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A complex sculpture

e What is representation theory?
e What are the goals in representation theory?

The sculpture “Threshold” by James Hopkins'

'Source: https://www. jameshopkinsworks.com/commissions.html
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https://www.jameshopkinsworks.com/commissions.html

Representation theory, broadly

Complicated algebraic

Linear algebraic

data

object
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Group representation

Definition

Let G be a finite group. A representation of G is a vector space V
(over field k) and a group homomorphism p : G — GL(V), where
GL(V) is the set of bijective linear transformations V — V.

We write p(g)v € V asgv,wherege Gand v € V.

Let V = R3. Then V is a representation of G = C3 = (g), where

p(9): e — e
€o — €3
€3 — €4
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Direct sums of representations

Let G be a group.

Definition

Let V4, Vo be representations of G. The direct sum of
representations V4 and Vs is the vector space V4 @ V, and the
action of G given by g(vy ® v») = gvi @ gva.

A,

Definition

Let V be a representation of G. Then V is indecomposable if it
cannot be written as the direct sum of two nonzero
representations, and V is called irreducible if it has no nontrivial
proper subrepresentations.

A
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Maschke’s Theorem

Theorem (Maschke)

Let G be a finite group. Then the characteristic of a field k does not
divide |G| if and only if any finite dimensional representation of G can
be written as a direct sum of irreducible representations.

Modular representation theory: when the characteristic of k
divides |G|.

Let G = C, = (g). Over C, the irreducible representations are C.
and C_, given by p(g) = (1) and p(g) = (—1), respectively. Over Fo,
the only irreducible representation is p(g) = (1). The

representation given by p(g) = (1 _11) decomposes into Cy ¢ C_

0
over C but is indecomposable over Fa.
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Monomial representations

Let k be an algebraically closed field of characteristic 2.
Let G = Zor x Zps (a 2-group), with generators x and y.

Choose a partition and remove a sub-partition:

L

e Place a basis vector of V in each cell. The action of x — 1 takes a
basis vector to the one in the box adjacent to the right. The
action of y — 1 takes it one cell up.

The partition (4,4,2,1)/(3,1):

e Monomial representation is indecomposable if and only if
diagram is connected.
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Conjecture (Benson and Symonds)

There is a way of “multiplying” representations V and W, denoted
V ® W. The dimension of this is dim V - dim W.

A consequence of a previously published conjecture is that there is
a unique odd-dimensional indecomposable summand of V&7, Let
this summand be denoted as V,,.

Let Py(x) be a function such that Py(n) is the dimension of V.
Then Py (x) is a polynomial, or a quasi-polynomial in some cases.

We examine this conjecture for monomial representations.
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Symmetric monomial representations

Simplest monomial representations to check the conjecture:

Proposition

If V is a monomial representation with a monomial diagram that is
symmetric by rotation of 180°, then Vyqq = V and Veyen = k.

Particularly,
Py(n) = dimV if nodd
AR if n even.
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(4,1) monomial representation

Let V be the monomial representation correspond- V—
ing to the partition (4,1). -

Proposition

We have the following decomposition into indecomposable
summands:

Vok @ V=Voy 1 ®FD---DF,
4k copies
Vok_1@V=VoodoWeeWeF®---dF,
————
4k—3 copies

where F is a free module of dimension 8 and W is dimension 4.
Particularly, Py(n) = 4n+1.
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(4,1) monomial representation

(a) v VeV (@WweV (@heV (QUeV
1 1 1 7
2 2|1 2 21
3 3[2 3
4)2 4 4 4)2 44]_
(3)2 3|5 2 331 1315 2
2 2 2]4 2 2 4[2 214 31
121] [1]382 1]5 4 113 412
21 [3]52 192
2]4 2 3]5 2
113 2 2[4 2
112 1 143 2
112 1
Key
1 11
1 11
1 11
@ | [
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Data computed with MAGMA

Diagram Computed QP Diagram Computed QP Diagram Computed QP
om {E] 2Mx +1 % [4x +3,4x — 1] %:‘ [12x —4,12x + 1]
2(m—1)x+1 ] 8x —1,8x+1
’"{HEE:‘ ( ) O [ ] E@ [4x +3,8x +1]
% E [10x — 5,6x + 1]
[10x —3,10x + 1]
%:‘ [Bx —1,12x + 1]
Eﬂ [6x —1,6x + 1]
[12x—5,12x - 7]
[10x —3,10x +1]
E:‘ 2x% +4x +1
6x 41
12x% — 4x + 1
@ [18x —11,10x + 1]
E [20x — 13,12x + 1]
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