). (2.12)
This cocycle can be explicitly defined, but is not necessary in what follows. The projective
representation R of Sp(n,R) extends to a true representation R of its universal cover,

%(n, R). As we note in Remark we do not make use of R directly, but it is needed
in order to formally define the Theta function in ([2.24)).
Set -
7 : Sp(n,R) — Sp(n,R) (2.13)

to be the standard projection, and for g € §f>(n,]R), let ¢ = 7(g). Then we define an
action of Sp(n,R) on H(R") as
g (p.t) = (pg 1) (2.14)
We then define the universal Jacobi group
H(R") x Sp(n, ), (2.15)
with multiplication
(h,g)(W',§') = (Mg - 1), 37), (2.16)

where ¢ - h' is as defined in ([2.14]).

The Schrédinger- Weil representation of H(R™) x §15(n, R) is defined as the represen-
tation

(h,g) — W(h)R(g). (2.17)
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An explicit formula for R(g) for general g € Sp(n,R) is complicated, however it
is relatively simple to give formulae for R(g) when g belongs to specific subgroups of
Sp(n, R).

Proposition 2.2 ([12], Proposition 2.1). Let f € S(R"). Suppose A € GL(n,R) and
B € Sym,(R). Then

R ((81 tfl)) flw) = |detA|%e(%wAtB w) f(wA). (2.18)

The group K := Sp(n,R) N O(2n) is a maximal compact subgroup of Sp(n,R). The
map

Qs k(Q) = @Eg; ‘%%(g)) (2.19)

defines an isomorphism of U(n) and K. Note that if Q =i/, then k(Q) = J.

Proposition 2.3 ([3], Theorem 4.53). If g =(4 &) € Sp(n,R) with det B # 0, then, up
to the phase cocycle given in (2.12)), we have

R(g)f(w) = | det B|’1/2e(—%'wDB’1'w) /e('vBlw — lvB ' Av) f(v) dv.  (2.20)
Rn
In particular
RU)f = FF, (221)
where J is as in (2.1), and F is the unitary Fourier transform.
For f € L?(R") define
fo == R(k(Q))f. (2.22)
The following proposition shows that if f € S(R"), then so is fq.

Proposition 2.4 ([12], Lemma 4.2). Let f € S(R"). Then for all A > 0 and multi-
indices a > 0, there exists a constant cg(cv, A) such that for all Q € U(n),

0

‘(%)af@(’w)‘ < cp(a, A)(L+ [lwl)~ (2.23)

2.3 The Theta Function

For f € S(R") we define the theta function O : H(R"™) x gf)(n,R) — C using the
Schrodinger-Weil representation by

O5(h.g) = Y [W(R)R(G)f](m). (2.24)

mezZ"

It is not immediately obvious if this series converges for every (h, §) € H(R™) x Sp(n, R).
This will become clear after writing ©; in the appropriate coordinates. See Section [2.3.1]
for details.



2.3.1 The Theta Function in Iwasawa coordinates

The Iwasawa decomposition of G with respect to the maximal compact subgroup

K = Sp(n,R) N O(2n) is
I X Y% 0
=y 7) ( O ty_%> HQ). (2.25)

where X and Y are n X n symmetric matrices, Y is positive-definite, and @ € U(n).
Let 7 : Sp(n,R) — Sp(n, R) be the standard projection as in (2.13)). Let

1
I X\ [Y2 0
<@ =(; 7) ) k@ (2.2
be the Iwasawa decomposition for 7(g) and set
h=((@.9).0) (2.27)

Let f € S(R™). Using Propositions and , we write the theta function in ‘Iwasawa
coordinates’, up to the phase cocycle given in (2.12), as

Os(h,§) = (det V) e(t — 1z'y) Z fo((m+z)Ye(3(m+ )X (m+2z) +mly).

(2.28)

Remark 2.5. If f € S(R™), then Oy is given by an absolutely convergent series, and so
O is well defined for every (h, g) € H(R"™) x Sp(n,R). To see this, note that

194(h, §)] < (det )" 3" |fo((m +@)Y'?)] (2.29)
meZﬂ
<ra (det )N (14 (m+ @) Y24, (2.30)
Prop 21 mezn

which clearly converges for A sufficiently large.

Remark 2.6. It is clear from ([2.28]) that the unitary cocycle given in (2.12)) and ¢ play
no role in the size of |O¢|. Therefore, |Of| can be seen as a function over the group
R?" x Sp(n, R), where R*" x Sp(n, R) has the multiplication

(p.9)P.¢)=@+Dg " 99) (2.31)

Remark 2.7. Taking Y = 151, where [ is the nxn identity matrix, and (e, 3) € R" xR",
then we have that

werisami=los(@oi (g 7) (30 ) e



2.3.2 Invariance Properties for |O|

J = (? _OI) : (2.33)

Define the n x n matrices My, = (m;;), whose entries are

{1 if (i,7) = (k,0) or (£, k),

Recall that

mij =

) (2.34)
0 otherwise.

Note that {My,: 1 < k < ¢ < n} is a generating set for the additive group of symmetric
integral matrices. Let
sk = 5(0kj)1<j<n € R, (2.35)

where d; is a Kronecker delta. More explicitly, sj := (0,...,0,1,0,...,0) € R", where
+ is in the k™ entry of sy.
The following lemma summarises the main invariance formulae for |©|.

Lemma 2.8 ([5], Lemma 2.8). Let (p,g) € R*™ x Sp(n,R). Define

P <{((0,0), J)}U {((o,ak,gsk), (é M]“)) A <kl< n}

U{@2sp, 1) 1<k < n}>. (2.36)

Then |©¢(y - (p,9))| = 0(9)l, for all v € T.

We note that the group I' projects to Sp(n,Z) under the standard projection
R?*" x Sp(n,R) — Sp(n,R).

Proposition 2.9 ([8], Proposition 6). The group Sp(n,Z) is generated by

{J::(? _[)[)}U{G MI“):lglcgzgn}. (2.37)

We also note that the group I' can be described more explicitly, but this is not
necessary for our purposes. See [12] for details.

By Remark 2.6/and Lemmal[2.§] it follows that [© | may be viewed as a non-negative,
real valued function on the quotient T'\R*" x Sp(n,R), i.e.

94| : T\ (R*" x Sp(n,R)) — Rx,. (2.38)

2.4 Action on $, and Siegel Sets
The Siegel upper half space is defined by

O ={X +iY : X|Y € Sym,(R), Y positive-definite}. (2.39)



Let (4 5) € Sp(n,R). The group Sp(n,R) acts on (Z,Q) € H,, x U(n) via

(é g) (2,Q) = ((AZ+ B)(CZ + D)™, Q), (2.40)

for some @' € U(n). We note that it is possible to explicitly describe @', though it is
not necessary for our purposes. We also note that this action is a generalisation of the
action of SL(2,R) on T'$; by Mébius transformations. That this action is well defined
(i.e., that CZ + D is invertible) follows from the fact that (4 5 ) is symplectic and S(Z)
is positive-definite. See [8, Proposition 1.1.1] for details.

We say a subset S C §),, is a Siegel set for the action of Sp(n,Z) if it contains at
least one, and at most finitely many, representatives of each orbit, where the number of
representatives is bounded independently of the individual orbit.

Given a symmetric, positive-definite matrix Y, we have the decomposition

Y = Udiag(vy, ..., v,)U, (2.41)
where v; > 0 and U = (uy) is upper triangular and unipotent. Define
D (t) :={Y = Udiag(vy,...,v,) U : v; > tvgy1, |ure| < t, for k < ¢}, (2.42)
and set

1
D,(t) == {X +1Y € Hy, : x| <t,Y € D, (t), v, > ;} , (2.43)

where v, is the n'" entry of the matrix V.

Sets of this form can be shown to be Siegel sets for the action of Sp(n,Z) on $,,
provided t is sufficiently large. This is proven, for instance, in [8, Theorem 1.3.1].

For ease of notation in what follows, we will always take t sufficiently large so that
D, (t), is a Siegel set, so we define

D, = Dy (t). (2.44)

Define
11

SRR a9

It follows that the set Zy,, x D,, x U(n) is a Siegel set for the action of I on R?" x §,, x U(n).
The advantage of studying |0 ¢| over Iy, x D,, x U(n) is that the region is much simpler
to work with as opposed to genuine fundamental domains for the action of Sp(n,Z) on

N

3 A Criterion For A Uniform Bound in Siegel Sets
We define the action of I' on 7, as

(p,Y) - r={+r))+m:mecZ} NI, (3.1)



In other words the action is defined by taking a coset representative, all of whose entries
lie in Z,,,. Let Orbr(p) denote the orbit of p under the action of I" on Zy, as defined in
(3-1). Note that if p € Q*, then |Orbr(p)| is finite.

In this section, we prove that if there exists a constant K such that

0s(p; X +iY,Q)| < K (3.2)

uniformly in (X + Y, Q) € D,, x U(n), then Orbp(p) cannot contain points of the form
(x,y) € T, X I, with & = (0,23, ...,x,). This follows from Proposition below.

Recall that given any n x n positive definite, symmetric matrix, ¥ we may decompose
Y = UV U, where V is an n x n diagonal matrix, and U is an n x n upper triangular,
unipotent matrix.

Theorem 3.1 ([12], Corollary 4.5). Let f € S(R"™). Then for any (X +1Y,Q) € D,,
and (x,y) € I, X I,,, we have that

0((z, y); X +1iY, Q)| <sa (det V)1 + 2V )" (3.3)

Corollary 3.2. Suppose q € T** N Q?" such that Orbp(q) contains no vector (x,y)
where x = (0,23, ...,x,). Then there ezists a constant K := K(f,q) for which

sup |Of(p; X +1Y,Q)| < K. (3.4)
p€eOrbr(q)

Proof. In the definition of D,,, we have that v; > c¢;v;, and so it follows immediately from
Theorem [3.1] that if © = (zy,...,z,), with z; # 0, then

O((x,y); X +1iY,Q)| <s.a (det VIV + 2V '2) ™ < (det V)V (z0)7 4 (3.5)
Using that Orbr(q) is finite in this case, that v, > C, and that v; >, v; by the definition
of (2.43), we have the result. ]

3.1 Theta Function Asymptotics

We now examine the situation when Orbr(p) contains a point of the form (x,y) €
Z, X I, with ¢ = (0, xa, ..., 2,).

We begin by examining the growth of |©| in a specific part of the ‘cusp’ of D,,. The
following lemma will be useful in many estimates.

Lemma 3.3 ([§], Lemma 2). Let Y € D!, and x = (x1,...,x,) € R". Write
Y =UV, (3.6)
where V. = diag(vy, ..., v,), with v; > 0 for 1 < i < mn, and U is an upper triangular,

unipotent matrix. Then
xY ' <, 23v 4 -+ 220, (3.7)

10



Using the previous lemma we are able to determine the asymptotic behaviour of |O¢].
This essentially follows from [12 Theorem 4.4], but as the estimate is much simpler in
this particular case, we provide a short proof.

Given p = (x,y) € R"xR" where € = (21, ...,2,), issuch that £ := (z1,...,2,) €
7' and x4, € 7, we define

09 (p; X +1iY, Q)|

= (py1 - - vy) V4 > f(m+ )Y e (A(m+2)X (m +x) + m'y)|.
me{—zO}xzn—*

(3.8)

Lemma 3.4. Let p = (x,y) € R" x R*, with * = (xy,...,1,), is such that ¥ =
(r1,...,2¢) € Z° and vy € Z. If v; X vy for 1 < i < n, then for (X +iY,Q) €
D,, x U(n) we have that

10, X+, Q) = (v 0) O (0 X + 1Y, Q)| €apavi®s  (39)

for A sufficiently large.

Proof. We have the following estimate:

104(p; X + Y, Q)| — (01 u) "0 (1 X + 1, Q)| (3.10)
S Y feltmt )yt (311)

meZr\{—x®)}xzZn—*

(v ve)"/* > ! . (3.12)

< —
Lem. B3}, f mezm {ayxzn—e (1 + (m+x)Vi{m+x))=

We have the estimate for A’ sufficiently large so that the sum in (3.12]) converges. [
Lemma 3.5. Let p = (x,y) € R" x R", where with * = (x1,...,x,), is such that
2 = (21,...,1)) €Z' and xpp1 € Z. If v; < viyy for £ < i <mn, then for (X +iY,Q) €
D,, x U(n) we have that

09 (p; X +14Y, Q)| <opn v (3.13)
Proof. Similar reasoning to the previous lemma gives
1
0V (p; X +iY,Q)| <, )
057 (P; X +Y, Q) Ky (Ver1 - vn) > 1+ (m+z)V{(m+ )42
me{x(0}xzn—*
(3.14)
<<n,f (Uf—‘rl . e U?’L)l/4
> :
m’ezn—* (1 + (m/ + :C,)diag(vf-i-la T 7UTL) t(m/ + wl))A,/Q
(3.15)
<<n,f,A’ Ug+1 . (316)

11



3.2 Limit Theorems and Tail Estimates

Let u denote the Haar measure on Sp(n,R), normalised so that it descends to a
probability measure figp(, z) on the quotient Sp(n, Z)\Sp(n, R). The measure p in terms
of the Iwasawa decomposition

1
I X\ (UV2 0
_ (0 ]) ( O tU—lv%> 5Q) (3.17)
is given by

- %( 1T dxij> ( 1T duij) ( I o dvj> dQ. (3.18)

1<i<j<n 1<i<j<n 1<j<n

where d@) is the normalised Haar measure on U(n); dz;;, du,;; and dv;; are the Lebesgue
measures on the entries of X, U, and V respectively; and V), is a normalising constant so
that 1 descends to a probability measure figy(nz) on Sp(n, Z)\Sp(n, R).

For g € Q% we define the measure x4 on R*" x Sp(n,R) as

4 = |Orbr Z > Gpun | xm (3.19)

keZ™ peOrbr(q)
where 9§, denotes a delta mass at the point v € R™.

Lemma 3.6 ([5], Lemma 2.11). The measure pu? is invariant under the action of T’
defined in (3.1)), i.e. for any measurable subset A we have

pi(y - A) = pi(A). (3.20)

The above lemma implies that the measure

1
Q. ___— 5 . 3.91
i orbg | 2o % | X e 320

p€EOrbr(q)

can be viewed as a measure on the quotient I'\(R*" x Sp(n, R)). The measure figp(, z) 18
the Haar measure 1 on Sp(n, R), descended to the quotient Sp(n, Z)\Sp(n, R), normalised
to be a probability measure.

Let Sym,, (R) denote the space of n x n symmetric matrices, with real entries.

Theorem 3.7. Let A be a probability measure, absolutely continuous with respect to the
Lebesgue measure on Sym, (R), and let q := (a0, 8) € Q" x Q™. Then for R > 0, we
have that

lim AMX € Sym,, (R) : M~"2|S],(X; 0, )] > R}
= pt{(p; X +1Y,Q) € Ton x Fo x U(n) : [O4(p; X +iY,Q)| > R}, (3.22)

where F, is a fired fundamental domain for the action of I' on $,.

12



Proof. This follows from the equidistribution of Horospheres [7, Theorem 2.2.1] and the
Portmanteau theorem of probability. The proof mimics the proof in [5, Theorem 3.5]. [

Remark 3.8. We note that if S]J\f/[(X;a,ﬁ) Lp, f M™? for every M, then there would
exist an Ry such that for all R > R, the set

{X € Sym, (R) : M~"?|S},(X; 0, B)| > R} = 2, (3.23)
and so, by Theorem [3.7], for R > Ry we would have
pi{(p; X +Y, Q) € Ton x Fou x U(n) : [O4(p; X +14Y, Q)| > R} = 0. (3.24)

Remark 3.9. As D, is a Siegel set, it must contain a fundamental domain F,,. Further-
more, there exist v1,...,v € Sp(n,Z) such that D,, C Uf ~viFn. It follows that

1P, Z,Q) € Tpy x F, x Un) : [04(p, Z,Q)| > R} >
%lﬂ{(Pa Z,Q) € Iy, x D, x U(n) 1 |04(p, Z,Q)| > R}, (3.25)

and so to prove our characterization, it is enough to lower bound the right hand side of

(3.25) by a power of R.

Proposition 3.10. Let p = (x,y) € R" x R", where with = (x1,...,x,), is such that
2 = (z1,...,1) € Z* and xy.1 € Z. Then

p({(X +iY,Q) € F : |04(p; X +iY,Q)| > R}) > R, (3.26)

as R — oo.

Proof. By Remark [3.9 we have that

W({(X +iY,Q) € o1 10;(p: X +iY,Q)| > RY) (3.27)
> u{(X +4Y,Q) € Dy [O(p: X +iY,Q)| > R}). (3.28)

Let A be a positive measure subset of D,, such that v; > Civy and Civ; 1 < v; <
Coviyq for 1 < i < n. For (X +1iY,Q) € A x U(n) we have, by Lemma , that

{(X+iY,Q) € D, x U(n) : |0,(p; X +iY,Q)| > R}
D {(X +1Y,Q) € Ax U(n) : (vy---v)Y10Y (p: X +14Y,Q)| > Tr}, (3.29)

where T := R — R™B for some B > 0. We note that this B can be found explicitly, but
has no effect on our calculation. Now,

p({(X +1Y,Q) € D, x U(n) : [O4(p; X +iY, Q)| > R})
> p{(X +iY,Q) € Ax Un) : (v1---v)V10V (p; X +iY,Q)| > Tr}. (3.30)
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Using ([3.18)), our problem reduces to estimating an integral over A from below. We note
that in A, the X and () variables are constrained to pre-compact regions. We therefore
isolate the integral over the v; coordinates, and so we consider the integral

Cavy oo
, dvy dvy - -+ do,
/ / /]1{ w) 10 (0 X + 1Y, Q)] > T} "y
1

l/t Civs Civg

% G 0 : 4
Vo sV n@ 7X+ZY, n n
:/ / min{ G ol ! (P il } dvs dv , (3.32)

M’ 4dn L2
Crvg Ty vy 02

l/t Chug

where t is as in (2.43)). Taking A sufficiently large in Lemma and using the fact that
in the region of integration v; < v;;1 for 1 <7 < n, we have that the inequality

1 (Uz . Ug)n|@§f)|4n

< 3.33
Croy i (3:33)
cannot hold for R sufficiently large. Therefore, we have the lower bound
00 Cav
R O S R I (YA L [ T,
.« .. mln N 4 (3.34)
Cyo¥ T vy -2
1/t Civs
Caovs d
> T 4”/ / vg - -u)"|OY |4"n';2“”. (3.35)
.. /Ij
l/t Civs 2 "

In the region A, we have that v 1 < v;, and so (vg - - - vg)”|®§f) "™ is bounded but non-zero
in some positive measure subset. Finally, we note that

1

—4n —4n
TR =R (1 . R—(B+1))4n’

(3.36)

and so we have the result. O

4 Main Results

In this section, we prove that if ¢ € Q**, then there is a point (z,y) € Orbr(q)
where = (0, xo,...,x,). This result, along with the results proven in Section , leads
to the proofs of Theorem and Theorem [1.2]

4.1 Orbit Structures

Let
Yo = (5k,gsk, (é MI“)) and .J = (0,.]). (4.1)

Note that ;0 and J are a subset of the generators of I' as defined in (2.36)).
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Lemma 4.1. Let (z,y) = (x1,- -+ ,Zn, Y1, ,Yn) € Q" x Q™. If there exists an i such
that x; ory; is 0, then Orbr(x,y) contains a point whose first coordinate is 0.

Proof. Suppose there exists an i such that z; = 0. Then v, ;Jv1 ;- (x,y) has a 0 in the first
coordinate. Otherwise, suppose there exists an 4 such that y; = 0. Then vy ;Jv1,J - (2, y)
has a 0 in the first coordinate. [

Let £(z) denote the distance of x € R to the nearest integer. Explicitly, we have
&R — [0,1] as {(z) :== min (z — |z], [z] — ). Note that {(z) = £(—z). We state the
following elementary lemma without proof.

Lemma 4.2. Let a and b be real numbers that are not integers. Then there exists a
nonnegative integer k such that £(a + kb) < £(b).

Proposition 4.3. For any vector v = (v, ,v9,) € Q*"/Z*", there exists a vector in
its orbit under the action of I' whose first coordinate is 0.

Proof. Let v = (x,y) such that (xz,y) € (Q"/Z") x (Q"/Z"). Write & = (z1,--- , )
and y = (y1, - ,Yn). Now let v; = x; = a and vy, = y,, = b. If either a or b is 0, then
directly applying Lemma gives the result. Now suppose both a and b are nonzero.
We apply a version of the Euclidean Algorithm on a and b to obtain a 0.

By Lemma [4.2] there exists a nonnegative integer go such that &(a+ gob) < £(b). Then
let mg = a + qob, so that

fon Az,y) = (21 + QYns - Tn + qov1)s (Y1, 5 Yn)) (4.2)
= ((mo, -+ , 1), (dy, -+ ,b)).

Here, and for the rest of this proof, ¢; and d; represent real numbers that are not signif-
icant for our proof. Now &(mg) < £(b), so we apply J to get

J - ((ml)?"' acl)»(dlf" ’b)) = ((dQ’ 7_b)a(m07"' 762))' (4'4)

By Lemma again, there exists a nonnegative integer ¢; such that £(—b + ¢1mg) <
£(myo), so let my = —b+ ¢ymg. Then

A ((day -+, =b), (Mo, -+ e2)) = ((day -+, b+ @imo), (mo, -+, ¢3))
((ds,- -+ ,m1), (mog,- -+, c3)).

Now &(my) < &(myg), so we apply J to get

J - ((d37 7m1>’(m07"’ 763)) = ((_mO"" 7C4>’(d4="' 7m1))' (47)

We can apply Lemma to find a nonnegative integer go such that £(—mg + gamy) <
£(my), and let my = —mg + gamy. Then

7(1127,, “((=mo, -+ s ea), (day - ymy)) = ((=mo + gama, -+, ¢5), (ds, -+ ,ma)) (4.8)
= ((m%... 705)’(d5’... 7m1))- (4.9)
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In general, we can recursively define g to be a nonnegative integer such that £(—my_o +
Gmg—1) < &(my_1), and let my = —myg_s + gxmy_1. Then the vector

(H jvffﬁ) ‘v (4.10)

contains my, and —my_1.

Thus, we have constructed a sequence m = (£(m;));>o such that &(mg) > &(my) >
E(mg) > -+ > &(m;) > ---. Since each m; was recursively constructed from Z-linear
combinations of a and b, the denominators (in lowest terms) in m are upper bounded by
a constant. As m is also strictly decreasing and nonnegative, it must reach 0. Therefore
there exists a nonnegative integer N such that {(my) = 0, so

N
<H Jﬁfn> ‘v (4.11)
i=0
contains my = 0. Then applying Lemma [4.1] gives the result. O

4.2 Proofs of Main Theorems

We begin with the proof of a slightly more general version of Theorem

Theorem 4.4. Fiz f € S(R") and (a, B) € Q" x Q™. Let X be a probability measure on
Sym,, (R) absolutely continuous with respect to Lebesque measure. Then

Jim A({X € Sym, (R) : M™2ST (X e, B)] > R}) >p, R (4.12)
Proof. Let ¢ = (a0, 3) € R™ x R". By Theorem we get
Jim MX € Sym,,(R) : M7"2|5],(X; o0, B)] > R}
= pi{(p; X +1iY,Q) € Iy, x F,, x U(n) : |O4(p; X +1Y,Q)| > R}. (4.13)

By Proposition there exists an element v of I' such that v - q is of the form
(0,42, ,q2n). Then using Proposition on v - q yields

pi{(p; X +1iY,Q) € I, x Fp, x U(n) 1 |O4(p; X +1Y,Q)| > R}
> p({(X +iY,Q) € Fo x U(n) : |0s(v-q; X +iY, Q)| > R}) > R™*". (4.14)
]
Lastly, we prove Theorem [I.1] as a consequence of Theorem

Proof of Theorem[1.1]. Tt directly follows from Theorem [4.4] that for any given R, there
exists an M € N such that

Jim A{X € Sym, (R) : M~28! (X;a, B)| > R} > R, (4.15)

so the set
{X € Sym,(R) : M~"?|S},(X; v, B)| > R} (4.16)
must be nonempty. O
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