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ABSTRACT. In this paper, we extend the results of Grantcharov and Robitaille in 2021
on mixed tensor products and Capelli determinants to the superalgebra setting. Specif-
ically, we construct a family of superalgebra homomorphisms ¢r : U(gl(m + 1jn)) —
D’'(m|n) @ U(gl(m|n)) for a certain space of differential operators D’(m|n), and study the
homomorphism’s properties. We use ¢r to inflate representations of U(gl(m|n)) to those
of U(gl(m + 1|n)) and find partial criteria for when these inflations are simple. Next, we
study the restriction of g to the center of U(gl(m + 1|n) and determine its interaction
with the Harish-Chandra homomorphism and determine the image of Gelfand generators of
the center. To do so, we prove a super-analog of the Newton’s formula for gl(m) relating
Capelli generators and Gelfand generators. Finally, we prove the kernel of g, is the ideal
of U(gl(m + 1|n)) generated by the first Gelfand invariant G;.
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1. INTRODUCTION

1.1. The Lie algebra setting. Mixed-tensor type modules, also known as tensor modules
or modules of Shen and Larson (see [She806l Lar92]), are modules over the tensor product
algebra D’'(m) @ U(gl(m)), where D’'(m) is a certain algebra of differential operators on the
ring C[tZ',t1,...,t,] and U(gl(m)) is the universal enveloping algebra of the general linear
Lie algebra gl(m). Questions related to mixed-tensor type modules have been well studied
over the past 35 years (see [She86, [Lar92, Rao96, [ER04, BF16, [TZ17, [HCL20, [GS22] IGR21]

and references therein). Of interest to us is an algebra homomorphism
U(sl(m+1)) = D'(m) @ U(gl(m))
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which enables one to inflate representations from U(gl(m)) to U(sl(m + 1)) (see [GR21,
GS10]). Although this map can be written down algebraically in a straightforward way,
there exists a natural geometric interpretation. In particular, it can be thought of as a form
of Beilinson-Bernstein localization for parabolic subgroups using a certain maximal parabolic
subgroup P C SL(m + 1) such that GL(m) C P and such that SL(m + 1)/P = P™ (see
[GS10] and references therein for more details).

In [GR21], the homomorphism U(sl(m+1)) — D'(m)®@U(gl(m)) is extended to U(gl(m +
1)). Moreover, the authors explicitly determine the kernel of this extension as well as the
image of the Gelfand generators of the center Z(U(gl(m)) of U(gl(m)). Key ingredients
in determining the image of the center are Capelli determinants, Capelli generators, and
Newton’s formula (for all of these, see [Ume98| and [Mol07]). Along the way, numerous
interesting algebraic identities are also proven; it is expected that these will have implications
for the representation theory of tensor modules.

Additionally and importantly to us, the notion of mixed-tensor type modules can be
generalized to the setting of Lie superalgebras. Moreover the study of tensor modules in the
super setting has received much interest recently (see [BEIK20, XL21, XW23| [LX23] and
references therein). This setting is the focus of this paper. In particular, we generalize the
results of [GR21] to the super setting for the general Lie superalgebra gl(m + 1|n). Most
of the arguments therein generalize, although there are some subtleties that arise from the
super setting.

1.2. Results of this paper. First, we construct a superalgebra of differential operators
D'(m|n) that preserve degree on the superalgebra C[tZ' t1,... t,,] ® A,, where A, is the
exterior algebra on n generators with odd parity. In Theorem we define via explicit
formulas a family of superalgebra homomorphisms

or: U(glim + 1|n)) — D'(m|n) @ U(gl(m|n))

indexed by central elements R of D’'(m|n) ® U(gl(m|n)). Moreover, for m + 1 # n there is
a distinguished homomorphism g, for a particular central element R;. The map ¢g, is an
honest generalization of the map p in [GR21] and is “compatible” with a certain projection
homomorphism 79 : U(gl(m + 1|n)) — U(sl(m + 1|n)) and the canonical inclusion in the
opposite direction (see Proposition .

Using the homomorphism ¢g, we can consider inflating irreducible representations of
U(gl(m|n) to U(gl(m + 1|n)) by tensoring with a highest-weight module F, over D’(m|n)
generated by t§ (such a module can be defined for any a € C) and pulling back via ¢g.
A partial criteria for when such representations are irreducible is the combined content of
Theorems [4.2] and 4.3

We then take a closer look at the restriction of g to the center of U(gl(m + 1|n)). In
particular, we show that ¢g interacts nicely with the Harish-Chandra homomorphism in
Theorem [5.2| and compute the image of the Gelfand generators Gil(mﬂln) of the center in
Theorem [6.4] To do the latter, we use the theory of Yangians. In particular, we define what
is meant by a Capelli generator in the super setting (originally due to [Naz91]) and then
in Theorem we prove a super Newton’s formula (analogous to [UmeQS])[L which relates
the Capelli generators to the Gelfand generators using what we call a Capelli Berezinian.

!Based on Umeda’s comments in [Ume98], we expect that our formula is probably already known and
seen as a consequence of the “quantum Liouville” formula for Yangians, but we could not find the result nor
a proof in the literature and therefore include it in the paper here.
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Then, by computing the images of the Capelli Berezinian under ¢r and applying the super
Newton’s formula, one can compute the images of Gelfand generators. An alternative, more
computational approach is given in Appendix [B]

Finally, we show that the kernel of pp, is generated by the first Gelfand invariant G; in

Theorem [7.1] All our results, except Theorems and [4.3] specialize to those of [GR21]
when n = 0.

1.3. Organization of this paper. In Section [2 we review some basics about general linear
Lie superalgebras and establish some notation. In Section [3[we construct the homomorphism
¢r for R € Z(D'(mn)®@U(gl(m|n)). In Section[4] we discuss inflations of representations via
the homomorphism ¢. In Section 5] we relate the restriction of ¢ to the center of U(gl(m|n))
to the corresponding Harish-Chandra homomorphisms. In Section [6], we establish the super
Newton’s formula and determine the images of the Gelfand generators under ¢. Finally, in
Section [7], we derive the kernel of the map ¢, a partial generalization of the results in Section
6 of [GR21].

In Appendix [A] we give the proof that ¢g is a homomorphism, which is a long but
straightforward computation. In Appendix B, we give some explicit formulas for the images
under ¢ of a set of homogeneous elements of U(gl(m + 1|n)), using a direct computational
approach. All the Gelfand generators can be written as sums of elements from this set, so
we obtain an alternative proof of Theorem that does not rely on other sections.

1.4. Future Directions. Let us discuss some further directions of inquiry. First of all,
unlike the ordinary setting, we do not know of a geometric interpretation of the map ¢
but we believe the restriction of this map to U(sl(m + 1|n)) should arise from considering
a certain “parabolic subgroup” P C SL(m + 1|n). In particular, P should be described
by the Harish-Chandra pair (Pg,p), where the underlying even group Py C P is given
by P as above, and the Lie superalgebra p of P satisfies p = V & gl(m|n) where V is the
tautological representation of gl(m|n) (see [Mas12, [Shi20] for theory of Harish-Chandra pairs
for supergroups).

Another question is whether there is some larger structure to the family of maps ¢g.
In particular, is there an algebra structure on this set? If so, is there any representation-
theoretic interpretation?

Finally, in [GR21] a family of left pseudoinverses are constructed for . It would be
interesting to see if something analogous can be done in our setting.

Acknowledgments. This paper is the result of MIT PRIMES-USA, a program that pro-
vides high-school students an opportunity to engage in research-level mathematics and in
which the second author mentored the first and third authors. The authors would like to
thank the MIT PRIMES-USA program and its coordinators for providing the opportunity
for this research experience. We would also like to thank Dimitar Grantcharov for suggesting
the project idea and for useful discussions. Additionally, we thank Pavel Etingof, Siddhartha
Sahi, Tanya Khovanova, and Thomas Riid for their thoughts and comments.

2. PRELIMINARIES

We shall introduce some background for the Lie superalgebra gl(m|n) in this section.
Throughout the paper we fix nonnegative integers m, n.
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2.1. Basic definitions. For a Lie superalgebra a, by U(a) we denote the universal envelop-
ing superalgebra of a and by Z(a) the center of a superalgebra a. We will always use |- | to
denote the parity of a purely homogeneous element, which is 0 if even and 1 if odd (viewed
as elements in Z/27). We will work with general linear Lie superalgebra gl(m|n), which we
define as follows. Let

I={1,...,m,1,... ,a},

I={0}ur
where we impose the total order
0<l<---<m<1l<---<n.

We also define a parity function |- | on I , where the parity of indices without an overline is 0
and that of indices with an overline is 1. Now, let C™*1I" denote the super vector space with
basis {eg, €1, ...,€m,€1,-..,ex}, where the parity of a basis vector is given by the parity of
its index. The general linear Lie superalgebra gl(m + 1|n) is by definition the space of all
linear maps on C™*1" and can be thought of as super matrices of the block form

43

where the matrix A is (m + 1) x (m + 1), the matrix B is (m + 1) x n, the matrix C is
n x (m+1), and the matrix D is n x n. The underlying even Lie algebra is gl(m+ 1) @ gl(n)
and corresponds to matrices with B = 0 and C = 0, and the odd part corresponds to
matrices such that A and D are zero. The Lie bracket on purely homogeneous elements
x,y € gl(m + 1|n) is given by

[z, y] = zy — (1) Wy
where the multiplication is usual matrix multiplication. The supertrace str of a matrix of
the form in (2.1)is defined to be

str ([%‘%D — tr(A) — tr(D),

where tr denotes the usual trace of a matrix. The supertrace is a Lie superalgebra homomor-
phism, so by sl(m + 1|n) we will denote the special linear Lie superalgebra whose elements
are the kernel of str. Our standard basis for gl(m+1|n) will be given by the usual elementary
matrices {e;; }; ;7. Finally, we will always view gl(m/|n) as the Lie sub-superalgebra of
gl(m +1|n) spanned by {e;;}; jc;. We emphasize this point as the reader may be confused
by the notation in what is to come if otherwise unaware.

A basis for sl(m + 1|n) is

{eijiiyjel,i#j}U{en— (=1)lle,:iel}

and we shall view sl(m|n) as the elements sl(m + 1|n) that also lie in gl(m|n) under the
inclusion above. Some other important subalgebra for gl(m+ 1|n) will be b,,11},, the Cartan
subalgebra of diagonal matrices in gl(m + 1|n), and n_ 1), and nt L1 the subalgebras of
strictly lower and upper triangular matrices in gl(m + 1|n), respectively. We define the
analogs of these subalgebras for gl(m|n) in the obvious way.

For a square matrix A and a variable or constant v, the expression A + v should be
understood as the sum of A and the scalar matrix of the same size as A having v on the
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diagonal. Finally, let dy; denote the Kronecker delta, which evaluates to 1 if £k = [ and 0
otherwise.

In Sections [3] and in Appendices [A] and [B], @ and b denote elements of I. In all sections, i
and j denote elements of I unless specified otherwise.

2.2. Weights and Root Systems. Let {dg,d1,...,0m,01,...,0s} denote the basis of R
dual to the canonical basis {eg, €11, - - -, €mm, €11, - - - , €an} Of bri1jn- Whenever convenient,
for 1 <i < n, we will write

€ = 0;.
We will refer to elements of b7 +jn @S weights, and will often write any weight A = >, _; \;0;
as a tuple (Ao, A1, ..., Am, A1, ..., Az). The bilinear form (-,-) : Byg1jn X Bimgajn —> C given

by the supertrace (x,y) := str(xy) naturally induces a bilinear form on b which will

*
m+1|n’

also be denoted by (-,-). For i,j € I, we have
(6:,8;) = (=1)1lg;.

We call z € gl(m+1|n) a root vector if there exists a nonzero a € by, if for all b € by p1)n
we have [h,z] = a(h)z. The weight « is called a root, and set of all roots is called the root
system. It is well known that a root system for gl(m + 1[n) is given by ® == {d; — d;}, ¢},
with a root vector corresponding to J; — d; being e;;. Let ®5 and ®7 be the even and odd
roots in @, respectively, where a root is even if the corresponding root vector is even (resp.
odd). It is easily seen that

Oy = {0 — 0j}1<izjem U {&i — €5 hi<izj<n,

®1 = {£(d; — &) h<isma<jcn:
A root a € ® is said to be isotropic if (a, ) = 0. The set of odd roots coincides with the set
of isotropic roots for the general linear Lie superalgebras. Let & = {6, —d; | i < j € I} be
a positive system, and restrict this notation to the even and odd roots in the obvious way.
Lastly, let Wint1jn = Spmi1 x S, denote the Weyl group of gl(m + 1|n) with natural action
on by .y, 1€, Smi1 permutes {60, ...,0m} and S,, permutes {e,...,€,}.
Furthermore, we can define for any o € ®5 the corresponding coroot a¥ € b,,11}, such

that
2(\, )

(@, q)

A aY)y = VA€ b

The simple reflection s, acts on by, as expected: s4(A) = A — (A, a”)a. Define the Weyl
vector pm 1), as follows:

Prosipn = Y _(m—i+1)0 = > je=(m+1m,. .. 1,-1,-2 .. —n).
i=0 j=1

Note that our Weyl vector is a shifted version of the standard definition, which is half the sum
of the positive even roots minus half the sum of the positive odd roots, but all this changes
is that the Harish-Chandra homomorphism gets shifted. A weight A € b is said to be

antidominant if (X + pmiij, @) € Zso for all o € ®F. An element A € T,
typical (relative to ®*) if there is no positive isotropic a € ®1 such that (A + ppg1jn, @) = 0.

*
m+1in

is said to be
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For a weight A = (Ao, ..., Am, Ay .-, Aq) of gl(m + 1|n), denote by M(A) and L(X) the
Verma module of highest weight A and its unique simple quotient, respectively. Here

M) = Ulglim +1n)) @y, ent,, ) Crs

where C, is the one-dimensional weight representation of b,,11,, with weight A extended
trivially to nm+1ln

Finally (and very importantly to avoid confusion later on), to be consistent with our
viewing gl(m|n) as the subalgebra of gl(m + 1|n) spanned by (e;;); jer, we restrict all of the
above definitions to gl(m|n) in the obvious way so that everything is compatible with the

inclusion gl(m|n) < gl(m + 1|n) (with the “extra” index being 0). For instance,

(1) we will simply write a weight A € by, of gl(m[n) as an (m+n)-tuple, understanding

that Ag = 0 under the inclusion by, — by

(2) the Weyl group Wy, is Sy, x S, and the Weyl vector pp,, is
Pmjn = (m,m—1,...,1,=1,=2,...,—n);

(3) a Verma module M (\) and its simple quotient L(\) can either mean such a gl(m +
1|n)-module with highest weight A or such a gl(m|n)-module with highest weight A
(not by restriction). Context will make it clear to which we refer (using a (m + n)-
tuple will mean interpret it as a module over gl(m|n), for instance).

2.3. Superalgebra of Differential Operators. In this subsection, we define the super-
algebra D’(m|n) of differential operators. First, we define the superalgebra of polynomials
that D’'(m|n) operates on.

Define F := C[tZ',t1,...,tm] ® A, where A, is the n-generator exterior algebra with odd
generators ti, ..., t;. The defining relations of A,, are given by

titj - —tjtz

for 4,5 € {1,...,n}. This anticommutativity, combined with the fact that C[t=',¢1,..., ¢,]
is commutative, means that F is supercommutative, i.e. that is x and y are homogeneous,
then zy = (— 1)|x”y|y1; A basis for F is given by vectors of the form tfoth .. -t’ﬁnmtlfi otk
where kg € Z, ki,...,km € Z>o, and ki,...k; € {0,1}. For convenience, we will drop
the tensor symbol in the notation and also freely permute the ¢;’s in accordance with the
supercommutativity rules.

Next, we define the operatlon . We write 0; as shorthand for 5 Consider an element
t’gotlfl = -t’fnmti ottt e FooTo operate by 0;, we first move ti’ to the front using super-

commutativity. Then replace tf by kitfi_l

supercommutativity.
Then, we define the superalgebra of differential operators D’(m|n) to be the superalgebra

Extend to the whole of F by linearity and

generated by: left multiplication by & o for i € I, where we will abuse notation and simply

write f; for this operation; and ty0; for i € I , which consists of left applying the i’th derivative
and then left multiplication by ty. The parity of these is operators is given by the parity of
1 € I. We define the element

£~ (;) (tods) = S t:6; € D'(mln).

iel iel
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The following lemma collects some identities in D’(m|n). The proofs are simple so we omit
them.

Lemma 2.1. The superalgebra D'(m|n) of differential operators on C[tF' t1,... t,] ® A,
generated by ;—0 fori € I and ty0; for i € I satisfies the following properties:

(1) We have

tit; = (—=1)le ¢, (for 7,5 € I)
Oit; = (1)l 0, (for i,j € I, and i # §)
9;0; = (—1)719;0;. (for 4,5 € I, and i # §)
(2) We have
[0 ta] = Data — (—1)t,0, = 1
fora € I.

(3) The element € is central in D'(m|n) and if p = 47 - terts" - - to", then Ep =
(degp)p, where degp =eg+e1+ -+ ey +e1+ -+ en.
(4) Z(D'(mln) @ U(gl(m|n))) = C[E] © Z(U(gl(m|n))).

3. THE HOMOMORPHISM ¢
In this section, we construct the homomorphism
r : U(gl(m + 1|n)) — D'(m|n) ® U(gl(m|n))
that extends the homomorphism p in [GR21].

Theorem 3.1. For any element R in Z(D'(m|n) @ U(gl(m|n))) = C[E] ® Z(U(gl(m|n))),
the correspondence given by

Cap > 10y @ 1+ 1@ egp + (1) IPIR, (a,b€ )
s

eaoHt(z@o@l—Z(—l)‘“l|ﬂ|t—J®ea]~, (CZG])
jel 0

eqp > te0p ® 1, (be])

600'—>t080®1+R

extends by the universal property to a homomorphism g : U(gl(m + 1|n)) — D'(m|n) ®
U(gl(m|n)).

We defer the proof to Appendix [A]as it a long but straightforward verification of commu-
tators. We will write ¢ as shorthand for ¢g if we are referring to an arbitrary R. Now, let
©* denote the restriction of pg to U(sl(m+1|n)). The formulas for pg give us the following:

Corollary 3.2. The correspondence given by

Cap > a0y @1+ 1® ey, (a,b € I and a # b)
Lt

€a0 — ta0o @1 — Z(—n‘allﬂt—f ® €q;, (a €
jel 0

ey > L0y ® 1, (be])

eoo — (=1)%eaq = (t00p — (=1)t,00) © 1 — 1 ® (—1)“lesq (a€l)
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extends by the universal property to a homomorphism ¢* : U(sl(m + 1|n)) — D'(m|n) ®
U(gl(m|n)) (notice this doesn’t depend on the choice of R).

Let
[(m|n
R P
el
[(m+1|n) .
iel

be the first Gelfand invariants of gl(m|n) and gl(m+ 1|n), respectively (for the full definition
of the Gelfand invariants see Section @ Note that they are both central in the corresponding
universal enveloping algebras. Now, let us define the following homomorphisms:

(1) the natural embedding
2 U(sl(m + 1n)) — U(gl(m + 1|n));
(2) (for m + 1 # n) the projection
7w U(gl(m + 1n)) — U(sl(m + 1|n))
defined by

m9(B) = B — str(B)Ge

m+1—-n
for B € gl(m|n) and the universal property;
(3) and the map

9 U(gl(m|n)) — U(sl(m + 1|n))
defined by 9(C) = C — str(C)egy for C' € gl(m|n) and the universal property.

For the following proposition, let us suppose m + 1 # n and set

1 [(m]|n)

Bym - (E@1+10 61" 3.1
From the formulas we deduce that ¢r, = ¢® o9 (note that R; is a super-analog of the R,
defined in [GR21]). Let us also define
v :U(sl(m + 1n)) — D'(m|n) @ U(sl(m + 1|n))

by v = (1® 19) o p°.
Proposition 3.3. For m+ 1 # n, we have v = (1 ® 19)¢*, 79° = 1d, and p*79 = pg,, and
all other relations that directly follow from these three; in that sense, the following diagram
is commutative (in the category of superalgebras).

PR
U(gl(m + 1|n)) ———— D'(m|n) ® U(gl(m|n))
| w9 ? 1® 9

U(sl(m + 1|n)) ———— D'(m|n) @ U(sl(m + 1|n))

Most of the diagram still holds if instead of pg, we take any g for any R € Z(D'(m|n) ®
U(gl(m|n). The only change to the diagram is that the 79 arrow is deleted (and the assump-
tion m + 1 # n can be relaxed).
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4. INFLATING REPRESENTATIONS

In this section we use ¢ (recall that ¢ is shorthand for pg) to extend a simple representation
of U(gl(m|n)) to a representation of U(gl(m + 1|n)) and find conditions for when this new
representation is simple.

For any a € C, define the D’'(m|n)-module

F, = span{tg 1o mhagh o gkagbt ke R € Zs, K, ks € {0,113

This is a generalization of the F, defined in [GR21], both in the sense that it is defined for
superalgebras and in that we do not require a € Z. Note that F, = D'(m|n)(t§) (i.e. the
set that results when we apply elements of D'(m|n) to t}) and that £ = ald on F,. Given
a weight A of gl(m|n), we write F, ® L(A) (and F, ® M (X)) for both the representation of
D'(m|n) @ U(gl(m|n)) and the representation U(gl(m + 1|n)) via ¢, and the meaning should
be clear from context. We fix a highest weight vector vy of L(\).

Let us now consider inflating the simple module L(\) using . In particular, we investigate
when the resulting module is simple.

Proposition 4.1. Let vy be the unique highest weight vector for L(\), up to scaling. The
vector t§ ® vy 1is the only highest weight vector (up to scaling) for F, @ L(\), considered as
a U(gl(m + 1|n))-module.

Proof. For 0 < i < j, we have that e;; acts as t,0; ® 1 +1®e;;. Now t,0;(t5) = 0 and e;; acts
on vy as 0 since ¢ < 7, so e;; acts on t§ ® vy as 0. Also, for each j > 0, ep; acts on t§ ® vy as
t00; ® 1. Now t50;(t%) = 0, so eg; also acts as 0. It follows that t§ ® vy is a highest weight
vector.

Now suppose

W=p; @wy + - pp @ wy (4.1)
is a highest weight vector, where
De = tg_k'l,c_kQ,c_"‘_k’myc_ki,c_'“_kﬁactfl,c .. tﬁm,ctliﬁvc I tgﬁ‘C’
where K1 ¢, ..., kne € Zso and ki, ..., ks € {0,1}. Furthermore assume the p. are distinct

and the w, are nonzero. Now eg; (for j € I), which acts as tp0; ® 1, must act as zero on w.
Pick the p. that is t-lexicographically maximal (i.e. relative to the t;-degree, to-degree, and

so on). Then, ey - - ey acts as zero on all pg ® wy except for p. ® w,, on which it gives a

nonzero result. Thus elgi’c e elgg’c does not act as zero on w, a contradiction unless p, = t§,
in which case k = 1 and we can write w = t§ ® w.

Then, for i < j, e;; acts as t,0; ® 1 + 1 ® e;;, and this must act as zero on w. First,
note that the ¢;0; ® 1 part acts as zero. Thus we must have e;; acting on w as 0 for all
i < j, ie. w is a highest weight vector of L()), so w is a scalar multiple of vy. Thus,
t¢ @ vy is the only the highest weight vector (up to scaling) of F, ® L()), considered as a
U(gl(m + 1|n))-module. O

We can write R in the form R =3, &' ® z; for some z; € Z(U(gl(m|n))) by Lemma .
A direct computation shows that R acts as a scalar on F, ® L(A), which we will call r:

R- (Z fi® Uj) = (Z E'® zi> <Z fi® Uj) = Z(deg I fi @ xa(zi)v;

/Z:7j
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_ (Z aixx(zi)) (;fa@“j) - (Z fj@”) |

where f; € F,,v; € L(\) are arbitrary, and x, is the central character corresponding to A
(see Section [5)). It follows that the weight for § ® vy is

X::(a+r,/\1+r,...,/\m+r,)\1—T,...,/\ﬁ—r). (4.2)
Next, we find conditions on A for t§ ® v, to generate the module F, ® L(\). For i € I, define

f@) = (=1,
j<i

where the sum runs over j € I with j <1 (recall the ordering on [ defined by 1 < 2 <
e<m<1l<---<n) Then f(1) =0,f(2) =1,....,f(m) =m—1,f(1) = m, f(2) =
m—1,...,f(n)=m+1—n.
Theorem 4.2. Let A be a gl(m|n)-weight. If a+ f(i) — (=1)lI)\; is not a nonnegative integer
for alli € I, then F, ® L(\) is a highest weight module.

Proof. Let N be the submodule generated by the highest weight vector ¢§ @ vy. We first
claim that all monomials in F,, and thus all elements of F,, create an element of N when
tensored with vy, the highest weight vector for L(\). We proceed by induction down on the
exponent of ¢y,. Specifically, assume that T'® vy = t;°S @ vy = t5°t1" - - t7" @ vy, € N for
ap+ay+---+a = a, and a; € N for |i| = 0 and a; € {0,1} for |i| = 1. We claim that
(t;/to®1)(T'®v,) € N for any i € I. To do this we induct on i. First look at the case i = 1.
We have

t.
€10 * (tSOS &® U)\) == (t180 X 1— Z t—] &® 61j)(t805 &® U)\) = aotltSO*IS &® Uy — tltgoils X )\11))\.
: 0
J

which means (¢;/to ® 1)(T' ® vy) is in N as long as ag — Ay # 0. But since a — A; is not a
nonnegative integer, and a — ag is a nonnegative integer, ag — A\; # 0. Thus the base case is
proved. For general i # 0, note that

ot
€0 * (th &® U)\) == <t180 X 1-— Z(—l)‘l‘ljlé (24 6@) (th &® U)\)
j
= btitb 1S @ vy — (—1D)IINt 1S @ vy
= 3 (1) TSN LG 5 (e - vy).
i<t
In addition, for 0 < j < i, if |j| = 0, we have
eij - (titg 'S @ua) = (6:0; @ D(titg 'S @ ua) + (1@ )ity 'S @)
— (14 a))tth S @ vy + (—1)ilHGHEHIDIESD (¢ 218 @ (e - vy)
=(1+ aj)titg‘lS R vy + (_1)Ii\\j\+(\i|+\j\)(\t83|)(tjtg—lg ® (e - V).
If |j| = 1, then
—eij - (titg 'S ®@uy) = —(t:0; @ 1)(titg 'S @ va) — (1@ eyy) (ttg 'S @ va)
(1= @)ttt S @ vy — (—1) IS (¢ 21 & (er; - 0y))
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b—1 il 31+ (Jél+15]) (1858 b—1
= —(1 —aj)tth S @ vy + (—1)lllalCi+aD D<tjt0 S ® (e va)).

since if a; = 0, then (;0;)(t;t5'S) = t;tb~ and if a; = 1, then t;t5-*S = 0 since t2 = 0. Also,
both of these are in N because tjtg_ls ® vy € N, from the inductive hypothesis. Adding
these equations (for all j < i) to the first gives us that

b+ (14a)+ ) (a ~)l | tith 'S @ vy € N.
Jj<t J<i
j1=0 jl=1

Now we show that the expression in parentheses (call it A) is nonzero. Note

A=b4> aj+ ) = (=D = b+ a;+ f(i) = (D)X = K = a+ (i) = (-1)/IN - K,

1<t jel

where K is some nonnegative integer. Since a+ f(i) — (—1)'”)\2- is not a nonnegative integer,
it follows that A # 0 so tl-tg’lS Ry € N.
Now, we show that p ® (e;; - vy) € N, for any p € F, and i, j € I. We have

cij - (P®vn) = (L:0;)(p) @ 0r + P ® (e - va) + 0 (= 1) R(p @ vy),

and this element is in N. Now R acts as r Id (see the discussion preceding ([£.2)), so R(p ®
vy) € N and (¢;0;)(p) ® vy € N from the first part of the proof. Thus p® (e;;-vy) € N for all
p € F, and i, j € I. Repeating this process multiple times shows that p ® (e;,j,€ipjp = * * €iris -
vy) € N for any k. Since v, generates L(\), this shows p @ w € N for any p € F, and
w € L(A). Thus N = F, ® L(\). O

Using the following theorem, we can use the previous theorem to find conditions when
Fuo @ L(X\) = L(N).

Theorem 4.3. For a weight A of gl(m|n), we have F,@ L(A) = L(X) as gl(m+1|n)-modules
if and only if F, @ L(\) is generated by the highest weight vector t§ @ v,.

Proof. First note that by Proposition showing F, ® L(\) = L(\) is equivalent to showing
F. ® L(\) is simple. Let N denote the submodule of F, ® L(\) generated by ¢ ® vy. If
N # F, ® L()\), it is obvious that F, ® L(\) cannot be simple. Now we prove the “if”
direction.

Since N = F, ® L()\), we know t§ ® vy generates F, ® L(A). Let x be a nonzero element
of F, ® L(A). Let N(x) be the module generated by . We will show that ¢} ® vy € N(x),
so N(z) = F, ® L()\), thereby showing F, ® L(A) is simple, since x is an arbitrary element.

Write

T =cp1t QWi+ - Cppr @ Wi, (4.3)
where
_ tg k1,c—ko,c——km,c—ki . ——ka, ct’fl <. tﬁm’ct];i’c . tgﬁ’c,
where kl,m ey km,c S ZZO and ki,ca R ,kﬁ’c S {0, 1}, W, = eil,cjl,ceizcjzc s eid,cjd,c * Uy, and

finally ¢y, ...cr € Cyx. We claim that a nonzero element of the form

=t @wy + - utd @ w), (4.4)
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exists in N(z). For z in the form (4.3]), we define

S(x) =D ki (4.5)

iel (=1
Note S(z) is defined uniquely for all z and S(z) is a nonnegative integer. Additionally,
S(2') = 0 if and only if 2/ is in the form ({.4)). If S(z) = 0, we are done. Otherwise, there
exists k;, > 0 for some j,¢. Applying ep; to x (where we have ey; - © = (to0;)z), we see
that S(eg; - x) < S(x), so S(-) decreases under this action. Also, note that eg; - « is nonzero
since k;p > 0. If S(ep; - ) = 0, we are done. Otherwise we can do the same process to
eg; - ¢, finding eqjrep; - & # 0 with S(egjen; - x) < S(ep; - ). If S(epjrenj - x) = 0 we are done.
Otherwise we can just keep continuing this process, which must terminate since S is always
an integer. Then it follows that we can find ' € N(z) which can be written as (4.4). We
can then write z’ as

¥ =1t @w,
where w € F, ® L(\) and w # 0.

Next, we show that if t§ ® w’ € N(x), then t§ ® (e;; - w') € N(x), for 4,5 € I. We have

e - (t5 @ W) = (1:0)) - (5 @ W) + (1@ eyg) - (1§ @ w) + 8 (=)W' R - (1 @ w)
=ty ® (e - w') + s(tf @ ')
for a constant s € C. Subtracting s(t§ ® w'), we get that t} @ (e;; - w’) € N(x).

Let N'(w) be the submodule generated by w in L(A). Since 2’ = t§ ® w € N(z), from the
proceeding argument, it follows that t§ ® N'(w) C N(z). But since L(\) is simple, it follows
that N'(w) = L()\). In particular, v € N'(w), so t§ ® vy € N(x). Thus N(z) = F, ® L(A),
50 Fo ® L(A) is simple. O

Corollary 4.4. Let A be a gl(m|n)-weight. If (X + Pmifns 00 — ;) & Zso for 1 < i < m
and (X + Pmtiins 00 — 0;) & Zso for 1 < i < i, then F, @ L(\) is simple, which implies
Fa @ L(X) = L(X).

Proof. We show that the conditions given are equivalent to the conditions in Theorem [.2]
Letting p = pmn, note that f(i)+1 = py—p; for 1 <i <mand f(i) = po+p; for 1 <i < n,
where p = ppi1)- It follows that the condition a + f(i) — (—1)|i|)\i not being a nonnegative

integer is equivalent to the conditions stated in the corollary. Then the result follows by
Theorem [4.3] and Theorem (4.2 0

Let us recall the following fact: if A is both antidominant and typical, then M () is simple,
see for reference [Gor0lal or [Gor01D]. Our result will be a consequence of Corollary [4.4]

Corollary 4.5. Let AW,,,(a) denote the set of all typical antidominant gl(m|n)-weights A
such that \; — (—1)lla & Z fori € I. If X\ € AW,(a), then F, ® M()), considered as a
gl(m + 1|n)-representation, is isomorphic to M(\).

Proof. Since X is antidominant and typical, L(A\) = M(\). For 1 <i<j<morl<i<
J <1, we have (A+ pmsin)i — A+ Pmsin)j = A+ Pmpn)i — (A4 pmn)j € Zso. Additionally,

note that for 1 <4 <m, (A4 pmyipm)o — (A + Prmgin)i = a +1i — A € Zg since a — \; € Z.
Thus A\ is antidominant.
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For 1 <i<mand1<j<n, we have

(A4 pmjns 6 = 05) = (A + prgan)i + A+ Prgam)j = A4 pmjn)i + (A + prjn); # 0
since \ is typical. Finally, for 1 < j < 7, we have

(X+pm|n750_5):<X+pm+1|n)0+<x+pm+l|n):a+m+1+)‘_]7éo

because a + \; is not an integer. Therefore N is typical as well as antidominant.
Thus M (/\) L(/\) is simple. Then note that A satisfies the conditions in Corollary {4

so the result follows. D

Now suppose £ € by, ., such that ({+ pmi1n, o) & Lo for @ € O and (E+ psajn; @) &
Z>q for a € QD{. Note that the first condition is simply that £ is antidominant and the second
implies € is typical. Then inductively apply Corollary to use the modules F, to “build”
the representation L(§) for £ € b, +1jn- The conditions on & allow us to apply Corollary
iteratively (with R = 0) to get a map

U(gl(m +1|n)) = D'(m|n) ® --- @ D'(0jn) @ D'(n — 1|0) ® - - - @ D'(0]0)
that gives us a gl(m + 1|n)-representation
F(&) =Fe ®Fe, @ @ Fe,

that is isomorphic to L(£). (Note that when constructing the chain have to use the obvious
isomorphism from U(gl(0[n)) to U(gl(n|0)) given by e; — e;;). But £ is antidominant and
typical, so .Z () is isomorphic to M () as well. This apphes to substantially more general
setting than 4.5 and motivates the following conjecture:

Conjecture 4.6. There is an isomorphism of U(gl(m + 1|n))-modules . (£) = M (&) for all

weights & € bfnﬂ‘n.

Further supporting evidence is that the modules have the same formal supercharacters,
which is verified in a manner analogous to the proof of Theorem 4.2, page 6 in [GR21].

5. IMAGES UNDER HARISH-CHANDRA HOMOMORPHISMS

In this section, we relate the restriction of ¢ to the center of U(gl(m + 1|n)) with the
Harish-Chandra homomorphisms.

For M € {m+1,m}, recall prs, = (M, ..., 1,=1,...,—n). Ifb=(by,...,ba,b1,...,b5) €
CMI" then the evaluation homomorphism evy, : C[ly, ..., Iy, 14, ..., 15| = C is defined by

evb(p) = p(bl, Ce ,bM, bi, Ce ,bﬁ).

Every z € Z(U(gl(m|n)) acts on L(A) as xx(z) Id, where xA(2) = evaip,,, (Xmjn(2)) and
Xmpn @ Z(U(gl(m|n))) = Cll1, ..., by, t1, ..., €z)"Ym1n is the Harish-Chandra homomorphism
(see Theorem 13.1.1 (a) in [Musl2]). We similarly define X,ni1n @ Z(U(gl(m + 1|n))) —
Cllo, .- b, 1, .., L) Ymtrin,

Nex‘c7 we define xo,nn : C[E] @ Z(U(gl(m|n))) — Cllg) @ C[ty,. .., Lz]"Vmin by
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Set £ = Xomn(R). In the case when R is given by (3.1)), we have

1 m(m+1) n(n+1)

(=- Z e
iel

Note that the symmetric superalgebra S(b,y,) is isomorphic, in a canonical way, to the
superalgebra of W, ,,-invariant polynomials in C[/;, ..., ¢z]. Let I(b,,,) be the subalgebra
of S(byn) consisting of all W,,,-invariant functions ¢ on h:‘nln such that if « is an isotropic
odd root and (A, &) = 0, then (A\) = O(\ + ta) for all t € C. It is known that X, :
Z(U(gl(m|n))) = I(hmn) is an isomorphism (see Theorem 13.1.1 (b) in [Mus12]). Note that
this means X, considered as a map from C[€] ® Z(U(gl(m|n))) to Clly] ® I(Hympm), is an
isomorphism as well.

For the remainder of this section, we consider the module F, only when a is an integer.

Then note AW, := AWpjn(a) = AW, (0).

Lemma 5.1. The modules

F=PF.and & MO

a€Z )\E.AWm‘n
are faithful over D'(m|n) and gl(m|n), respectively.

Proof. We prove that both modules have trivial annihilators.
If z € Z(U(gl(m|n))) annihilates @AEAWm‘n M(X), then xx(z) = 0 for all A € AWp,,.

Since xx(2) = eVaip,,, (Xmln(2)), we have

EVA+omn (Xmln(z)) =0

for all A € AW,,),,. But this can only happen if x,,,(2) = 0. Thus, we must have z = 0.
Now suppose x € D'(m|n) annihilates F and x is nonzero. Write z as the sum of elements
of the form

plto, ... ta) - O --- b

where p(to,...,ts) is some nonzero polynomial. Furthermore, assume that each term in
the sum has a different (by, ..., bs). Pick the term that is O-lexicographically maximal (i.e.
relative to the dp-degree, the 0;-degree, and so on). Consider the polynomial tg(’tlil cooghn
Then the leximaximal property of the term we picked guarantees that all the other terms
act as zero. Furthermore,

(@h )l -t =

for a nonzero ¢ € R. Therefore

zo (- ti) = (plto, - s ta) - O -+ )t - - 07)

=c-p(to,...,tz) #0.
This contradicts the fact that x annihilates F. Therefore F has a trivial annihilator. 0J
Define
T(p(Wo, o by b1y l5)) =plo+L+m~+ 1,0+ 0, . by + 0 07—, .. Ly —L).

Then it is easy to see that 7 is a homomorphism from I(hp+1) to Cllo] @ I(hppn).



MIXED TENSOR PRODUCTS, CAPELLI BEREZINIANS, AND NEWTON’S FORMULA FOR gl(m|n) 15

Theorem 5.2. We have that
S0|Z(U(gr(m+1|n))) = X&}anmem-

In particular, p(Z(U(gl(m+1|n)))) is a subalgebra of C[E]®Z (U (gl(m|n))), and the following
diagram is commmutative:

Z(U(gl(m + 1n))) ——— C[€] ® Z(U (gl(m|n)))
Xm+1|n X0,m|n

I(hm+1|n) > Clb] ® I(bfﬂ\ﬂ)

Proof. Suppose A € AW, and a € Z. Let M(a, \) = F,@M (X), considered as a gl(m+1|n)-
module. We show that ¢(z) = X(IianXerlln(Z) for z € Z(U(gl(m+ 1|n))), as an identity of
endomorphisms of M (a, A). By Lemma and by the fact that the tensor product of faithful
modules is faithful, the module @an,/\eAWm|n M (a, \) is faithful over D'(m|n) @ U(gl(m|n)).
Then it will follow that © = Xg 1, TXm+11n(2)-

By Corollary , we have M(a,\) = M(X). Thus, every z € Z(U(gl(m + 1|n))) acts on
M(a, \) as x5(2) Id. Now set & = X&in|nTXm+1|n- Then, £(2) acts on M (a, A) as xq(£(2)) 1d,
where x A3 E' ® zl) == > a'xa(z]), because £' ® 1 acts on M(a,\) as a’. Thus we just

need to show x,(£(2)) = x5(2)
For a polynomial p(to,...,t;), we have

eVa,)\-i-pm\n T(p)
:eva7>\+pm‘np(€0+f—l—m—|—1,€1+€,--- A+ 00—, Uy — )
=pla+r+m+1,06+r+m,... . lp+r+1,li—r—1,...0p—7—n)
:eVX-'rperl\np

(Note that here we set evy i, () = pla, A\t +m, . Ay + 1, A1 = 1, .., A1 — n) for all p).
As a result, setting p = Xm11ja(2), and noting that x,x(E'®2') = eVarip,., (Xomn(E' ®2)),
we have

Xa)\(g(z)) = Xa,)\XQ_,,ln‘nTXm-i-l\n(Z) = eVX+pm+1|n (Xm+1|n(z)) = XX(Z)
This completes the proof. O

6. SUPER VERSION OF NEWTON’S FORMULA AND CAPELLI-TYPE BEREZINIANS

We have now computed the image of the center, so we aim to describe the images of
individual generators, as in |[GR21]. In |[GR21], the images of the Gelfand generators are
computed explicitly using a progression of identities related to Capelli generators, Capelli
determinants, and an analogue of Newton’s formula for gl(m) (see [Ume98|). However, in the
super setting, there is no known analog of these formulas. Additionally, another challenge in
the super setting is that the center is not finitely generated, which makes it harder to apply
the method in [Ume98]. We appeal to the theory of Yangians to find identities for analogs of
Capelli determinants (which we call Capelli Berezinians), including a new form of the super
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Newton’s formula, which relates the Capelli Berezinians to Gelfand invariants. We then use
this to compute the images of the latter under ¢.

6.1. Yangians for gl(m|n). Let us recall the Yangian Y (gl(m|n)) as defined in [Naz91] (also
see [Gow(5]). This is the Zy-graded associative algebra over C with generators

(19 i, jelr>1)
and defining relations
min(r,s)—1
r S illil=+|s i r4+s—1 r4+s—1—
[T(J ) T = (—1)lillal+illkl 1K Z (T(p)T( +s—1-p) Tk(f Py,
p=0
The Z,-grading is given by ]ﬂ(f)\ = |i| 4+ |j]. We define the formal power series
Tij(u) =0y + TP ™ + T
and the matrix T'(u) := [T;;(u)] € Mat,,,, (Y (gl(m|n))). We can also identify 7'(u) with
Z Ti(u) @ egj(—1)MI0+D
ijel

In general, we can identify an operator 3 A;;®e;;(—1)PI01+D in Y (gl(m|n))[u~!] @ End C™"
with the matrix [A;;]. The extra signs are inserted to let the product of two matrices be
calculated in the usual way. The Yangian is a Hopf algebra with comultiplication

) — ZTzk ® Ty (u),
kel
antipode S : T'(u) — T~ (u), and counit T'(u) > 1.
We define the power series with coefficients in the Yangian Y (gl(m|n)) of gl(m|n) given
by
T h) =T
Zp(u) =1+ str ( (ut 11 () ~T1(u)>

for any h € C, where str(A) denotes the supertrace of a matrix A. The h here has no relation
to the h that appears in [Naz91]. Define

Z(u) = lim Zp(u). (6.1)

h—m—n

For m # n, Z(u) = Z,—n(u) while for m = n we have

Z(u) =1+ str <(d%:r(u)> T—l(u)) .

Note that the same series Z(u) was defined in [Naz91]; however it was not written in terms of
this limit construction. The coefficients of the series Z(u) are known to generate the center
of Y(gl(m|n)) (see [Naz91] and |Gow(7]).

Let B(u) be the quantum Berezinian of T'(u), defined by

B(u) = Det[Tij(u + (m —n = j))ij=1,.m X Det[Tj(u — (m + 1 =7+ D)lijmms1,.min;
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where [T} (u)] = T*(u) = (T7(u))* and A = [A;;(—1)M07FD] denotes matrix supertrans-
position. By the determinant of a matrix X = [Xg]ap=1,..n With noncommuting entries, we

mean the sum

.....

Det X = Z Sgn(U)Xa(l),l e 'XU(N),N'

ogeSN
It is shown in [Naz91] that
B(u+1)
B(u) -

which could be referred to as a “quantum Liouville formula”. Additionally, there is a pro-
jection homomorphism 7, : Y (gl(m|n)) — U(gl(m|n)) given by

Z(u) = (6.2)

T‘”(U) — 5@‘ + eij(—l)“‘u_l. (63)

6.2. Super Newton’s formula. We can use these tools from Yangians to generalize the
Newton’s formula for gl(m) (see [Ume98] and Theorem 7.1.3 in [Mol07]) to gl(m|n). Let

E = ((—1)"e;;); jer
and define

.....

= sgn(0) (E=T),q, (B =T =m+1)o(mm

0ESM
X Z sgn(7)(E—T —m+ 1)71>f7$,+7‘(1),m+1 o (E=T = (m— n))il)f??HrT(n),n
TESK

to be the Capelli Berezinian of gl(m|n). It follows from the definitions that C,,(T) =
Q(T) Ty (B(=T — (m — n) 4 1)) for the rational function Q(T") given by

rr+1)---(I'+(m-n-1)) form >n
QT =<1 form=n (6.4)
(T—(n—-—m)™ (T —n—-m-=1))" - (T—=1)"" forn>m.

It is well known that the coefficients of m,,,(B(T)) generate Z(U(gl(m|n))). Hence the
coefficients of Cy,,(1") also generate Z(U(gl(m|n))). We call these coefficients the Capelli
generators of Z(U(gl(m|n))). Since the coefficients of C,,,(1") are central, we can consider
Cppn as a function from the algebra of Laurent series in 7" with coeflicients in U(gl(m|n))
to itself. The Newton’s formulas proved in [Ume98] and Theorem 7.1.3 of [Mol07] relate the
Capelli Berezinian (called the Capelli determinant when n = 0) to the Gelfand invariants
Gir(m). We generalize these results to gl(m|n) using the same method as [Mol07].
The Gelfand invariants of gl(m|n) are given by

Gil(m\n) — Z (_1)|12|+...+|ik|eili2 ® Cigis @ -+ €54,

for £ > 1, where the sum ranges over all k-tuples (i1, ...,4) with terms in /. It is known
that the Gelfand invariants Gy for k = 0,1,... generate Z(U(gl(m|n))) (see for example
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[Rao21]). We can also write G2 = str E*. Indeed, we have

strEF = Z(—l)m(Ek)ii

i€l
§ § EugEng e Ezkz
el 12,..,ix €1

_ s |+H(e |+ Hig—1 |+

= S ()bt e e
11,0k €1

_ 12|+ +|e

= E ( 1)|2| lklezuzems Cigiy
U] yeeey i€l

[(m|n
_ Gl

Theorem 6.1 (Newton’s Formulas for g[(m|n)) We have

Cm|n<T_(m [ ‘ _
-1 gl(m|n T 1- k
Cm‘n(T—(m—n +1 ZG

Proof. Since Coujn(T) = Q(T)Tuu(B(=T = (m —n) + 1)), (6.4) and that G5 = m —n
yields that the identity is equivalent to

Tmjn(B(=T +1)) 1 - str EFTK
T (B(=T)) L+ —T + (m —n) Z B

k=1
Using (6.1)) and (6.3)), we get that
Eu'!'—E(u—h)"!
T (Z(—u)) = lim 14 str ( 4 (u=h) (1-— Eul)l)
h—m—n h

: 1 - k+1, —k
= lim 1—mZStIE u

h—m—n
=0

:1_u— =) ZstrEk

Then the identity follows from (6.2]). O

6.3. Images of Central Elements. Next, we find the image of the Capelli Berezinian
under the Harish-Chandra homomorphism, which combined with Theorem [5.2] will let us
find the image of the Capelli Berezinian under .

Proposition 6.2. We have
Vo (o (=T)) = (T4 £y =)+ (T oy = m)(T — by —m)™ - (T — by, — m) ™

Proof. Note C,,,,(T') is the product of two parts, one part summing over ¢ € Sy,, and one
summing over 7 € S,. However, note that in both parts, only the summand corresponding
to the identity permutation has a nonzero image under X, because in both E + T" and

E+T) ' '=T'"-ET?+ET?—...|



MIXED TENSOR PRODUCTS, CAPELLI BEREZINIANS, AND NEWTON’S FORMULA FOR gl(m|n) 19
the only elements that act as scalars on a Verma module M (\) are along the diagonal E| The
product of the two terms gives the result. 0

Define C(T) via the identity C,(o(T)) = @(Cpy1n(T)). Since the coeflicients of the
Capelli determinant are central and ¢ maps Z(U(gl(m+1|n))) to Z(D'(m|n)@U(gl(m|n))),
the domain of Cy(T") consists of Laurent series in ¢(7") with coefficients in D'(m|n) ®
U(gl(m|n)). For convenience we will write 1" for ¢(T).

Theorem 6.3. We have
Co(TH+R)=(E-T)Cppu(T +1).
Consequently, C,(€ + R) = 0.
Proof. The identity is equivalent to
P(Crs1(=T1)) = (E+T+ R)Crpju (=T — R+ 1).

To prove this, we use use Proposition , the corresponding version for m + 1|n, Theorem
5.2, and that xo,(R) = /. O

Define
Ry=(E+m—n)®1,
and

k—s
w8 (Y
9=0 g

We can combine the previous theorem with the Newton’s formula to find the images of the
Gelfand invariants under ¢.

Theorem 6.4. The following formula holds for all positive integers k:

k—1
m n k mln
@(Gi[( ! )) =A()(E®@1)+ (m+1—n)RF + Z (g) RY (1 ® Gilﬁg\ ))
g=0

:
=S (1 ® Giﬁﬁ“'m) A(s).
5=2
Proof. Theorem [6.3] implies that

C’¢(T—(m—n)—1):(1_ 1 ) Copn(T — R — (m —n))
Co(T — (m —n)) T-R—-Ry) Coyu(T—R—(m—n)+1)

Applying ¢ to the Newton’s formula for gl(m + 1|n) gives

(6.5)

CLP<T — (m — n) - 1) _ - gl(m+1|n —1-k
==y TR

k=0
0o

=1—(m-n+1T Z Ggf(m+1|n)
k=

2This is because of the fact that rg[(mln) (i,5) = Efj acts as a scalar on a Verma module M () if and

gf(mln)

only if ¢ = j. For a definition of Tij , see Appendix To prove this, one simply has to consider how

g[(mln) (i, ) raises/lowers the welghts of the element it is acting on.
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Analogously we can express the right hand side of (6.3)) as a power series in 7. We complete
the proof by comparing and computing the coefficients of T on both sides. 0

7. KERNEL OF @g,

In this section, we find the kernel of the map @g,. For this section, we write ¢ = g, and
Gy = G%[(mﬂln) for convenience.

Theorem 7.1. Let (Gy) be the two sided ideal in U(gl(m+1|n)) generated by Gy. Then the
kernel of ¢ is (Gy).

Proof. Recall from Proposition that ¢ = m9¢°. The kernel of 79 is clearly (G), so we
just need to show that ¢° is injective. We construct a left inverse for ¢°, considered as
a Lie superalgebra homomorphism. In particular, this means we view U(gl(m + 1|n)) and
U(gl(m|n)) as Lie algebras with bracket given by [z,y] = zy — (—1)=I¥lyz.

Let D”(m|n) be the subalgebra of D'(m|n) generated by {t,8y : a,b € I,a # b} U {tody —
(=1)l9/¢,0, : a € I'}. Consider the homomorphism 1®e : D”(m|n) @ U(gl(m|n)) — D" (m|n),
where ¢ is the counit map of U(gl(m|n)). In particular (1 ® e)(p ® ) = 0 for p € D" (m|n)
and x € gl(mln) and (1 ® ¢)(p ® 1) = p. Consider the homomorphism (1 ® &) o ¢* :
U(sl(m+1n)) — D"(mn). Corollary [3.2| gives us that this homomorphism is generated by

Cab F> taOh (for a # b)
€00 — (—1)|a‘€aa —> toa() — (—1)|“|ta8a.

We claim that this homomorphism has a left inverse . Letting D" (m|n) be the algebra
generated by {t,0, : a,b € I}, we first define ¢/ : D”(m|n) — U(gl(m + 1|n)) and then its
restriction ¢ : D"(m|n) — U(sl(m + 1|n)) will be a left inverse to (1 ® €) o ¢®. The map 1’
is generated by

taab = €ab
for a,b € I. To check Y is a homomorphism, we check ¥/'([t,0,t.04]) = [€ap,€cq] for all

a,b,c,def.
If a # d,b # ¢, then we have

[taaba tcad] = taabtcad - (_]-)(‘a|+|b|)(‘C‘+Id‘)tcadtaab
— (_1)\b\|6|tatcabad _ (_1)(Ial\C\+|b|\C\+|a\|6|)tctaadab
= (=1)Plelt t Dty — (—1) Pt t.O5tq = 0.

Now suppose a # d, b = c. Note [eqp, €pa] = €aa. Thus, we show [t,0p, t,04] = t,04. Indeed,
we have

[taOy, 1] = taOyty0g — (—1)(alF DI+ 5 1 5,
— taOty0g — (—1) 1t ,t,0,04
- taﬁd.

If @ =d,b# c, reversing the order gives the previous case. If a = d,b = ¢, then [eq, €p] =
Caa — (—1)l@Fle,  We also have

[taaba tbaa] = taabtbaa - (_1)|a‘+|b|tbaataab
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= t,(1 + (=D)"4,0,)0, — (1) Plt,0,t,0,
= 1,0, — (=)0, (0,t, — (—1)1912,0,)
= 140, — (—1)lalFllz, 9,

Thus 1/, hence 1) is a homomorphism. It is easily checked that ¢ o (1 ®€) o ¢p® =1d, so ¢*
is injective. This completes the proof. 0
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APPENDIX A. PROOF OF THEOREM [3.1]
In this appendix we provide the proof of Theorem [3.1}

Proof of Theorem[3.1. Clearly ¢ maps even elements to even elements and odd elements to
odd elements. Thus, we only need to check that for basis elements x and y, we have

[o(@), (W)l = e[z, y]). (A1)

We have multiple cases to check. Here a, b, c,d will always denote elements of I. Before we
start verifying the cases, note that since R is central, all brackets with it are zero.

Case 1: [eap, €pa)-

If a = b then both brackets in (A.1]) are obviously zero.
If @ # b then [eq, €pe] = €aq — (—1)!%+Pley,. Thus,

o([eaps €a]) = (taaa _ (-1)lal+lbltba,,) 21+1® (eaa _ (—1)\al+\blebb)

Now we show

[taOy, tya) = ta0y — (—1)14 Pl
for a # b. The left hand side is

taObty0a — (—1)1911,0,1,0,. (A.2)

Now Oyty = 1+ (=1)Plty0y, s0 taOyty0y = ta0s + (—1)1P1t,t,0,0,. Using supercommu-
tativity, this becomes t,0, + (—1)‘b‘ta8atb8b. A similar process with the second term
gives us ty0,ta0y = t,0p + (—1)1%t,0,t,0,. Plugging these back into (A.2)), we get

[taOy, ty0a] = taOa + (—1)t,0,t,0, — (—1)19H 11,0, — (—=1)1,0,1,0,
= ta0, — (—1)lal+ 1z, 5,
Thus,
[o(ean); P(epa)] = [taOh @ 1+ 1 ® eap, 140, @ 1+ 1 @ epq)

_ (taaa B (_1)|a\+|b|tbab> 2141 (@w _ (_1)\al+\blebb>

= 90([6ab, eba])a
verifying .
Case 2: [eq, €], a # C
First, we show
[taOb, tp0e] = t40,.
The left hand side is

taOpty0e — (—1)alHEDUbFIED, 5 0. (A.3)
We have
taOptp0. = (—1)1P1lt,0,0.1,
= 1,0.0ptp.
Also,

t0eta0p = (—1)PD t4t,0,
— (= 1)leliel+Pllal g ¢ 1,5,
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= (—1)lllel+bllalHeliely 5 ¢, 0.
Thus (—1)(a=00D 1,0, 0.0, = (—1)t,0,t08 = (=1)¥ta0utsd,. Plugging in to
(A.3), we get
a0y, t60c] = ta0e(Opty — (—1)P1t,0,) = t,0..
Then, we have
[(€ab)s (epe)] = [taOp @ 1 + 1 ® ey, 0. @ 1 + 1 ® ey
=1,0. + 1 ® eqe
= ¢(€ac) = @l[ear, erc]),

as desired.
Case 3: [eap, €ea, ¢ £ D

Swapping the order of the two terms gives us Case 2. Note that all signs picked up
in the process get canceled.
Case 4: [eq, €ca], c A band a # d

First, we show
[taOp, t.0q) = 0.
The left hand side is
taObte0y — (—1)UalFehlel+ldDy 5.1 5),. (A.4)
We have
teOgta0p = (—1)llle*ldDt ¢ 9,0,
=(=1)

(1) (elHoD el Dy 5,1 ),

Plugging back into (A.4)), we get the desired result. Thus, it follows that ¢(eg)
commutes with ¢(eqq). Hence, [p(ea), ©(€ca)] = 0 = @([€ap, €ca) as needed.
Case 5: [eq, €]

lal(el+dD+Bl(lel+dD¢ g, ¢.0,

Since R bracketed with anything is zero, we have

[p(ean), ()] =

At
taBh ® 1+ 1® eap, o @1 =) (-1) WL @ ey
j fo

t
= [taab (29 1,tb80 X 1] — (—1)|b| |itaab X 1, t_b X ebbl
0

. t;
=3 (-~ [1 ® €ap, = ® ebj]
to

i#a
ta

150 o]
to

tq ta
:ta80®1—(—1)|b|t ®€bb+( 1)|b|t_®€bb
0
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Lt
_ Z(_l)la\ljl_ﬂ ® €q;
J

to
At
_ _ _1\lallsl 22 .
—ta(%@l Zj:( 1) J to ®€aj
= @([eab,ebo])

as desired. We now prove each of the four brackets used here. That [t,0,®1, t,0o®1] =
to0p ® 1 was proved in Case 2. Next, we have

t t
t,0p ® 1, 2o e | = [taOb, 2l ® Ebp
to to

since ey, is even. We have
123 1)

Ly
Lo, o] — g fe _ _pymaaenty
[ b,to} = () 1,0

t /
— 2294, — (—1)0lal+BD)+allbl Za 4 5
to brb ( ) to [254")
ta t,
= 2ty — (—1)"1,8,) = =
to Iy

This verifies the second bracket. The third bracket is
t .
{1 ® €ap, = @ ebj:|
to
for j # a. Note that ey;e,, = 0. Thus the bracket is

(—1ylel bl i g
lo

Multiplying by (—1)Pll7l gives

allj lj
(_1)\ ||J|t_] ® €q;,
0
as desired. The final bracket is
t(l ta a ta
1 ® eqp, = @ epa| = (—1)llalHED 2 & ¢ (—1)(alHEDED 22 @ ¢,
Z50 tO to

Multiplying by (—1)all we get

ta ta
(_1)|alla\_ ® e,a — (_1)Ib\_ R €,
to to
as desired.
Case 6: [eqp, €04]
We show
[taOy, tgDy] = —(—1)Ual+EDlaly 5, (A.5)

The left hand side is
taOptoOy — (—1)alHDlals 5 ¢, (A.6)
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We have t,0yt00, = (—1)19I¥ltyOyt,0, = (—1)lel(=1)Uel+lDlalt 5,t.0,. Also toO,ta0y =
to0yOat,. Plugging these back into , we get . Then, we have
[o(€ap); p(€0a)] = [taOh @ 1 4+ 1 ® egp, to0y @ 1]
= —tp0, ® 1 = p(—ew)
= ¢([eap, €0al),

as desired.
Case T: [eq, €00

We have [eq, eoo] = 0, s0 ¢([€aw, €0o]) = 0. Note that tody commutes with t,0,, so
[taOp, toOo] = 0. Since R is central, we have

[p(eas), ©(en)] = [taly @141 @ eqp 4 0ap(—1) IR, 100y @ 1 + R]
= 0 = ©([eas €oo))-
Case 8: [eq0, €]

We have

Lt Gt
%%®1—§:P®Mmé®&m%%®1—EZPMMmi®€w
J J
We evaluate each sub-bracket one by one. It is easily checked that [t,00®1,t,00®1] =
0. We have

[Qp(eao)v ‘P(ebo)] =

t.

t; ts .
[t 0o ® 1 ® 614 = taaot—J ® ey — (_1)\allb\+(\b\+ljl)lalt_ﬂtaao ® ey
0 0

1 1
= tatj 80— ® €pj — tatj —80 & €pj-
to Z50

Similar to the identity dytg — to0y = 1, we have 80% — %80 = —t%, so the bracket
0

evaluates to —t,t;. Thus

o151 tal
:Z( 1>H||t

J

s
t.0o @1, — —1)lellilZ2 ,
b @1, —> (~1) 7, ©

J

Next we evaluate

b en i@
eal? e
to to W

for 7,5 € I. If © # b then egep; = 0. If § # a then eyjeq,; = 0. Thus
— Gy (=1l fati o

t : ataron ot
LO & em, ® ebj:| = 5ib(_1>|j|(| |+|b|)t—gj X eqj 2 €bi-
Thus
At S s tyt;
[_ Z(_l)\almé ® i, — Z(_l)lbﬂﬂé R ey | = \a||b| Z IaHJ| b ® eo;
i J

"E: wmtt  eny.
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Finally,
tj (lal+17) b+ 1 Jal b 1
% X eaj, tba() &® 1| = (-1) tbtj %80 &® eaj — (—].) tbtj 80% X 6aj

o ol

aj-*
Thus
Ly

— (1)l Z(_l)\anﬂ% ® eoj.

£

-t
[Z(_l)aHﬂt_J ® €aj,tbao ®1
0

J

Adding everything back together, we see that everything cancels, so

[Qp(ea(J)? Qp(ebﬂ)] =0= @([eaO,eboD'
Case 9: [eq0, €op)

Now

[Sp(ea()% 90(601,)] =

a N7
taOp ® 1 — Z(_l)l Mé ® €qj, to0p @ 1

J

LTt
= [taO0, to0s) @ 1 — Y (1)l [t—ﬂ @ €ajr toy @ 1} .
- 0
J
But

t.
[—J ® €qjy toOy @ 1]
to

t; t;
(é ® eaj) (tody ®1) — (=1)lPl(#8, @ 1) (i ® eaj>

= (—1)(la+liDie (%toc‘%) ® eqj — (=114 (100 (15 /t0) @ eq;
0

= (1)1 “I(=1) 1P (8;0,) — (But)] @ e
If 5 = b the expression in the brackets is
— Oty — (=D)Pl,0,) = —1.
If 7 # b the expression in the brackets is
(=) (t;85) — (Dt;) = (= 1)1 (1;8,) — (—=1)71°1(2;04) = .
Plugging these back into the original expression, we get
[©(ean), p(eow)] = [ta0, to0s] ® 1 + 1 ® eqp.
If a # b, from Case 2 we have [t,0p, to0y] = t.0p, SO
[p(€an), plen)] = taOh @ 1+ 1 ® eq = p([€an; €op))-

If a = b, we have
[ta0o, t00a] = taOotoO — (— 1)1 t0utado
= Oototada — (—1)"toD0ata
= Oototada — (—1)"tes(1+ (—1)"140,)
= (=D)0y + (Ooto — toDo)tada
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- taaa - (-1)|a‘t080.
Thus
[QO(GQO)a 90(6011)] - taaO ®1— (_1>‘a|t080 R1+1® Caa = 90<eaa - <_1>|a|600> = 90<[6a07 60(1])-
Case 10: [eq, €no)

Since R is central,

[90<6a0)7 90<€00>] =

allg 7]
taao ® 1 — Z(-l)l lmi ® Gaj7toa(] ® 1
J
Now,
[taﬁo, toa[)] = (taﬁo)(toao) — (to@o)(taao) = ta(aoto — t080)60 = taao.
Also,

t: 1 t:
[—] ® €45, to0) ® 1} =t;(oto — t00p) — @ €45 = L @ eq;.
to to to
Thus

(0(ea0). 9(eon)] = tallo @1 - Z(—w“ﬂf—g ® ey = P([ean: coo]).

Case 11: [eq,, €op)
We have
©([eoa; €an]) = »(0) = 0.
Also
[p(€0a), p(eas)] = [to0a ® 1,400, ® 1]
= 13(90y — (—1)"?19,0,) ® 1
=0
Case 12: [eg, €qo)
We have [egp, €00] = —€op, 80 ©([€op, €00]) = —to0, ® 1. Since R is central, we also have
[p(ean), p(e00)] = [tods ® 1,000 @ 1]
= (—tgaotoab + t0Opt0y) ® 1
= —(tg(aoto — toao)ab) ®1
= —t90p @ 1 = ¢([eo; €o0))-
Case 13: [ege, €w), ¢ # a
We have [eg., €4,5) = 0 and
[p(€0e), P(ea)] = [t00e @ 1,140y @ 1+ 1 ® eqp + ap(—1) 1P R]
= [tgac,taab] ® 1.
Now we have
[t00e, taOh) = toOetady — (—1)IcUel+PDz 5,100,
— toDutaBy — (—1)llalBDHelalbDy o 1 5
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=0.
Thus [80(600), (p(eab)] =0= 90<[6007 eab])'
Case 14: [eq, €], b # ¢
We have [eq, €.0] = 0. Also,

Tt
[o(eas), p(ec0)] = [taOh @1+ 1R eqp + 5ab(—1)|“Hb|R, t.Oh @1 — g (—1)|C”]|t—] ® ec;
0

J
cllg tj
= [taOp, t.00] @ 1 — zj:(—lﬁ 141 {taab ®1, é ® ecj]
A t.
- Z(_l)‘c‘m |:1 X €ab, t_] X ecj:| :
r 0
Now we evaluate the brackets. We have
[taaba tcaO] = taabtcao - (_1)(|a|+|b|)‘c‘tcaotaab
— (_1)(\a|+\b\)|0|tcaota@b _ (_1)(Ia|+|bl)\0\tcaota5b
=0.

Next, we have

t; t; t;
[taab ®1, 2 ® ecj} =t,0,-L ® €ej — (_1)(|a\+|b|)|6\ <_J ® 6cj> (taab ® 1)
to lo to

1 1
= —t,Oht; @ ey — (—1)UFDE ¢ 4 9y @ 1.
to to

If 7 # b, then this becomes
1 1
—taﬁbtj X €cj — —ta(‘?btj X €cj = 0.
to to

If 7 = b this becomes
lq

tq
(Duty — (—1)P1,0,) @ ey = = ® €.
tQ tD

Finally, we have

t; ny t.
[1 % e, 2 @ eq} (=) g (o) — (1)l g
to to to

t .
= —(=1)Uel+DIel 2L @ €ciCab
Lo
Now ecjeqp is nonzero if and only if j = a. When j = a, the above expression becomes
lq
(=1)Ual+PDld 22 & ¢\
Lo
Plugging these back into the orginal expression, we get

ta clla a c ta
[elean). plec)] = —(~D)ME @ ey (~)AHAIIIE © 6y = 0 = (e, )

This completes the verification and finishes the proof. O
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APPENDIX B. FORMULAS FOR THE IMAGES OF CERTAIN ELEMENTS UNDER @

For the following section, we will write these Gelfand invariants in terms of the following
special elements of U(gl(m|n)). Set g (I (4, b) = (1)l For k >0 and a,b € I, let

Ti[-i(-rlnln)<G’ b) - Z (_1)|i1|+m+|ik|eai1 Q Cipiy @ - & iy (Bl)

i1yl €1

i S PRI

el

Then we have

for £ > 1. We compute the images of the elements rg[(m|”)(a b) for all k,a,b. The proofs of
these formulas are not dependent on the results in previous sections of this paper. In this
way, we can obtain an alternative (computational) proof of Theorem .

First, notice the following identity:

ri[—i(-TJrlln)(a’ b) _ Z(_1)|i\r£[(m+l|n)(a’ i)eib-
iel
Indeed, we have
Z( 1)|\ 9[(m+l|n a i €Zb _ Z Z \Z1|+ g 1|+|| e i€
iEI ZEI B genes ’Lk_lef
= 2 (g p),
Define
fola,b) = > (=)0, @ r2 (i, b).

iel
Also note that we have fi(a,b) = t,0.
To simplify the statement of the following theorem, we first introduce some more notation.
Let

k—s k S

g=0 g
B(s)= > (-0 0o @ 2, )
i,j€l
k
k min

=z( ) (10085 )
9=0 g
k—1 ;

_ ( 1)\a||g|ty ®,,,9[(m|n)<a7j)>
g=0 7>0 0

M;r

Fi(a,0) = > fi(a,b)Ax(s).

s=1

Then, we can find the images of the rg[ (m+1jn)
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Theorem B.1. We have

(M (4 b)) = Fy(a,b) + Di(a, b)
(I (0,0)) = Ap(1) (100 ® 1) — Ex(a) ( ® 1> ZAk
p(rf 1M (0, b)) = Fi(0,)

k
p(rd ™ (0,0)) = Ap(1)(tedo ® 1) + BY — >~ Ay(s)B(s)

Proof. We prove all four statements simultaneously by induction on k. The base case k =1
follows from the definition of ¢. Suppose the formulas in the statement of the Theorem are
true for some positive integer k. Let us prove them for £ + 1.

First, consider the value of o(r®™ " (g b):

P (,0)) = @2 @, 0)elen) + 3 (=D (a0 (e
el
- <Ak(1)(ta60 ® 1) — Ey(a) ( ® 1) ZAk ) (to0 ® 1)
+Z || Fk CL 7 +Dk( ))(ti8b®1+1®eib+5ib(— )‘iHb|R)
el

= Ak( )(ta0oto0p ® 1)

_ Z (( ) 93 (1) Dbl g, rg[f’;'")(a,i)>

i€l
k

(to ® 1) ZzAk $)(tody ® 1 ZJ(—l)i' Zl fola, 1)(t:0, © 1) Ax(s)
s Z ( ) )+ 4ol (t 8, ® 18 (a, i))

i€l g=0
+ ZZ D) fi(a,i)(1 ® e)Ax(s))

i€l s=1
+ ZZ ( )Rg (1 ( 1)|i|T£[£?|n)(a,i)€ib)

i€l g=0

+ Zfs(a, b)Ar(s)R + i ( >Rg+1 ( rd m‘” (a, b))

Write this sum as X7 — Xo — X5+ Xy + X5+ X¢ + X7 + Xg + Xg. Then

X5 - X2 - Rk(taab ® 1)
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We have
k
la
Xy = (% ® 1) ;Ak(s)B(s)(toﬁb ®1)
k
:ZZ H1+|J| 8t @ r8 T (0 ) @ (tedy ® 1) Ag(s)
k
_ Z 1) R .48, @ v (5 5) Ay(s)
and
' k
Xy =Y (D" fula, i)(t:0p @ 1) Ay(s)
iel s=1
k
=3 > (=00 @ T, d) @ (60, © 1) Ag(s)
s=114,5€l
k
= 53 ()RR 51,0, @ rBI () Ay (s)
s=1 14,5€l
k
— Z Z(_ G IHIBL 6,428, @ r2UM (7 §) Ag(s).
s=1 i,5€l
Thus

X, — Xy = (Z(—l)""ta&tiab ® 1) A1) = ((ta0y @ 1)(Ra) — tabotody @ 1) Ap(1)

il

as 3 (— 1)1t 0,0, ® 1 = (ta0p ® 1) Ry

S DMt = 3 ta((~ 1) + £,0,)0,

iel iel
= (taDy)(m+ 1= n) + > tt:0,0, + tats0p0,
iel
i#b

= (ta(?b) (5 +m + 1-— n) — (ta(?b) (tbab) + tatbﬁbab.

If b is even, then the last two terms become —t,0,. If b is odd, the last term is zero, and it
is easily verified that t,0,t,0, = t,0, Either way, we get —(t,05)(t405) + tatpOpO0p = —140p.
Plugging this back in proves the desired identity. Then

E—1
k _
X1+ Xy — X3 = (ta0y ® 1) Ap(1)Ry = (.0, ® 1) (Z <g) RIRL g) .
g=0
Therefore we have

k
X1+ Xy —Xa+ X5 — Xy = (taab X ]_) (Z (g) RQR§_9> .
g=0

N
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Since Ziel(—l)‘“fs(a,,i)eib = fs11(a,b), we have

k+1 k+1—s L
Zfs_H a, b Ak Zfs a, b ( Z (g) RgR;erlsg) '

g=0
Thus
k+1 k+1-s I
X6 + Xl + X4 - X3 + X5 - X2 = Zfs(a7 b) ( Z <g) R9R126+1—8—g> )
s=1 g=0
But
k Eel k k +1
_ ey
Y= (fen (5 )]
s=1 g=1
Thus
i PO ke
3] (205 ol (o L2 S E
s=1 g=0

Now, since >, (—1)" |7’g[(mln)(a,@')e — rﬁlfrT'Z (a,b), we find that

=3 (5 ooy

g=0
Also
Z (g . 1)1%9 (@il e b))
SO
LNy
Xo+Xog=)_ ( ) >R9(1 ® 8" (a,b)) = Dy11(a,b).
g=0
Therefore

Xl — X2 — X3 + X4 +X5 +X6 +X8 + (X7 +X9) = FkH(a,b) -+ Dk+1(&, b)

This completes the proof of the inductive step for gp(r,ﬂi?“'")(a, b)).

Next, we consider the value of o(r® ™1™ (a,0)). We have

p(ri T 1 (a,0)) = (i1 (@,0))p(e00) + D (= DMp(rd ™ (a, i) p(ern)
el

- (e -~ (Eo1) S awme ) waer s

ot
+ Z DI Fy(a,i) + Dy(a,i)) (ti(% ®1-— Z(—l)'z‘mé ® eij>

el 1
k—1 i |
= Ap(1)(ta0oto0o ® 1) — Z ((g) Z(—l)'“”ﬂtj(?o ® Til(?ln)(a,j)R")
9=0 jeI
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_ i Ax(s) (Z( DHO+6DE A1t 9 @ 1 m'")(i,j)>

ARG ® 1) _:Zé ((];) R ;( 1)|a3? ® rgf(m|n)(a,j)>
_ (i_o . 1) zk: Au(s)RB(s)

+z (z D005 )

_ Z_: (% 1YHOHID £, (g, ) (% ® eij>> An(s)

- Z (F) <Z ~yil g <—1>'i'ri[£?'“><a,z>eij> -

Call this sum Xl - Xz - X3 + X4 - X5 - X6 + X7 -+ Xg - Xg - XlO' We have
Xs — Xy = RF(=1)t,8) @ 18" (a, a) = R*(t,0, ® 1).

Also
Lk
X5 +X10 = Z < o 1>Rg (Z( ]_)‘“Hﬂt] ®r9[( mln )((1, ]))
=1 \I jeI 0
Yk
+Z( >R9 (Z( 1)\alljl 2 ®TQ$T“;)(@ J>>
9=0 g jerI
k
k+ 1 a t min
= Z ( )Rg (Z( 1)| IIJItJ ®T91J(r1\g)(& j>>
9=0 g jeI
= Ej41(a)
Next,

Z(_l)lil(lﬂj\)fs(a, i) (% ® ei])) Ag(s).

For any positive integer s,

> (=)FHD £ (a,0) (% ® eij)

1,5€l

mln . t;
= (1)l (Z(—N'taae @i, z)) (é ® )

i,J€l lel
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_ Z DO+ e85 (Z(—l)ilrﬂ’fﬂ)(ﬁ, i)&j)

jlel icl
ta ,
(t ® 1> Z(—l)M(lJFM)agtj ® Tgl(mm)(g,j)
0 :
Jlel
< ® 1) B(s+1).
to
Then
( k+1 <k+1s k .
®1> B(s ( )R9R2+ T
>80 2 (5
Also
+ k k+1-s k -
Xe=|"®1 B(s RIRy ™79 )
N GEDPILEI Do

Adding, we get

k
ta
X6 + Xg = (t_ ® 1) ZAk+1(S)B S
0 s=2

Next, for any positive integer s,

Z(—l)lﬂfs(a,i)(ti(?o ®1) = Z( 1)lil,0,t,0, @ rg[(m|n) (i)

el i,j€l
= (=)W, 0:t;80 @ i7" (0, ).
i,7€1
Thus
k
Z (Z \ ||J|t it ;0 ®r9[(m|n (i, )) Ap(s).
s=1 \i,jel

On the other hand,

X5 = i (Z( D)Wl 8,0, @ r2 (',j)) Ar(s)

ijel
SO
X7 — X3 =Ak(1)(ta00 @ 1)(Ry — t0y @ 1).
Then
k—1 2
X;— X3+ Xy = A(D)Ry(ta0y @ 1) = (Z (g) R9R§g> (ta0o ® 1).
g=0
Thus
k
Xe— X3+ X1+ Xs—Xo = < RIR (ta0o ® 1).
9=0 g
Since

k
X, = (Z( _1 Rng 9) (taDo ® 1),

g=1
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we get

k
k+1 _
Xo— Xs+ X1 4+ Xg— Xo+ Xy = <Z< ; )RgR’; 9) (tado @ 1) = Aps1(1)(ta0o @ 1).

g=0

Thus

P(r8 I (4, 0)) = (X7 — Xy + Xy + Xs — Xo + X4) — (X5 + Xlo) — (Xe+ Xo)
= Ap+1(1)(t.00 ® 1) — Ejy1(a) ( > Z Apia(s

This completes the inductive step for rg[(m|n)(a, 0).

k1
Next, we consider the value of ¢(r g[(mH'")(O, b)). We have
[(m+1|n [(m+1|n [(m+1|n .
P71 (0,0) = o0, 0)pleq) + (1) (0, 1)) plen)
1€l

:(Ak(l)(t()&o@) 1)+ RF - ZAk >t08b®1)

+Z ||Fk0Z tab®1+1®€zb+52b( )HlblR)
i€l
s=2
+ZZ DI £,(0,4) (105 @ 1) Ag(s)
s=1 iel
+ZZ DE(0,1)(1 @ e) Ax(s) + zk:fs(O,b)Ak(s)R.
s=1 i€l s=1

Write this sum as X1 + X2 — X3 + X4 -+ X5 + XG- Now

ZZ DD (B2, @ 2T () 5)) (00 @ 1) Ag(s)

s=2 i,5€l

_ Z Z 1)l OHID+EHE (200,40, @ 79 (mIm) (5. §)) Ag(s)
s=2 i,5€l

_ Z 3 (— 1) (100,88, @ 9™ (1, 1)) Ax(s)-
s=2 1,5€l

Also

ZZ 1) (£0; @ 9 (5. 1) @ 4,05 ® 1) Ag(s)

s=1 14,5€l
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- i Z(_1>\i\+ljl+(li\+ljl)(l D (£00,t,0, ® P9I () Ag(s).

s=1ijel

Now (—1)lHa+ QDG+ — (1)l = (—1) (7DD Then swapping the
variable names i, j gives

ZZ YHIDHED (10 5.9, @ r8 (5, 5)) Ay (s).

s=1 i,5€l

Then X, — X3 simplifies to

(Z(_1)|i|t08itiab ® 1) Ap(1).

il

Then X1 + X4 — X3 is

E

(toDy @ 1) (g) RIRE™Y.

g

I
=)

Thus
Yk
Xo+ X1+ X4 — X5 = (tedy® 1) (Z (g) RgR’;9> .
g=0

Since >, (= 1)1 £5(0,i)(1 ® ) = fm+1(0,4), we have

i ktl k4+1—s e
&:ZﬂNWM@=meDS(ﬁmwsa
s=1

s=2 g=0 9
Thus
k+1 +1- k
X5+ X+ X1 + Xy — Z £5(0,) Z ( )RQR';“_S_Q.
9
Also

k+1—s

Zfs (0,b) Z (g ﬁ 1) RIREHI=59,

Adding the previous two equations gives

k+1
Xi+Xo—Xs+ Xy + X5+ Xg = Zfs(ovb)Ak+l(3)

which completes the inductive step for the value of go(r,gez(fﬂ‘" (0,0)).
Finally, we consider the value of o(r2 ™™ (0,0)). We have

P (0,0)) = (ri 1M (0,0)) 0 (e00) + D (=)o (rE I (0,4)) o (ei0)

el

= (Ak(l)(t()a()@ 1)+ RF — ZA’“ ) (todo ® 1+ R)



38 S. ERAT, A. S. KANNAN, AND S. KANUNGO

+ Z | |Fk 0 1 (tl(% — Z(—l)‘l‘mi (059 6@')

i€l jel
k
= Ak(l)(toa()toao ® 1) + Rk(toao X 1) — Z Ak(s)B(s)(toé?o & 1)
s=2
k
+ Ap(1D)R(too ® 1) + RM' =3 " (Ay(s)RB(5))
s=2
K
+) (=D T £(0,0) (100 @ 1) Ag(s)
el s=1
t
|
_Z( 1)l Zfs (0,)Ax(s) > (— )Hmta ® e
1€l J€eI
Write this as X1 -+ X2 — X3 -+ X4 + X5 — XG + X7 — Xg.
Since
=3 S 0, @ (1) 13 © 1) Au(s)
s=1 4,5€l
= Z Z VAIOHDY ), @ 81 (7, 7) Ay (5) (t00o @ 1)
s=1 i,5€l
Y Y 10 6 )t )
s=1 i,5€l
we have

X7 — X3 = Z(—l)m(aﬂf@' ® 1)(to0o ® 1)Ag(1) = (R2 — (to0o ® 1))(te0o ® 1) Ax(1).

el
Then, expanding out the Ay (s) terms gives

k
k
Xr— Xs+ X1 4+ Xy = (Z ( )R9R§_9> (tody @ 1).

9=0 9

But since X, = (Z'j () RRE g) (teo @ 1),

k
k+1 )
X7 — X+ X1+ Xo + Xy = (Z ( )RgRg 9) (toBo ® 1) = Apsr(1) (o8 ® 1).

9=0 g

We have

Xs=3 (Z(—W“*“')f i) e ) Axls).

s=1 \i,jel
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For any positive integer s,

Z( 1)FIa+D £ (0, z) L @ ey = Z(_l)lil(lﬂjl) Z( 1), @ r2M () @ 2 Zi

p ® €55
ijel ijel ter 0
=3 (01 o @ (~1) T dey)
1,5 L€l
- Z(_l)lfl(lﬂj\)aﬂj ® romin (¢, 5
jlel
= B(s+1).
Then
B (ks o
Xs=)_ ( > ( )R9R§+1_S_g> B(s).
s=2 g=0 9
Also,

Xo = Z <+Z (g ' 1>RgR’5“‘8‘9> B(s)

5=2 g=1

SO
k+1

X6 + Xg = ZAk_H(S)B S

Finally, X5 = R*"!, so combining the above gives

k+1

X1+ Xy — Xs+ Xa+ X5 — X+ X7 — Xg = Apa (1) (0o ® 1) + RM =~ Ay (5)B(s).
s=2

This completes the inductive step for go(r,iff“'“’ (0,0)), and hence the proof of the theorem.
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