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Abstract

HOMFLY polynomials are one of the major knot invariants being actively studied. They are difficult
to compute in the general case but can be far more easily expressed in certain specific cases. In this
paper, we examine two particular knots, as well as one more general infinite class of knots.

From our calculations, we see some apparent patterns in the polynomials for the knots 935 and 946,
and in particular their F'-factors. These properties are of a form that seems conducive to finding a general
formula for them, which would yield a general formula for the HOMFLY polynomials of the two knots.

Motivated by these observations, we demonstrate and conjecture some properties both of the F-
factors and HOMFLY polynomials of these knots and of the more general class that contains them,
namely pretzel knots with 3 odd parameters. We make the first steps toward a matrix-less general
formula for the HOMFLY polynomials of these knots.

1 Introduction

HOMFLY polynomials are subcategory of knot polynomial, that generalizes the Jones and Alexander
polynomials. In the fundamental representation, they satisfy the skein relation §H(L;) — AH(L_) =
(¢ —a " )H(Lo)-

HOMFLY polynomials can be generalized to non-fundamental representations of SU(2), creating the
“colored” HOMFLY polynomials. While the normal HOMFLY polynomials are relatively easy to com-
pute and have been computed for hundreds of knots in repositories like [1], colored HOMFLY polynomials
are difficult to compute in general for any non-(anti)symmetric representations, and computations even in
the simplest such representation, namely that corresponding to the smallest L-shaped Young diagram, are
difficult to do for more than a few knots.

The crossing changing formula (skein relation) of the HOMFLY polynomial in the fundamental repre-
sentation, or the original HOMFLY polynomial, was initially constructed to concern variables ¢ and v[2].
However, when expanded to other representations, the HOMFLY polynomials are quantum invariants asso-
ciated with irreducible representations of the quantum group U,(sly), and it is then possible to express it
in terms of variables ¢ and A = ¢™[2]. This is the formulation we use in this text.

Certain methods have been developed in the past that can compute general colored HOMFLY polyno-
mials. However, each of these general methods relies on the use of matrix multiplication. The most general
such method, using quantum R-matrices and braid diagrams is not feasible, despite working for all knots
and all representations. This is because it involves the multiplication of square matrices with dimensions
increasing as the product of the size of the representation and of the number of strands. The matrix entries
are sufficiently complex that this multiplication takes on the order of minutes even for very small represen-
tations and knots, and increases very quickly from there. Even less general methods which rely on matrices,
despite having smaller matrices, become infeasible at relatively low representation size, and often work only
for (anti)symmetric representations or rectangular representations. Therefore, it is desirable to find some
method of computing HOMFLY polynomials that does not involve matrix multiplication so that it is feasible
to compare knots using these polynomials, even if only for specific knots or small classes of knots.

Certain classes of knots such as torus and twist knots already have short general formulas for
(anti)symmetric representations and even for rectangular representations but a general, simple formula for
HOMFLY polynomials in all representations is currently out of reach for most if not all knots. However, there
are easier methods for computing the HOMFLY polynomial of a certain class of knot called an aborescent
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knot, which allow us to compute many colored knot polynomials for these knots. Therefore, in this paper we
examine the two smallest aborescent knots that are neither twist nor torus, and attempt to find a formula
for their HOMFLY polynomials. Both of these knots, 955 and 946 in the Rolfsen table [1], are part of a more
general class of knot called a pretzel knot, which we define later in this paper. In particular, they are both
pretzel knots with 3 odd parameters, which are (3,3, 3) and (3,3, —3) respectively.

One of the new methods, the techniques of which we use heavily in this paper, is the Racah matrix
approach, which we use in this text to derive the non-fundamental knot polynomials of these two knots, and
we use the general formula for pretzel knots, derived by this same approach, in the latter half of the paper.

We do not yet know a general formula for the HOMFLY polynomials of these knots that does not use
matrices, which as mentioned before are slow to the point of computational infeasibility, but we begin to
make progress towards such an explicit formula at least for symmetric and anti-symmetric representations,
particularly using the differential expansion of [3].

2 Definitions

2.1 Representations and symmetric functions

We use the standard notation

{z} =z - %7
_{Ad}

b=y

and
n—1 _’_qn—?)_l_”._i_ql—n’

{g"}
[n] = =q
{g}
which is equal to the character of the n-dimensional representation of SL(2).

We also use the intuitive notation .

(n]! = ] Tl-

i=1
Representations of GL(N) are parametrized by Young diagrams with at most n rows. Their characters
are symmetric functions in x1, ..., zy, which are called Schur functions sy (z1, ..., zx). We denote these Young
diagrams as [cy,c1,: - - ,¢,), where the ¢; are the number of boxes in the i*" column.
Schur functions can be computed by the following determinantal identity:

n
sx = det (h—iv;),

(2

where hy, = s[,,; can be computed using the identity
St = S B
n

It is often useful, in practice, by way of the Taylor series of e”, to express them more explicitly as

D = e o R
" =
@1 +230+3T3+-=n 17 (1) 272 (w2!) 37 (3!)

pk:me.
i

In order to consider stabilization in the limit n — oo, it is convenient to introduce A such that

Here p,, are the power-sum polynomials

A=q"N.



HOMFLY polynomials are Laurent polynomials in A and ¢, and the dependence on N goes through this
relation. .
At the special point p} = {{’;f , Schur functions have the hook-length factorization
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Figure 1: A hook of length 4 in the Young diagram [4,4,3,1], beginning at at box (1,1)

and this expression coincides with the A-colored HOMFLY polynomial of the unknot. Throughout the paper
we divide all A-colored HOMFLY polynomials by this quantity, so the unknot HOMFLY polynomials are
always equal to 1.

2.2 Pretzel Knots
In this text, we primarily consider pretzel knots (discussed in Section 3) with 3 odd parameters a, b, c.

Definition 2.1. We denote the HOMFLY polynomial of a 3 parameter pretzel knot in some symmetric
representation [r] as H,(a,b,c) = H(a,b,¢,T) = X[r0] Doney S (S T"-8)0.(S - 7’ - 9)02(S-T - 8)0.-

This formula was derived using Racah matrices in equation 22 of [4] in terms of different Racah matrices,
though we change conventions here and therefore modify the formula slightly to fit these new conventions.

We denote H,(a,b,c) as Q(c,r) for some arbitrary fixed a,b. In this text we typically set « = b =1, but
when we use the notation Q(c,r) our only restriction on a,b is that within a formula, they are always the
same constants. We may also write Q(a, b, ¢,r), when we wish to specify a,b.

Definition 2.2. We recursively define the nt" difference of a genus-2 pretzel knot’s HOMFLY polynomial
Q"(c,r) = Q" e+ 2,7) — Q" (c,r) for positive integers n, and Q°(c,r) = Q(c,r). We may also write
Q"(a,b,c,r), when we wish to specify a, b.

In particular, ¢ is always odd, and the “next” nt" difference, where we talk about it, is actually Q" (c+2,7).

We denote by X(P(z)), for all P(z) € Z[x], the factor of P(x) that cannot be factored further with the
highest degree. In this paper we use this only in the context of X(Q"(c,r)).

Remark 2.1. We can alternatively define the n'* difference as X(Q" '(c + 2,7)) — X(Q" *(c,7)). We
denote this expression Q(”)(c7 r) in this text. When we list the computed differences, we use this definition

(occasionally omitting the parentheses), however in our proofs we use the former for simplicity. Thus far it
seems that the two definitions are related in that Q™(c,r) = Q™ (c,r) H;:ll XC(QQ(ic):)T)

2.3 HOMFLY polynomials

When we refer to F-factors, we are referring to the factors in the differential expansion of the HOMFLY
polynomial as used in [5]. While it is used there for twist knots, the formula

s—1

=1+ Z Fo(Alg) [[{A¢" A"} (1)

=0

applies more generally for defect-zero knots, which was used to derive them for the knots considered here.
Both of the knots considered in Section 4 are defect-zero and so we can find and analyze their F-factors
given their HOMFLY polynomials, using the methods outlined in [6].



Also, we get from [3] that the defect 6% of the differential expansion depends on the degree of the
Alexander polynomial in a way that allows us to compute the F-factors examined in Section 4. If we denote
the Alexander polynomial by Al*, then

1
or = EPowerqz (AI®) —1.

This is very convenient because many Alexander polynomials are readily available from [1] (where we
substitute t = ¢?), and are also easily computed as H, [’f] (A =1,q) from only the HOMFLY polynomial in
the fundamental representation.

In particular, from this property, we can conclude that both 935 and 946 have defect 0, which allows us
to use Formula ( 1).

Example 2.1. Al%5 =7¢%> — 13+ q%, hence Power2 (A1°%) = 2 and < =o0.
Example 2.2. Al% = —2¢%2 +5 — q%, hence Power 2 (Al%) = 2 and §* = 0.

Example 2.3. A" =¢® —¢® +¢* —¢*>+1— qiz + q% — q% + q%, hence Power 2 (AI®) = 8 and 6* = 3.

All of the pretzel knots we consider here can be trivially confirmed with the tables in [3] to be defect-zero,
however whether this is true in general for genus 2 pretzel knots is not yet known.

3 Pretzel Knots

Pretzel knots of genus g are knots created by connecting pairs of crossing strands as in Figure 2. We deal
with genus 2 pretzel knots in this text (or equivalently, pretzel knots with 3 parameters). Each parameter
(the n;) determines the number of crossings in each pair.
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Figure 2: An illustration of a genus g pretzel knot

From [7], we have the following two formulas about S and S Racah matrices, which are used in the
general formula for computing HOMFLY polynomials of genus g knots.

min(r+k+m,2r) ‘ [2m + 1]Ay, G(r—m)G(j +1)
Skm: Z O'km(])' [2k+1]X . G(T+k+1)G(j*7"*m)) (2)
j=max(r+m,r+k) e
and
S - M ' min(r#f»m,?") . ( ) . AkAnL ' G(T + 1)G(] + 1)
om = ) R kem (J 2k +1]2m+1] Gr+k+1DGr+m+1DG(r+k+m—j)

(3)

In these formulas,



Thm(j) = (_1)r+k+m 2k + 1][2m + 1] - ([K]Nm])2[r — K]V r — m]‘

[r+k+ 1r+m+ 1]!
(=1)7[j +1]!
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Gir+m+1)Gr—m
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- ]o k#m
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We also have that

Before we begin, we prove a small lemma about genus-2 pretzel knots.

Lemma 3.1. For any genus-2 pretzel knot with parameters a, b, c, the knot is invariant under any permuta-
tion of the parameters.

Proof. We can prove that the genus-2 pretzel knots are invariant under rotation of the parameters as well as
order reversal, which will allow us to demonstrate that the knot is invariant under any permutation of the
parameters.

For rotation of parameters, we use the Figure 3.

h

Figure 3: Parameter rotation with the knot described by (3,2,1)

Flipping an intersection does not change the intersection type, which allows us to perform the transfor-
mation shown, keeping all of the intersections of the same type, by pulling the first two strands over the rest
of the knot, and then flipping the formerly first pair of strands.

To prove that flipping the order of the parameters does not change the not, we need only to flip the knot,
which does not change any of the intersection types but reverses the order of the parameters.

For the sake of completeness we list the sequences of these two operations that generate each parameter
permutation, with F representing a flip and R representing a rotation.

Permutation | Sequence
(a,b,c) Identity
(a,c,b) RF
(b,a,c) RRF
(b,c,a) R
(c,a,b) RR
(¢c,b,a) F




Therefore, we can permute the parameters of a genus-2 pretzel knot and the knot will remain the same. [

Remark 3.1. This means also that the HOMFLY polynomial is invariant under these changes. Additionally,
the components of this proof also hold for arbitrary genus but except in genus 2 do not prove the lemma.

4 935 and 946

In this section we consider the smallest defect-zero knots that are neither twist knots nor torus knots,
which are 935 and 946. Both of these knots are pretzel knots with 3 parameters, for which an explicit F-
factor formula is not yet known. F-factors here are parts of the differential expansion formula for HOMFLY
polynomials, as described in [3]. Both of these knots are small enough to explicitly calculate some of the
HOMFLY polynomials, and we are therefore able to compute some F-factors to make some conjectures as
to their properties. We present limited examples of the conjectures in the text, and provide more F-factors
in the Appendix and in the GitHub repository for both knots.

4.1 9

We can use the formula for HOMFLY polynomials of pretzel knots in [6] to get the following F-factors.
We find the F-factors by using Formula 1 after computing the HOMFLY polynomials. 94¢ is the pretzel
knot (3,3,3). We write F;(A | q) as F; throughout this text.

We get

Fy = —A*(A° 4+ 3A% +24% + 1),

F2 _ A4q2(A12q12 + 3A10q10 + 3A10q8 +5A8q8 +5A8q6+
+3A48¢% + 44545 + 6A4%¢* +3A4%% + AS + 3A%G* + 4A%% + 3AY +24%¢2 + 247 4+ 1),

F3 — _A6q6(A18q36 4 3A16q32 4 3A16q30 4 3A16q28 4 5A14q28+
8A14q26 + 11A14q24 + 6A14q22 + 3A14q20 + 7A12q24 + 9A12q22 + 18A12q20+
16A12q18 4 12A12q16 + 3A12q14 + A12q12 4 6A10q20 4 10A10q18 + 19A10q16—|—
19A10q14 + 18A10q12 + 9A10q10 + 3A10q8 + 5A8q16 + 8A8q14 + 17A8q12 + 17A8q10+
17A%8 +8A48¢° + 3A3¢* +445¢'2 + 6A45¢*0 +1245¢% + 12A45¢° +94%¢* + 3A454%+
A® 4 3AY 4440 4 7AYN G + 44 +3A% 12421 4 24%¢% +24% +1).

For all positive integers ¢

F! = A%¢*'F,

When fully factored, we conjecture that the F/ are such that the factor of A and q is the same for F;_; and
F;, for all positive integer i > 2. It can be verified for all integers 2 < i < 7 that (1 + A2¢2C—V) | F; + F/_,.
(See Appendix) This leads us to the following hypothesis.

Conjecture 4.1. For the knot 935, and positive integers i > 1, (1 + A2¢?—V) | F; + F/_,.

4.2 9y
946 is the pretzel knot (3,3, —3). We get

Fy = A%(A% +1),



F2:A4(A4q8+A2q6+A2q4+1),

F3:A6q4(A2q4+1)(A4q16+A2q10+A2q8*q6+q2+1).

We see that both Fy and F3 have a factor of 1+ A2¢?(*~1). This also holds true for Fs and Fy, giving us
the following conjecture.

Conjecture 4.2. For the knot 946, and odd positive integer i > 1, (1 4+ A%2¢*C~1) | F;.

After applying the transformation A = Ag¢? to F;, multiplying by ’3—42, and denoting the result F}*, we
find that ¢2(¢* — 1) | 1;;732(14 — F}, because Fy — Fy = A%¢® — A%¢19. In particular, we can also verify that
for odd integers 3 < i < 7, ¢*(¢?C~1) — 1) | W — F; . This leads to the following conjecture.

Conjecture 4.3. For the knot 94, and odd i > 1, ¢*>(¢>¢—Y — 1) - Fr .

F;
By
If the above two conjectures are true, this could help in deriving a formula for arbitrary F-factors. For
all 3 conjectures in this section, the result after dividing by the stated factor seems to begin similar for all
1 though they differ after some terms, and we suspect that for high ¢, the remaining parts of each quantity
may converge to some infinite polynomial.

5 Factorization Of General nt? Differences

The ntM differences for general pretzel knots have many properties making them useful for computing
HOMFLY polynomials. In particular, these differences tend to factor nicely as products of quantum numbers,
and they are constructed in a similar way to the differential expansion of [3]. As at least low-valued 3-
parameter pretzel knots seem to all be defect-zero, as mentioned in 3, we can likely use the n** differences
and the differential expansion formula to generate a relatively simple formula for HOMFLY polynomials in
at least symmetric and anti-symmetric representations.

In this section, where applicable we fix a,b = (1,1), however the first and second subsections outline
some properties that hold regardless of a,b. In these subsections a, b are arbitrary fixed constants.

Additionally, in this section we assume that a, b, c are all odd, as this guarantees a knot rather than a
link.

5.1 Conjectures

Here we give some conjectures that are not proven here and while not integral to the main result, could
be helpful in the future if proven.

Le,r Yet1,r
Conjecture 5.1. X?Qﬁ(’c})) = X?Qﬁ(jjlﬁ)).

1
Remark 5.1. Conjecture 5.1, if true, can easily be extended to show that every % is a constant
with respect to ¢, by repeated application.

Remark 5.2. There are simple counterexamples for higher differences; in a later section we address what
occurs when we do not take the largest factor. All that results is that previous factors carry over, but it does
turn out to be useful also to study what these factors are, despite corresponding less directly to F-factors.

5.2 General Properties

We begin by proving the following proposition. This provides a motivation for a general result about the
first differences.

Proposition 5.1. For the representation [1], (A — q)(A + q)(Aq — 1)(Ag+1) | Q' (m,1), for all a,b,m.



Proof. The proposition is equivalent to the statements that

Q2m+1,1)—Q(2m —1,7) |a==0,
Q(2m+1,7)) = Q(2m —1,7)) [a=—¢= 0,
Q(2m +1, 7‘)) - Q(2m -1, 7‘)) |A:%: 0,
Q(2m+1,7)) —Q(2m —1,1)) |A:—%: 0

based on our definition of Q! (m, 1) and the fact that any polynomial is zero exactly when one if its polynomial
factors are. We know that

T 1 — . - .
H(ab,e,r) = Qer) = X0 Y o T 9)0u(S- T 9)0,u(S- T o
x=0

_ SO,z

Evaluating Equation (4) from [7], we get that with representation [1],

(A-q)(A+q) (Ag—1)(Ag+1)

S = (A2-1)(¢%+1) (A%-1)(¢%+1)
(Ag—1)(Ag+1) (A-q)(A+q)
(A2-1)(¢%+1) (A2-1)(¢>+1)

At A = =£q, So,1 =1 and Sy = 0, and similarly for A = j:%, So,1 = 0 and Sp0 = 1. We consider first the
case where A = +q.

If A= +£q, then as Sp,0 = S11 and Sp,1 = S1,0, this means that S = I.

IfA= :i:é, S becomes the anti-diagonal identity matrix for the same reasoning.

By evaluating Equation (5) of [7], we get that

A(qz_l)\/(A—q)(Aﬂ)(Aq—;)(AqH)

A(¢*-1) A2(q2-1)
S = (A?—1)q (A2-1)q
2 (A—q)(A+q)(Ag—1)(Aq+1)
A(g”-1) A2(q2-1)2 A(q271)
(A2-1)q (A2-1)q

Clearly 3071 = 3170 = 0 at each of the 4 points. At A = =g, it is trivial to verify that the diagonal entries
are 1, and for A = :i:%, they are F1.

= 1 — =m
Because T' = ((1) _OA> = (0 :Fol>, for A = :I:%, we find that each of the terms of the form S -7 - S
q

nHm 1
becomes exactly <(1) (:FO) ) As m is odd, this is exactly <(1) :,(:) ) Because we are only looking at

the elements (1,z) of this matrix, we are left with only a contrib(iltion of F1 and 0 for & = 2,1 respectively.
Combined with our previously computed values for S; o and Sy o gives a final value for the entire polynomial
of F1 completely regardless of a, b, c.

For A = +¢q, by going through the same process with our already computed values, we get that the final
polynomial at this point is exactly +1 regardless of a, b, c.

Regardless of what the constant value is, in all 4 cases the Q(c,r) are constant for all odd integers c,
and so it is also equal to this value for both ¢ = 2m 4+ 1 and ¢ = 2m — 1. Therefore, upon subtracting
the two polynomials, we get 0 as the 1** difference. Recalling that we chose the four points specifically
because (A + ¢)(A — q)(Aqg — 1)(Ag + 1) | Q'(m, 1) if and only if Q*(m, 1) is zero at all of those points, we
can conclude that in fact (A + ¢)(A — q)(Ag — 1)(Ag+1) | Q' (m, 1), as desired. O

Remark 5.3. Both of (A —¢q)(A+¢q) and (Aq+1)(Ag — 1) are quantum numbers up to a monomial factor.
In particular, they are {3} and {Aq}, respectively. In particular, each of the % seems to be a product
of quantum numbers in a simple way outlined in Conjecture 5.1, though proving this is for a future work.

This proposition can be easily extended to all representations [r], as outlined in Theorem 5.1. We first
introduce two lemmas.



1 =
Lemma 5.1. The first row of the Racah matriz So ., = {O mn y "at A= +q and A = +2 L and the first
m#r
_ 1 -0
row of So.m = m at A=+q and A =+1.
’ 0 m#0 d

Proof. To prove this, we use Equation 2.
It is clear that

A=+q = G(i H{iqj i {il}H{qJ AT H{q] i — 0, for all i > 0.

{a7} {a} {a7} {a} {a/}
We begin by considering S. As {#q°} = {£1} = £1 — (£1)"! = 0, D_; = 0. Additionally, [2k + 1] =
={t=1

At A = +q in general, D; = [j + 1], and

B Doy G(r—m)G(r+m+1)
So.m = Uo’m(r+m)\/G(0)2G(r+m+1)G(T—m) G(r+1)

/Day—1G(r —m)G(r +m + 1)
G(r+1) ’

= ogm(r +m)

by applying the above simplifications, without using A = +q.
[x] is nonzero exactly when x # 0, so as

([m])2[r)![r — m]! (=) 4+ m 4 1]

Frrem el miqmyz o rel0skmsr

oo.m(r+m) = (=1)"T"/[1][2m + 1] -

and 7 > m > 0, g m(r + m) is neither 0 and undefined for 0 < m < r, and so can be ignored within
these ranges. We examine m = 0, m = r separately.

G(i) always has exactly one factor that becomes 0 at A = ¢ for ¢ € Z unless i < 0, and otherwise is
exactly 1, as nothing is being multiplied together. Additionally, this factor, {¢°}, is the same regardless of
i. This means that at r # m, as r,m > 0, there are at least two factors in the numerator that become 0 at
A = +¢q, and only 1 in the denominator, so the entire expression is zero at m # r.

Atm=r,

(D2t (=D 2r 410 V[2r +1]
[r+1]!2r + 1)! ([r]h?2 [r+1]

oo.m(r+m) = o9 ,(2r) = (=12 /[2r + 1]-

As the [0]s in the G(7) cancel out at r = m as G(0) = 1, the remainder of the expression for Sy, ,,, simplifies

1 =
to —(r+l , which exactly cancels out with o ., (r +m), giving that Sy o = 1. Therefore, Sp ., = mer
[2r+1] 0 m#r
at A = +q

The other cases (with one or both of A = j:% rather than A = ¢ and S rather than S) follow in precisely

the same way.
O

Theorem 5.1. For all symmetric representations, (A—q)(A+q)(Aq—1)(Aq+1) | Q1 (m,r), for all a,b,m €
7.

yforall0 <k m<r



Proof. Much like the proof of the proposition, the theorem is equivalent to the statements that

Q@2m+1,7)—Q(2m —1,7) |a==0,
Q2m+1,7)—Q(2m —1,r) |a=—¢=0,
Q(2m + 17T) - Q(Qm - 13 T) |A:%: Oa
Q2m+1,7r)—Q(2m —1,r7) \A:_%zo

from the definition of Q! (m,r). We know that
- 1 — —a — =b - 7€
Ha,b,e,r) = Qe,;r) = Xro) D, (8- T+ 9)0.2(S-T - 8)0.2(S-T" - S)o.a-
=0 SO"T

We now recall Lemma 5.1. In particular, the formula only involves the first row of S-T"S, so we
prove a simple form for this. By formula 4, T™ is a diagonal matrix with Ty = 1. We consider each of
A= 4q, A= i% together using the lemma. Therefore, S - T™ has a first row equal to (S -T")gm =

So. 0Ty =0 1 =0 _
00500 M = " , from the lemma. Then, again by the lemma, ((S-7T™) - S)o,m = So.m-
0 m # 0 0 m#0 ' ,

Therefore,
T Sg
T

Q(e,r) = X(r,0] = Xirol O Soe = Xfr)» (5)
x =0

=0
which is constant. Therefore, Q' (m,r) = Q(2m + 1,7) — Q(2m — 1,7) = 0, for all m € Z*, regardless of
a, b, as expected. O]

Remark 5.4. This proof, with minimal modification, also works for any genus g pretzel knot, because
regardless of the power of Sy, in 5, so long as it is at least 1 (which it is because it is one more than the
genus), it is still a constant for constant genus, and so the first differences are always zero at A = =+gq, :té.
In particular, for higher genus, we define differences such that all but the last parameter are constant.

5.3 Conjectured General Properties

In this section, we present some conjectured properties. Each property has been verified up to r = [5],
¢ =2, a="b=1, unless otherwise specified. Some are also verified for higher ¢ for lower r.

Conjecture 5.2. Q"(c,r)- A¢*M =1 = Q" (c +2,r) for all odd integers a,b,c and representations [r].

Remark 5.5. This conjecture, in addition to Lemma 3.1, would allow for computing infinitely many HOM-
FLY polynomials with only a finite number computed using the Racah matrices, which would result in drastic
time savings. In particular, as shown in Figure 4 for r = [2], only r + 1 HOMFLY polynomials would need
to be computed using Racah matrices to be able to compute recursively any HOMFLY polynomial with the

same a, b.

/N 7N\

/N

SRATRT

Figure 4: Assuming that the red values are known, we can compute all of the black values from top to
bottom with very few computations using Conjecture 5.2

10



Remark 5.6. This would also imply that Q" (a,b,¢,r) | Q" (a+2,b,¢,7) and Q" (a,b,¢,7) | Q" (a,b+2,¢,7),
for all representations [r] and a,b,c odd integers. This would be very powerful as it would allow one to
generate the r* difference for every odd integer a, b, ¢, from only 4 1 Racah matrix computations, relatively
computationally inexpensively.
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Appendix A: Differences For Selected Knots

In this section we provide some values of the differences for values of a, b, c,r.

5.4 Representation [4], a =b=1

In Table 7, we list the differences with a = b = 1 for » = 4. In particular, we list 5 first differences, and at
each level one less difference, to support the conjecture that in fact the rt" differences seem to be constant
in representation 7 up to a monomial factor. Further values are listed in the repository. The differences here
are Q"(c,r) rather than Q™ (c,r) with the slight difference that the monomial factors are made the same
when subtracting (in particular, we divide out the first operand by precisely the factor in the remark)

Remark 5.7. The monomial factors within a difference number n seem to always increase by a factor of
A%2(n=1) g2(n=2)(n=1) a5 ¢ increases by 2.
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Appendix B: n'* Differences of F-Factors

The n'** differences of F-factors also seem to have many quantum numbers as factors. While we do not
prove here a similar result as we did before, we list some selected n*" differences, and create conjectures for
differences of F-factors in general.

Representation [2], a =b=1

In Table 8, we list the differences with a = b =1 for r = 2. In particular, we list 3 first differences, and at
each level one less difference, to support the conjecture that in fact the r* differences seem to be constant
in representation r. Further values are listed in the repository. The monomial factors also seem to follow
the same pattern within a fixed n as general differences.

n | c | r | difference

0]1]2] &

032 s(A +AF+A7+1)

0 5 2 q%(ASqS+A6q6+A6q4+A4q4+A4q2+A4+A2q2+A2+1)

0 7 2 q%(Amqlz+A10q10+A10q8+A8q8+A8q6+A8q4+A6q6+A6q4+A6q2+A6+A4q4+A4q2+

At 4+ A%¢% + A2 +1)

%Z(A2q4+q2+1)
;‘—f(A4q8+A2q6+A2q4+q2+l)

Af (A6q12+A4q10+A4q8+A2q6+A2q4+q2+1)

O O] R [y
w| =] o] w| =
IR AN

Table 8: nt" differences of F-factors
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