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Abstract

We study the set of objects known as vanishing polynomials (the
set of polynomials that annihilate all elements of the ring) over gen-
eral commutative rings with identity. This set is an ideal of the ring
of polynomials whose natural projection maps the ring of polynomi-
als to the ring of polynomial functions. We present a new approach
to finding the generating set of this ideal over the ring Z,, of residue
classes modulo n. Generalizing this approach, we partially classify
the vanishing polynomials over any general commutative ring with
identity. We also establish a bijection between vanishing polynomials
and polynomial functions over product rings and those of their con-
stituent rings. Finally, we find some restrictions on how many roots
polynomials can have over certain finite commutative rings.

1 Introduction

Polynomial rings are arguably one of the most fundamental and extensively
studied objects in mathematics. While there has been a significant amount
of research done regarding polynomials over fields and integral domains, less
has been done investigating polynomials over rings with zero divisors. In
particular, it is widely known that a polynomial of degree n can have at
most n roots over a field, but when zero-divisors are introduced this result
may fail. More specifically, a polynomial that vanishes for all z € R must be
of degree at least |R| if R is an integral domain, but if R has zero divisors
the degree of this polynomial can be significantly smaller.



A complete description of such vanishing polynomials over the integers
was given in [9, 10] while a more general result for multiple variables was
found in [6]. We establish that the set of vanishing polynomials is an ideal
and the quotient of the original polynomial ring by this ideal gives the ring of
polynomial functions. Such a ring of polynomial functions over Z,, the ring
of residue classes modulo n, was explored in [7,12]. Throughout this paper,
we build on these works and present various results regarding the structure of
this ring. We then examine the structure of the ideal of vanishing polynomials
and polynomial functions for more general rings.

In Section 2, we begin with definitions of essential terms followed by
some background results that are used throughout the paper. In Section 3,
we continue by studying the ring of polynomial functions over 7Z, and find
the number of zero divisors and units over this ring when n is a product of
distinct primes. In Section 4, we look at the generating set of the ideal of
vanishing polynomials over Z,. We present a new proof of the completeness
of the generating set presented in [10] and generalize it to encompass results
from various other works. In Section 5, the notion of a monic vanishing
polynomial of minimal degree is developed and we study its properties over
an infinite class of rings of a specific form. In Sections 6 and 7, we prove some
results about vanishing polynomials for direct products of rings and rings of
prime power, respectively. In Section 8 we find vanishing polynomials over
arbitrary rings and apply these results to show that they give a complete
classification for the integers modulo n. Finally, in Section 9 we examine
what properties can be discerned about a ring when the polynomials over
the ring have a finite number of roots, as well as provide a technique to limit
the possible number of roots a polynomial has over a product ring.

2 Vanishing Polynomials

Throughout this paper, we assume rings to be commutative and with identity
unless otherwise specified. Let R be a ring and let R[z| denote the ring
of polynomials with coefficients in R. We study objects in R[z] known as
vanishing polynomaials.

Definition 1. A polynomial F(z) in a polynomial ring R[z] is a formal sum
an" + an_12" 4 a4 ag

for some nonnegative integer n, where each a; € R and x is an indeterminate.



Definition 2. A wvanishing polynomial F(z) € Rlx] is a polynomial such
that F'(a) = 0 for all @ € R. By definition, 0 itself is a vanishing polynomial.

Example 1. Consider the polynomial F(x) = z* + x over Z,. Notice that
F(0) =0 and F(1) = 0. Therefore, 2%+ z is a vanishing polynomial over Z,.
Even infinite rings can have a finite nonzero vanishing polynomial: consider
the ring R = TI5° ,Zy. Notice that 2% 4+ z is vanishing in this ring as well. In
fact, ax? + ax is a vanishing polynomial for any a € R.

The set of vanishing polynomials over a ring R[z| is known to form an
ideal. Thus, taking I to be the ideal of vanishing polynomials, it makes
sense to consider the quotient R[z]/I. To understand the significance of this
operation we must first consider the distinction between a polynomial and a
polynomial function.

Definition 3. A polynomial function f : R — R is a function on R for which
there exists a polynomial F'(x) € R[x] such that f(r) = F(r) for all r € R.

When we need to distinguish between the two, we refer to the polynomial
with an uppercase letter, such as F'(x), and the corresponding polynomial
function with a lowercase letter, such as f(x). Note that each polynomial
F(z) corresponds to a unique polynomial function f(z), but as we will see
later, any given polynomial function f(x) must correspond to an infinite
number of polynomials if there is a nonzero vanishing polynomial. The
proposition below is a statement found in [5] connecting polynomials and
polynomial functions.

Proposition 1. The quotient R[x]/I, where I denotes the ideal of vanishing
polynomials over R[x], is the ring of polynomial functions f : R — R.

Finally, we present a well-known background result (a proof can be found
in [4]) which we use in later sections.

Lemma 1. Any function over a finite field F can be represented as a poly-
nomial.

In particular, every function over a finite field Z, for a prime number p
can be represented by a polynomial.



3 Polynomial Functions Over Z,

Let us now specifically look at the case where R = Z,,, for an integer n, and
consider the quotient ring Z,[z]/I. In the following theorems, we categorize
the zero divisors and units of this ring for special types of n. We characterize
polynomial functions using their evaluations which we represent as n-tuples
with the ith entry corresponding to f(i).

The first case that we will consider is when n has a prime factorization of
the form Hle Pi = p1p2 - - . pr- It follows from the Chinese remainder theorem
that any element x € Z,, for an n of this form can be expressed as an element
(1,9, ...,x)) in the product ring Z,, X Z,, X -+ X Zy,. It can be easily
seen that if z = y (mod p), then f(z) = f(y) (mod p) for any polynomial
function f. In essence, this means that instead of considering a single n
tuple over Z, with the jth entry of the tuple corresponding to f(j), we can
consider k tuples corresponding to the values of the function over 7Z,,, for
1 <4 < k, with the jth entry in each of those k tuples corresponding to f(j)
evaluated over the ring Z,,. Hence, we see that if we can come up with a
valid function for each of the tuples over the rings Z,, for 1 <1 < k, then
we can use the Chinese remainder theorem to reconstruct a valid polynomial
function in the product ring Z,, X Zy, X - -+ X Zy, . In fact, for n of this form,
Lemma 1 states that in each ring Z,, for 1 <14 < k the set of functions and
the set of polynomial functions are identical, and thus the following theorem
holds.

Definition 4. A tuple of integers is said to be m cyclic if whenever two
indices are a multiple of m apart, then the values of the entries in those
indices also differ by a multiple of m. For example, (1,4, 3,2,9, 8) is 2-cyclic.

Theorem 1. If n = pips...px, then the only condition for a tuple to be a
valid polynomial function over Z, is that each of the tuples over Z,, is p;
cyclic for 1 <i <k.

Proof. This follows from Lemma 1 and the Chinese remainder theorem. [

Using this theorem, the structure of the zero divisors and units of Z,[z]/]
for n of this form can be deduced.

Theorem 2. The number of zero divisors of Z,[x]/I where I is the ideal of
vanishing polynomials and n is of the form n = [[_, p; is given by:
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Proof. Consider the polynomial F' and its corresponding polynomial func-
tion, denoted by the tuple (f(0), f(1),..., f(n—1)), where f(i) is an element
of Z,, for for 0 <i < n — 1. If we instead consider each of the n-tuples that
are obtained when the tuple (f(0), f(1),..., f(n—1)) is considered over Z,,,
for 1 <14 < k, it follows from Theorem 1 that it is sufficient and necessary
that each of these tuples be periodic every p; elements for the original tuple
over Z, to be a valid polynomial function. It is sufficient because if two ele-
ments differ in position by a multiple of p, then the periodicity implies that
the elements themselves must be in the same residue class over Z,. It is also
necessary, as it follows from Theorem 1 that each of the following equality
chains must hold, where all elements are considered over Z,,:

fQ0) = f(pi) = f2pi) = ... = f(n— i),
) =flpi+1)=f2pi+1)=...= f(n—p;i +1),
f@Q)=flpi+2)=f2pi+2)=...=f(n—pi +2),
and f(p; — 1) =f2p;i—1)=fBpi—1)=...= f(n—1).
Note that the last element in each chain is obtained from the fact that
pi | n.
For the polynomial function represented by (f(0), f(1),..., f(n—1)) to be
a zero divisor, we consider the existence of a tuple (¢g(0),g(1),...,g(n — 1)),

where ¢(7) for 0 < ¢ <n — 1 are elements of Z,,, such that

(f(0), f(1),.... fln=1)) - (9(0),9(1),...,g(n —1)) = (0,0,...,0).

n Zeros

Here, the - denotes tuple multiplication, where multiplication is done sep-
arately in each index. The zero tuple (¢(0),¢(1),...,9(n—1)) = (0,0,...,0)
———

n zZeros

clearly satisfies the equation. The condition that (f(0), f(1),..., f(n — 1))



is a zero divisor is equivalent to the stipulation that the zero tuple is not the
only solution for (g(0),¢g(1),...,g(n — 1)) to the equation.

To count the number of zero divisors, we proceed with complementary
counting and consider when the tuple (g(0),g(1),...,g9(n — 1)) is forced to
be 0 at all indices. If the tuple is forced to be 0 over Z,, this is an equivalent
condition to the tuple being forced to be 0 at all indices when the polynomial
function is considered over each of the Z,,, for 1 <7 < k. The only way for
the tuple (g(0),g(1),...,g(n—1)) to be forced to be 0 at all indices over Z,,
is if all indices in the tuple (f(0), f(1),..., f(n — 1)) evaluated over Z,, are
relatively prime to p;. This can be seen from considering each of the indices
separately: it is well known that over Z,, for an arbitrary prime p, if ab =0
(mod p), then either a =0 (mod p) or b =0 (mod p). In other words, either
a is 0 in Z,, or if it is not, then b must be 0 in Z,.

Hence, to count the number of non-zero-divisors, we just have to choose
the first p; elements in the tuple (f(0), f(1),..., f(n — 1)) evaluated over
Z,, to be relatively prime to p;, as all functions are polynomial functions
over a finite field; then the other elements would be determined from the
periodicity previously discussed. Hence, there are (p; —1)P" ways to construct
the evaluation of (f(0), f(1),..., f(n — 1)) over Z,,, and since n = []\_, pi,
and each of the rings Z,,,7Z,,,...,Z,, are comaximal, it follows from the
Chinese remainder theorem that there are

k

H(pi - ¥
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ways to construct polynomial functions which are non-zero-divisors over the
ring of polynomial functions.

To count the number of total polynomial functions over Z,,, we can just
determine the evaluations of the tuple corresponding to the function over each
of the Z,, for 1 < i < k, again due to all functions over finite fields being
polynomial functions. There are p; choices for each of the first p; values and
then the rest of the elements of the tuple are determined by periodicity, so
it follows from a similar application of the Chinese remainder theorem that

there are
k

K3

i=1

possible polynomial functions over Z,. By complementary counting, it fol-



lows that the number of zero divisors over Z,, is given by

k k

[Tet =TI — v,

i=1 i=1
as desired. O

Corollary 1. Let I be the ideal of vanishing polynomials over Z,. Then

there are
k

H(pi —1”

i=1
units in Zy[z]/I when n is of the form n = Hle D;.

Proof. This follows easily from the fact that in a finite ring, all nonzero
elements are either zero divisors or units. O

4 Vanishing Polynomials Over 7Z,

It was shown in [10] that any element of the ideal of vanishing polynomials
over Z,, is of the form

G(z) = F(z)By(x) + 2_: a m - By(z) (1)

where By(z) = (z+1)(x+2) ... (z+k) with By(z) = 1, and s is the smallest
integer such that n | s!, known as the Smarandache or Kempner function.
F(x) is a polynomial which is uniquely defined based on G(x), and a;’s are
integers also uniquely defined in the range 0 < a; < ged(k!,n). Similar
results were presented in [6,9,12] with slightly different definitions of By(x),
which we discuss later.

We propose a new method of finding vanishing polynomials with integer
coefficients over Z,,, inspired by [8]. It is well known that any integer-valued
polynomial can be uniquely written as a linear sum with integer coefficients
of functions of the form (}) = z(z — 1)(z — 2)...(z — k + 1)/k!. If we want
a polynomial to vanish modulo n, it must evaluate to an integer multiple of
n for all integer inputs, so it must be n times an integer-valued polynomial.

Therefore, any vanishing polynomial F'(x) corresponds to an integer-valued
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polynomial G(x) = F(x)/n. Conversely, for an integer-valued polynomial
G(z) to correspond to a polynomial F'(z) = nG(x), all resulting coefficients
in F(x) must be integers.

As mentioned previously, every such G(x) can be uniquely represented as
asum G(z) = Y7L, ¢x(}) so every vanishing polynomial F(z) over Z, can
be uniquely represented as

F(z) = g nex (“Z)

where ¢, and m are integer values. Now we classify which sums of this form
yield valid polynomials. First, we will show that each element of the sum
must have integer coefficients.

Proposition 2. If any term in the summation >, | ncy (z) has a non-integer
coefficient then the resulting polynomial cannot have integer coefficients.

Proof. Assume for contradiction that we can construct a polynomial of this
form where one of the terms has a non-integer coefficient. If any term
nei(?) = % - z(x — 1)(z — 2)...(x — i + 1) has a non-integer coefficient
this means ¢! does not divide nc¢; and therefore the leading coefficient of this
term, that is the coefficient on z, is also non-integer. Thus, if the sum
is to have all integer coefficients, there must be a term of greater degree,
say j, that has a non-integer coefficient on z¢. As before, this implies that
the leading coefficient of this new term, that is the coefficient on 27, is also
non-integer. Inductively, we conclude that for every term with non-integer
coefficients, there must be a term of greater degree with non-integer coeffi-
cients and therefore there is no term of maximal degree. We have reached a
contradiction. O

For an element of the form ncy - (z) to have integer coefficients, we must
have k! | neg. The smallest such ¢ is k!/ ged(n, k!) and any greater ¢, would
be a multiple of this, so any valid ¢, can be written as ay - (k!/ ged(n, k!)) for
an arbitrary integer 0 < a; < ged(n, k!). Note that any a outside this range
gives a polynomial equivalent to having an a; in this range by reduction
modulo n. If we define s to be the smallest integer such that n | s!, any
polynomial nay - (k!/ ged(k!,n)) - (i) where & > s is a polynomial multiple
of (Zf), therefore we have arrived at exactly the formulation in Equation 1
except with By(z) defined as k! (5).



An immediate consequence of this formula is that the generating set for
the ideal of vanishing polynomials over Z,, is

{mﬂk(mkezm}

for either definition of By(x). Note that if k is less than the smallest prime
divisor of n, we get the zero polynomial.

From this formulation, we can immediately find the degree of the minimal
degree monic vanishing polynomial and minimal degree non-monic vanishing
polynomial, which would be s and the smallest factor of n, respectively.
Note that the minimal degree non-monic polynomial must be unique up to
multiplication by a constant since the generating set only contains a single
nonzero polynomial of that degree or lower.

There exists a far simpler description of this minimal-degree polynomial,
namely -~ -z(2P*~' —1) where p; is the smallest prime divisor of n. Fermat’s
little theorem states that 27! — 1 = 0 modulo p; for any x not divisible
by p1. To take care of the p; | x case we multiply the whole polynomial by
x. Thus, the polynomial z(2zP*~! — 1) is a multiple of p; for any input, and
when multiplied by the leading coefficient n/p; it vanishes over Z,. Since the
leading coefficient and degree matches the other formulation we have for the
minimal degree monic polynomial they must be the same polynomial over
Z,, which is an interesting identity.

While the generating set we found above is convenient in many ways
because it uses linear combinations, if we consider it from the point of view
of a generating set of an ideal, that is allow any coefficients in the ring, many
of the elements become redundant. In particular, if we have two polynomials
a (f) -} and a- (j) -7! for some integer a, and ¢ < j then the second polynomial
is a polynomial multiple of the first and therefore redundant in a generating
set. Thus, to minimize our generating set we can remove any polynomials
k! (n/ ged(k!,n))- (7) for which k is not the minimal integer which gives the
same value of ged(k!, n).

Let us return to the varying definitions of By (x) across multiple papers.
In fact, Bi(x) can be replaced with any sequence of terms such that the
product is divisible by ged(n, k!) and the set of generators will remain valid
(for instance, By(xz) = (x +4)(x +i+1)...(x +i+ k — 1) for any integer
i). The fact that a polynomial that uses any such By(z) is vanishing is easy
to prove. The coefficient on By (z) must be a multiple of n/ ged(n, k!), thus



the product is a multiple of n and the polynomial is vanishing. Furthermore,
any polynomial F'(x) with degree d and integer coefficients can be uniquely
decomposed as

F(x) = biBy() )

using polynomial division as long as each By(x) has degree k and is monic.
It remains to show that every vanishing polynomial decomposed in this way
has coefficients conforming with the required conditions, namely showing that
br = ar-n/ ged(n, k!) for an integer a;. We show this by polynomial division.
Let our starting vanishing polynomial F'(x) have degree d. By Equation 1,
we know the leading coefficient must be of the form a4 - ged(n, d!) for some
integer a,. When we take F'(z)—ag-ged(n, d!)-By(z), we have the difference of
two vanishing polynomials, giving another vanishing polynomial F}(z) with
degree d; < d. Applying Equation 1 again, the leading coefficient of Fj(x)
must be of the form ay, - ged(n, di!) so we can repeat the procedure to get a
new vanishing polynomial Fy(z) with degree dy < d;. Since the initial degree
d is finite, the process must terminate with d,, = 0 at step m, showing that
br = ai - n/ged(n, k!) in Equation 2 for a vanishing polynomial F(x), as
desired.

5 Generalization of Monic Vanishing Polyno-
mials

In Section 4, we discuss the notion of the monic vanishing polynomial of
minimal degree over a ring of the form Z,. This can be extended to more
general rings R: define s(R) to be the minimum positive integer m such
that there exists a polynomial P(z) € R[x] of degree less than m for which
P(r) =r™ for all elements r € R. In other words, s(R) denotes the minimal
m for which the polynomial function x — 2™ corresponds to a polynomial
in R[x] of degree less than m. Note that the degree of the aforementioned
minimal degree monic vanishing polynomial over Z,, corresponds exactly with
s(Zy,).

We can similarly define an extension of this notion to subrings of R[z].
Define s(S; R), where S is a subring of R, to equal the minimal degree m
such that a polynomial P(z) € S[z] of degree less than m corresponds to the
polynomial function z — x™. In essence, the distinction between s(S; R) and
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s(R) is that s(S; R) includes the additional restriction that the coefficients
of P(z) must be in the subring S, in contrast to the more relaxed condition
of being in R.

These two characteristic numbers of a ring, s(R) and s(S5; R), are intro-
duced in [11]. In [11], the case when S = R', where R’ denotes the subring
generated by 1, is specifically studied. Various number-theoretic and combi-
natorial bounds are given on the value of s(R'; R) if s(R) is finite. In this
section, we directly compute the value of s(R) for an infinite class of rings
that satisfy a specific form and use this to compute a bound on s(R’; R) for
this class of rings.

Let U denote the set of all rings of the form Zy[z]/(z* + z°!), where
a > 3.

Lemma 2. For all rings R in the set U, we have s(R) < 4.

Proof. 1t suffices to show that for all P € Zy[xz], it holds that

2P 4 (2" 2 )PP+ 2Pt =0 (mod z® + 2°T). (3)

Consider when P = 2" for a positive integer k. Equation 3 evaluates to

xa72(xk)+(xa73+xa72)(x2k)+xa73(x4k) — xa+k72+xa+2k73+xa+2k72+xa+4k73'

To verify that this expression vanishes (mod z® + z%™), we do casework
based on the value of k.

The cases when k£ = 0 and k = 1 are easy to verify manually. When £ = 0,
the expression is equal to %72 4+ 273 4+ 272 + 273 = 0 (mod z* + z**1),
and when k = 1, the expression is equal to %1 4+ ¢! 4+ 2% 4+ 2971 = 0
(mod x + x2*1).

When k > 2, the expression can be greatly simplified by noting that
(mod z® + z™1), we have that 2% = —2?"!. Since all the coefficients of the
terms are in Zs[x]/(x® + zt1), it follows that —z%! is identically equal to
2%, Thus, we have that

=gt =P = =
Ifk>2 thena+k—2a+2k—3,a+ 2k — 2, and a + 4k — 3 are all at
least a, so the expression evaluates to 2%+ 2+ 2%+ 2% = 0 (mod z*+z**1).

11



Suppose Equation 3 vanishes for P, and P,. Then, due to the additive
properties of Zs[z], we have

2P+ Po) + (2P + 2 (P + P)’ + 2 (P + Pyt

2
— Zxa72pi + (xaf?) + xafZ)PiQ + xa73pi4 =0 (mod %+ xa+1)’
=1

demonstrating that P, + P, vanishes in Equation 3 as well. Thus, any additive
combination of monomials vanishes in Equation 3, and since all polynomials
in Zs[z] can be expressed as the sum of monomials, we have shown that
Equation 3 vanishes for all P € Zs|x], as desired. O

Lemma 3. For all rings R in the set U, we have s(R) > 4.

Proof. For the sake of contradiction, suppose that s(R) < 3. In other words,
suppose that there exist coefficients by, by, by, b3 € R (not necessarily nonzero)
for which

bo + b1 P + by P? +bsP> =0 (mod z* + 2°™) (4)

for all P € Zsy[x]. Then, in particular, Equation 4 must vanish when P =
0,1,z,1 4 x.

When P = 0, Equation 4 evaluates to by, so by = 0.

Plugging in P = 1 4 x, the expression can be simplified as follows:

bi(1+z) + bo(1+z) + b3(1 + x)?
=b(l+z)+b(l+2*)+b(l+z+2°+2°)=0 (mod 2"+ 2°t"). (5)
We can also plug in P =1 and P = z to yield the following equations:

by +by+b3=0 (mod 2+ z*™), (6)
biz + byx? +b3x® =0 (mod 2% + 2°T1). (7)

We can then subtract Equation 6 and Equation 7, respectively, from
Equation 5, yielding b3(z + 2?) =0 (mod z* + z%*).

As a result, by is forced to be divisible by 247!, but since Equation 4 must
be monic according to the definition of s(R), this implies that b = 0.

Equation 6 now simplifies to by + by = 0 (mod x®+ z**1) and Equation 7
simplifies to byx + byr? = 0 (mod z% + 2%™!). The former expression yields
that b; = by, and plugging this into the latter gives that bo(x + %) = 0

12



(mod x% + z%™1). Using analogous logic as we did to conclude that b3 = 0,
we see that by, = by = 0.
So we have that by = by = by = by = 0, a contradiction (Equation 4 no

longer has a well-defined degree), as desired.
O

Theorem 3. For all rings R in the set U, we have s(R) = 4.
Proof. This immediately follows from Lemma 2 and Lemma 3 [

We now obtain a corresponding upper bound for s(R’; R) based on the
value of s(R). Let lem(n) denote lem[l,2,...,n]. The theorem below is
from [11].

Theorem 4 (Theorem 7, [11]). Let x = s(R). If x is finite, then the in-
equality s(R'; R) < lem(n) + n holds, where n = x!(2¥)"

We can apply the above theorem to the rings in U.
Corollary 2. We have s(R'; R) < lem(242™) + 242" for all rings R in U.

Although this bound may seem large for smaller values of a for R of the
form Zy[z]/(2* + z°™!), an interesting property about this bound is that it
does not depend on the value of a. In other words, as the value of a becomes
increasingly larger and approaches infinity, the bound is not affected. Thus,
even when the size of the ring approaches infinity, Corollary 2 provides a

finite bound for the value of s(R'; R).

6 Vanishing Polynomials Over Product Rings

The results in Section 4 can be generalized to direct products of multiple
rings as follows.

Let £ > 2 be an arbitrary positive integer, and let Ry,..., R; be finite
commutative rings. Let R = R; X --- X Ry, and let I be the vanishing
polynomial ideal of R[z]|, I; be the ideal of vanishing polynomials of R;[z],
and so on. For any R;, let mp, : R — R; be the canonical projection mapping
onto R;.

First, we establish an isomorphism that maps vanishing polynomials in
R|x] to corresponding tuples of vanishing polynomials in R;[z], ..., Rg[x] and
vice versa. The following well known lemma is found in [1], but we include
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the following proof as the notions developed in it are used in other results
throughout this section.

Lemma 4. Given R = Ry X --- X Ry, we have

Proof. We define a mapping ¢ from R[z] to Ry[x] X - -+ X Ry[z] which breaks
down a polynomial P(z) € R[z] of degree m into a k-tuple of polynomials
by splitting up the components in the coefficients. More specifically, let

Then,

o(P(z)) = (Z g, (a;)2’, Z TR, (a;)z", . . ., Z TR, (ai)xi> :

Notice that ¢ is a homomorphism because for any arbitrary polynomials
P(z),Q(x) in R[z], ¢(P(x) + Q(z)) is the componentwise sum of ¢(P(z))
and ¢(Q(x)), and ¢(P(x)Q(x)) is the componentwise product of ¢(P(z)) and
#(Q(x)). In addition, we define ¢~ from R[z] x - - - X Ry[z] to R[z] mapping
k polynomials P (z) € Ry[z],..., Py(xz) € Ri[z] with highest degree m to a
polynomial P(z) € R[x]. For any integer j from 1 to k, let

m
P . i
P = E :awx.
i=1

Then,

m

¢ (Pi(x), ..., Pelx) = Y (ain, iz, ..., ai)r’".

i=1
We now note that for any polynomial P(x) € R[z], ¢(¢'(P(x))) = P(x)
Therefore ¢ is invertible, so it is an isomorphism. O

Theorem 5. The ideal I of vanishing polynomials in R[x| is isomorphic
to the direct products of the ideals I, ..., I, of vanishing polynomials in
Rylz], ..., Rglz], respectively. In other words,

I=ZL x---x1.
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Proof. Consider a vanishing polynomial P(z) in R[z]. Let P;(z) = 7R, (¢(P(x)))
be the canonical projection of P(z) onto R;[z| for all integers i from 1 to
k, as defined prior. Then, each P;(x) must be a vanishing polynomial in
R;[x]. Therefore any vanishing polynomial in R has vanishing polynomials
in Ry[z],..., Rg[x].

Going in the other direction, suppose we have a k-tuple of vanishing
polynomials (Pi(x),..., Py(x)), where P;(x) is in polynomial ring R;[z] for
1 < < k. It then follows that there exists a polynomial P(x) in R[z] such
that P(x) = ¢ Y((Pi(2),..., P.(z))). It follows that P(z) is a vanishing
polynomial. Therefore, if we have a k-tuple of vanishing polynomials in each
of Ry[z],..., Rg[x], we can construct a vanishing polynomial in R[z]. Thus,
I is isomorphic to I} X - -+ X I}. L]

Now we consider an isomorphism between the rings of polynomial func-
tions over R and over Ry X Ry X -+ X Ry,.

Theorem 6. Let R be the direct product of k rings Ry, ..., Rx. Then, the
ring of polynomial functions on R is isomorphic to the direct product of the
rings of polynomial functions on Ry, ..., R.. In other words,

R[2]/I = Rifa]/I1 x -+ x Ryz]/I.

Proof. We have already established that R[z]/I is the ring of polynomial
functions over R. Similarly, R;[z]/I; is the ring of polynomial functions over
Ry, and so on.

Now, consider a polynomial function over R. Each polynomial function
f is in essence a mapping of every possible input k-tuple to an output k-
tuple. If we consider only the ¢th component of each k-tuple, we construct
a mapping [3; which maps a polynomial function f € R[z]/I to a function f;
over R; such that for any r € R,

i, (f(r)) = filmr, (7).

Notice that given any two polynomial functions f — f; and g — g;, we have

i, (f(r) + 7R, (9(r) = fi(mr,(r)) + gi(7R,(r)).

Therefore, by the definition 7g,,
TR, (f(r) +9(r)) = (fi + g:) (7R, (r)).
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This means that
Bi(f 4 g) = Bi(f) + Bi(g)-

A similar argument holds over multiplication, so (; is a homomorphism.

Now we must show that f; is a polynomial function (note that not all
functions can be expressed as polynomials). Let F' be a polynomial in R[z]
that corresponds to the polynomial function f. Then, take only the i-th
component of each coefficient in F. We now have a polynomial F; in R;[x]
that evaluates to f;. Therefore f; is a polynomial function, so every f over
R can be split into fi,..., fx over Ry, ..., Ry, respectively.

On the other hand, suppose we have a tuple of k£ polynomial functions
fi,--., fx over Ry, ..., Ry, respectively. We construct a function f over R
that maps any input tuple (aq, ..., ax) to an output tuple (fi(ay),. .., fr(axr)).

We now show that f is a polynomial function. Let Fi,..., F} be poly-
nomials in Rj[z|,..., Rg[x] which evaluate to fi,..., fx, respectively, and
Gi,. .., Gy, their extensions in R. Let F' = (1,...,0)G1+ ...+ (0,...,1)Gy,
where every (; is multiplied by an k-tuple whose ith component is 1 and
whose other components are 0. This polynomial F' evaluates to the function
f. Therefore for all sets of k£ polynomial functions fi,..., fr over Ry,..., Ry,
respectively, we have a polynomial function f over R. Thus, the ring of poly-
nomial functions over R is isomorphic to the direct product of the rings of
polynomial functions over Ry, ..., Ry, respectively. O

We can extend our results to polynomial functions in multiple indetermi-
nates using the following theorem.

Theorem 7. Suppose R is a finite ring such that any function R — R can be
expressed as a polynomial in R. Then, any function R" — R for any integer
n > 2 can be expressed as a polynomial F in Rlxy,za, ..., x,].

Proof. Let r be an element in the ring R, and let F,(z) be a polynomial in
Rx] such that for all « # r, F.(z) = 0, and F.(r) = 1. Let rq,re,..., 7

be elements of R, and let us define f, . .. (T1,22,...,2,) : R — R to
be a function such that if (x1,z9,...,2,) # (r1,72,...,7,), then we have
frivoon (@1, 20, ... 2n) = 0, and fo, pp .y (r1,79,...,7,) = 1. For any
choice of elements r,79,...,7,,T1,%2,...,2T, in R, f satisfies the equation
Frivonwn (@1, @2, o ) = Fp (1) Fy(x2) ... F, (2,), and so it follows that
frimonn (1,22, ..., T,) can be expressed as a polynomial for any choice of
r1,72,...,7, in R. Clearly, any function f : R® — R can be expressed as a
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finite sum of f, ,, .. (21,22,...,2,), so any function f : R® — R can be
expressed as a polynomial with coefficients in R and n indeterminates, as
desired. O

7 Vanishing Polynomials Over Rings of Prime
Power Order

In Section 6 we established that if a ring R is a direct product of rings
Ry, Rs, ..., R,, then its vanishing polynomial ideal [ is a direct product of
the vanishing polynomial ideals of Ry, Rs,..., R,. As a consequence, if we
have a unique representation of all vanishing polynomials over R and R,
and so on, we have a unique representation of all vanishing polynomials over
R.

We want to find unique representations of all vanishing polynomials over
all rings, and one big step is to find such representations for all finite commu-
tative rings with identity. We also know that every finite commutative ring
with identity can be expressed as the direct product of local commutative
rings with identity of prime power order, as given in [2]. Therefore, if we
find unique representations of all vanishing polynomials over all commuta-
tive rings of prime power orders with identity, we have such representations
over all finite commutative rings with identity.

7.1 Rings of order p

Naturally, we begin by considering rings of prime order p, since proving or
disproving a property for all rings of prime order will cover a large portion of
the general case. Because p is prime, we know that all commutative rings of
prime order with identity are isomorphic to Z,, over which we already have
a description of all the vanishing polynomials.

7.2 Rings of order p?

We can now consider rings of order p?, where p is prime. This case is more
nuanced than the last, but still within reach: every ring of order p? is iso-
morphic to either Z, X Z,, Z,, GF(p*), or Z,[z]/(z*). We examine these
subcases one by one.
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First, Z, x Z,, is a direct product of two rings that we already have desired
representations for, so we have such a representation for Z, x Z,.

Second, Z,: is a ring of integers modulo an integer, so we already have a
unique representation for its vanishing polynomials.

The third subcase is GF(p?) (the finite field of p? elements), whose ele-
ments we represent as fi,..., f,2. We analyze this case presently.

Let V(z) = (x — fi)(x — f2)...(z — fp2), where {f1, fo,..., f2} are
all the elements of GF(p?). Then, V(x) is a vanishing polynomial, so all
multiples of V' (z) are vanishing polynomials. Also, since there are no zero
divisors in GF(p?), all vanishing polynomials are necessarily multiples of
(x—f1),(x—f2),...,(x — f,2). Therefore, all vanishing polynomials are nec-
essarily multiples of V(x). Thus, there exists a one-to-one correspondence
between vanishing polynomials and multiplies of V' (), so any vanishing poly-
nomial G(z) in GF(p?) can be uniquely represented as

where F'(x) is a polynomial which is uniquely defined based on G(z).

The fourth subcase Z,[z]/(x?) is the trickiest. To summarize the structure
of the ring, it can be interpreted as the ring Z, adjoined with a square
nilpotent element. Because x appears as an element of Z,[z]/(z?), we will
use the indeterminate y when dealing with polynomials over Z,[z]/(x?). For
example, F(y) = yx is a polynomial F(y) € (Z,[z]/(z*))[y], and it maps 1
to x and z to 0.

Definition 5. Let polynomial P(y) = a,y" + -+ + a1y + ag, where n > 2.
Then, the formal derivative is P'(y) = na,y™ ' + -+ + 2a9y + a;.

Proposition 3. Let J and K be vanishing polynomials over Z,. Then, the
polynomial
G(y) = J(y) + zK(y)

vanishes in Zy|z]/(x?) if and only if J' vanishes over Z,.

Proof. Let G(y) be a vanishing polynomial in Z,[z]/(z*). Then,

Gy) = Z Oz‘?/i-
i=0
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Substituting y = Az + B and C; = D;x + E; we have
Gy) = Z(sz + E;)(Az + B)'

=0
n

= (Diz + E;)(Az + B)' + Doz + Ey
=1

= (Diz + E;)(iAB" 'z + B') + Doz + Eq
i=1

— i EB'+ Ey+x i(DiBi) + Doz + zA i iB"E;
; i=1 ‘

=Y EB +xY (DiB')+ 1A (i+1)EB’
=0 =0 =0
= J(B)+zK(B) + zAJ(B)

where J(B) and K (B) are polynomials in Z,. We immediately see that .J(B)
is vanishing, and if we plug in A = 0 we get that K(B) is vanishing. If we
now plug in A = 1 we get that J'(B) is also vanishing. Now, if we plug in
B=yand A=0 we get G(y) = J(y) + 2K (y).

The opposite is clear: let A, B be elements of Z, and y = Az + B,
and suppose J, K, J' are vanishing over Z,. Then, the polynomial given by
G(y) = J(B)+xK(B)+xAJ'(B) evaluates to 0. Therefore, since all elements
of Z,[z]/(x*) can be represented as Az + B, G is vanishing on Z,[z]/(z?). O

Example 2. To illustrate this theorem, we will now consider some examples
over Zy[z]/(x?).

1. Suppose J(y) = 0 and K(y) = y(y + 1). Then, both J and K vanish
over Zs. In addition, J'(y) = 0 vanishes over Z,. Now, notice that
G(y) = J(y) + zK (y) = zy(y + 1) vanishes over Zy[z]/(z?).

2. Suppose J(y) = y* + y* and K(y) = 0. Then, both J and K vanish
over Z,. In addition, J'(y) = 4y + 2y = 0 vanishes over Z,. Now,
notice that G(y) = J(y) + 2K (y) = y* + y* vanishes over Zy[z]/(z?).

3. Suppose J(y) = y(y + 1) and K(y) = 0. Then, both J and K vanish
over Zy. However, J'(y) = 2y + 1 = 1 does not vanish over Z,. Now,
notice that G(y) = J(y) + *K(y) = y(y + 1) does not vanish over
Zo|x]/(2?): for a counterexample, see K(x) =z # 0.
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8 Vanishing Polynomials Over General Rings

We can apply a generalization of the method used in Section 4 to find vanish-
ing polynomials over an arbitrary commutative ring R with identity. Given
an element r € R, we denote the ideal generated by r as (r) = {qr | ¢ € R}.
We begin with a definition that simplifies the construction.

Definition 6. Given an element y € R such that the quotient R/(y) parti-
tions R into a finite number of equivalence classes of the form a; + (y), as +
(y),...,an + (y), let Fy(z) = (v —a1)(x — az) ... (x — a,). If R/(y) is not
finite we say F,(z) is not defined.

We claim that F,(x) evaluates to a multiple of y for any input = € R.
Note that = must fall into some equivalence class a; + (y), so z — a; € (y).
Since Fy(z) contains the factor (z —a;) € (y) and (y) is an ideal, Fy(x) € (y)
so F,(z) is a multiple of y.

Theorem 8. Consider a set of zero divisors {y1,ya, ..., yn} which satisfies
Y12 ... Yo = 0. Let N C N be an indexing set which can contain i if Fy,(z) is
defined (but does not necessarily contain i if F,,(x) is defined). Let M C N
contain all integers 1 < j < n such that j ¢ N. Then the polynomial

Glx) = (H yj> (H Fyxx))

Proof. This follows directly from the definition of Fj(z). For any input z,
G(z) evaluates to a multiple of y1ys ...y, = 0 so it is vanishing. O]

s vanishing.

Observe that if all quotients R/(y1), R/(y2), ..., R/(y,) are finite, we can
take the subset of y;’s to be the whole set in which case we get a monic
polynomial. Also, if R is finite, setting y; = 0 gives us the monic vanishing
polynomial Fy(z) whose degree is |R| (such as for a finite field which has no
other zero divisors).

Example 3. This method allows us to find vanishing polynomials not only
for finite rings but also for infinite ones. For instance, in the ring [[), Zo,
consider the pair of zero divisors (0,1,1,1,1,...) and (1,0,0,0,0,...). Since
the quotient of this ring by the ideal generated by (0,1,1,1,1,...) is finite
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(it is isomorphic to Zs), there exists a degree 2 vanishing polynomial for this
ring. Furthermore, since we can pick any representatives from the cosets in
the quotient there exists an infinite number of degree 2 vanishing polynomials
for this ring.

Note that a polynomial generated in this way will often have a lot of
redundant terms since if we have two finite quotients R/(y;) and R/(y;),
there will often be pairs of factors (x — ¢) = (z — d) with ¢ chosen from
one of the cosets of R/(y;) and d chosen from one of the cosets of R/(yx).
To remove such redundancies we can create groups of identical factors with
the additional condition that factors corresponding to quotients R/(y;) and
R/(y;) can only be grouped together if being a multiple of both y; and y;
implies being a multiple of y;y; (analogous to y; and y; being coprime over
the integers). Once such a grouping is carried out in a way minimizing the
number of groups (including picking representatives from cosets to facilitate
this process), we simply keep a single factor from each of the groups.

Example 4. Consider (z —1)(z —2)-(x — 1)(z —2) - (x — 1)(x — 2)(z — 3),
a polynomial over the ring Z5 using the zero divisors 2 -2 -3 = 0. We
cannot group terms corresponding to the two instances of Z2/(2) but we can
group terms corresponding to Zis/(2) with terms corresponding to Zi2/(3).
We can also replace one of the terms (z — 1) with (z — 3) as it belongs
to the same equivalence class modulo 2. Thus, we get the grouping pairs
(x—1)(x—1)-(x—=2)(x—2) - (z —3)(z—3) - (x —2), giving the final reduced
polynomial (x — 1)(z — 2)(z — 3)(z — 2).

Proposition 4. If R = 7Z,, this description is sufficient to classify all van-
ishing polynomials when we take yy...yr = n to be the prime factorization
of n.

Proof. This is essentially the proof found at the end of Section 4. Let us
define N such that [],.y ¥; = ged(n, k!). Then G(z) as defined in Theorem 8
behaves identically to mBk(x) in Equation 1. In particular, note that
we get the same leading coefficients.

Thus, to completely reuse the proof in Section 4 it simply remains to show
that this G(z) has degree less than or equal to k after removing duplicate
terms. Let us define 27257 ... 2" = ged(n, k!) to be the prime factorization
of ged(n, k!). Using the method above we can chose representatives to get
F,(z)F,,(z)...F,,(z) = (x — 1)(z — 2)...(x — ze;) for each z;". After per-
forming the grouping as described, we simply get (x —1)(z —2) ... (z — z;¢;)
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for whichever z;e; was maximal (since all z; are coprime). Now, if k! has the
factor z;*, k is at least z;e; so the polynomial we get has degree less than or
equal to k. From this point, the proof is identical, except with mBk(x)
replaced by an appropriate G(x) for each value of k. n

This is not the case in general. For instance, the polynomial z(z +
(1,1,1,1,...)) is vanishing over [[ 7, Zy but does not correspond to any
pair zero divisors as described previously. This gap, however, can be easily
fixed by noticing that if a ring R can be represented as a direct product of a
ring S with itself and some other ring 7', namely R = S x S x T, a vanishing
polynomial for the ring S x T' can be trivially generalized to a vanishing poly-
nomial for the ring R by replacing any terms (s, t) with (s, s,t). In particular,
doing this infinitely for S = Z,, we get the polynomial x(z + (1,1,1,1,...))
over |72, Z,.

With this generalization, we do not currently know if this gives a complete
description of vanishing polynomials but do not have any examples suggesting
otherwise.

9 Counting Roots of Polynomials

Before considering the problem of counting and bounding the number of roots
of polynomials over rings, we start by considering a weaker notion, namely,
considering whether the number of roots of these polynomials is finite.

More specifically, we aim to study what characteristics we can discern
about a commutative nonzero ring (not necessarily with identity) with the
property that every polynomial has a finite number of roots. In the case
where the ring is finite, it easily follows that every polynomial has a finite
number of roots as there are only a finite number of elements in the ring.
In the case where the ring is infinite, the following theorem provides a char-
acterization of rings that satisfy the desired property. A similar result was
given in [3], but we extend their proof to include rings that don’t necessarily
have an identity element.

Theorem 9. The only infinite rings R which satisfy the property that all
polynomials in R|x] have finitely many roots are rings with no nonzero zero
divisors.

Proof. Suppose that the infinite ring R satisfies the given property. We wish
to show that this implies that R has no nonzero zero divisors.
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Suppose for contradiction that R does have a zero divisor, call it a. Then
the roots of the polynomial ax over R are by definition the annihilator of a
over R (denoted Ann(a)), which is well known to be an ideal of R. By our
assumption that all polynomials with coefficients in R have a finite number
of roots, we have that the size of Ann(a) is finite.

Let a nonzero element in Ann(a) be denoted by y. It follows that yR
is finite because yR C Ann(a), and we have already shown that Ann(a)
is finite. Consider the R-module homomorphism ¢ : R — yR given by
¢(r) = yr. Because yR is finite and R is infinite, it follows that there is
an element yr in yR that has infinitely many elements of R mapping to it.
Denote the set of elements in R mapping to yr by M. If M is countably
infinite, then denote the elements in M by {r,79,73,...}. Otherwise, we
can choose a countably infinite subset of M, and denote the elements in this
subset by {ry,rs,rs,...}. This follows directly from the axiom of choice.

Thus, for all n > 2, we have that yr; = yr,, and so y(r; —r,) = 0. But
because all the elements in {ry,ry,73,...} are distinct, it follows that all the
elements in {r; —r,}>2, are also distinct, so there are an infinite number of
roots to the equation yx = 0. But since yx € R[z], it is supposed to have a
finite number of roots, a contradiction.

Thus, infinite rings which have zero divisors do not satisfy the condition
that all polynomials in the ring have a finite number of roots.

We now show that if a ring has no zero divisors, then all polynomials
over the ring have a finite number of roots. Suppose that R has no zero
divisors, and suppose F'(x) is a polynomial in the ring R[z]. Note that
the set K = {¢ | a,b € R,b # 0} is a field. F(z) is an element of R[z],
which is contained in K[z]. Since every polynomial over a field has a finite
number of roots, it follows that F'(x) has a finite number of roots over R[z],
as desired. O

We now present a result that allows us to limit the number of roots a
polynomial could have over a commutative ring that can be represented as
a ring product. In contrast to the previous theorem, this result allows us
to restrict the possible number of roots of a polynomial, not just determine
whether this number is finite or infinite.

Consider a finite commutative ring R with identity which can be written

as R 2 R; X Ry X --- X Rg. Thus, each element x € R can be repre-
sented as some tuple (x1,z,...,z;) where each z; is an element of R;. Let
us also call n = |R| and ny = |Ry|,ny = |Ra|,...,nr = |Rx|. Take any
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polynomial F': R — R. Equivalently, we can view F' as a set of k polynomi-
als [, Fy, ..., Fy over Ry, Ry, ... Ry, respectively, as described by Lemma 4.
Note that if an element z is a root of F', that is F'(x) = 0, it must be a root
of Fi,Fy, ..., Fy in each of Ry, Rs,...R;. However, rather than counting
roots, we count elements that are not roots. Let us define 0 < a; to be the
number of elements that are not roots of F; in each of the rings R;. To find
the number of non-roots of F' over R, we must find the number of tuples
(Fy (1), Fy(x2), ..., Fr(zx)) where not all elements are 0.

We can use the principle of inclusion-exclusion to calculate this number.
Each set of a; non-roots over R; contributes (n/n;)-a; tuples that are non-zero.
However, all tuples where two entries are non-zero are double counted so we
must subtract (n/(nn;)) - (a;a;) for every pair of i,j. Now all tuples that
contain three non-zero entries have been added three times and subtracted
three times so they must be added back. Continuing in this way we find that
the number of non-roots of F' over R is

zk: Z (_1)k+1 . naj aj, - - aji.

i=1 j1<jo<...<ji<k M1 Mo - - - T
Thus, we can conclude that if a number cannot be represented in this way for
any set of ai, as, ..., ax, a polynomial cannot have that number of non-roots.
The converse is not necessarily true since it is not necessarily true that any
value of a; is possible over the ring R;. Note that since we know |R|, if we
know a polynomial can’t have ¢ non-roots over R, it directly follows that a
polynomial cannot have |R| — ¢ roots.

In the case of the squarefree integers, however, any function is possible
over a field such as Z, for prime p, so all a;’s are possible and the converse
of the above statement holds.

For example, consider Zg = Zs3 X Zs. In this case every polynomial must
have 2a; + 3as — ajas non-roots for some integers 0 < a1 < 3 and 0 < ay < 2.
Thus, one may easily verify that a polynomial over Zg cannot have exactly
1 non-root but can have 0, 2, 3, 4, 5, or 6 non-roots. By complimentary
counting, we can conclude that a polynomial over Zg can have 0, 1, 2, 3, 4,
or 6 roots but cannot have 5 roots.
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