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Abstract. The generational behavior of Gaussian binomial coefficients at

roots of unity shadows the relationship between the reductive algebraic group

in prime characteristic and the quantum group at roots of unity. In this paper,
we study three ways of obtaining integer values from Gaussian binomial coef-

ficients at roots of unity. We rigorously define the generations in this context

and prove such behavior at primes power and two times primes power roots
of unity. Moreover, we investigate and make conjectures on the vanishing,

valuation, and sign behavior under the big picture of generations.

Introduction

In [Wil20], Williamson describes a “philosophy of generations,” a conceptual and
computational tool used to study the relationship between various groups in rep-
resentation theory. In particular, the relationship between “Pascal’s triangle mod
p” (formed from binomial coefficients taken modulo a prime p) and the “q-binomial
Pascal’s triangle” (formed from q-binomial coefficients evaluated at a pth root of
unity) is cited as motivation for a representation-theoretic correspondence between
the modular representation theory of algebraic groups and the representation the-
ory of Lusztig’s quantum groups at roots of unity. In [Lus89], Lusztig exploits the
combinatorial properties of q-binomial coefficients directly (particularly their van-
ishing) to study the representation theory of quantum groups. Furthermore, this
generational approach proves fruitful in [LW18], [LW] in the study of tilting char-
acters. Despite the success of this generational philosophy as a guiding principle in
representation theory, it remains somewhat of a mystery, as [Wil20] explains that
“we still lack a rigorous definition of generations (aside from the case of quantum
groups at roots unity, which provide ‘generation 1’).”

In this project, we take a reverse approach: setting representation theory aside
for a moment, we seek to focus only on the central combinatorial example of q-
binomial coefficients at a pth root of unity which motivates this philosophy of
generations. We seek to describe explicitly the generational behaviour present in
this example, and to extend the combinatorial results which appear in [Lus89] with
the aim of elevating this basic example of generational behaviour from a philosoph-
ical blueprint which motivates representation theory to a working prototype for the
philosophy of generations where the objects involved, their generations, and the
relationship between them are precisely defined and described. Along the way, we
examine the vanishing and p-valuations of q-binomial coefficients at pkth roots of
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unity, describing related fractal-like patterns which arise naturally from the study
of generations.

We organize our paper as follow. In §1, we review some known results and
present a definition of“integral q-binomial coefficients”built from Gaussian binomial
coefficients at pth roots of unity, which directly generalizes the example (for p “ 3)
given in Section 1.8 of [Wil20] in an integer-valued way which is conducive to
our study of generations; additionally, we present some related definitions which
serve as useful tools in relating integral q-binomial coefficients with usual binomial
coefficients as well as interesting combinatorial objects in their own rite. In §2,
we present our main result, formulating and proving a generational relationship
between these integral q-binomial coefficients and usual binomial coefficients mod p.
In §3, we discuss related combinatorial properties of integral q-binomial coefficients
and their cousins from §1.

1. Integral q-binomial coefficients

We first recall the definition of q-binomial coefficients.

Definition 1.1. Let q be an indeterminate. For any integer N ě 0 we define

rN sq! “
N
ź

s“1

qs ´ q´s

q ´ q´1
.

For non-negative integers m ě n, we define the Gaussian binomial coefficients
ˆ

m

n

˙

q

“
rmsq!

rnsq! ¨ rm´ nsq!
.

Additionally, we define
`

m
n

˘

1
“
`

m
n

˘

, and when m ă n, we define
`

m
n

˘

q
“ 0.

In [Wil20], Pascal’s triangle mod 3 is presented alongside the “Pascal’s triangle”
which is obtained by replacing the binomial coefficients in Pascal’s triangle with
their q-analogues (we call this the q-binomial Pascal’s triangle) and setting q equal
to a 3rd root of unity.

This example suggests a connection between these two combinatorial objects; at
a basic level, Figure 2 seems to serve as a first approximation to Figure 1. In the
next section, we prove a more precise formulation of this basic observation, and
observe that this pattern does not stop with evaluating at a 3rd root of unity, but
rather evaluating at 3kth roots of unity reveals even more “approximations” of the
picture on the left picture.

We are lucky in this example that evaluating a q-binomial coefficients at a 3rd
root of unity always yields an integer. This is not the case for primes greater than
3. Accordingly, we define “integral q-binomial coefficients” to address this issue, a
family of coefficients built from q-binomial coefficients which both generalize this
example and always take integer values.

The first pattern we can see in the figures shown is that the zero entries in Figure
1 are also zero entries in Figure 2. Further, the non-zero entries in Figure 1 can be
viewed as a collection of small “sub-triangles” with three entries along their base.
These small triangles imitate the small triangle at the very top by multiplying its
entries by a usual binomial coefficient. This observation is slightly different when
we set q to be an even root of unity. Another way to state this observation is the
following theorem, part (a) of which appears in [Lus89].
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Figure 1.
`

m
n

˘

pmod 3q

Figure 2.
`

m
n

˘

e
2πi
3

Theorem 1.2 ([Lus89]). (a) Let s be an odd positive integer. If v is a primitive
s-th root of unity, and 0 ď m,n ď s´ 1, then

ˆ

m` as

n` bs

˙

v

“

ˆ

a

b

˙

¨

ˆ

m

n

˙

v

.

(b) Let s “ 2r be an even positive integer. If v is a primitive s-th root of unity,
and 0 ď m,n ď r ´ 1, then

ˆ

m` ar

n` br

˙

v

“ p´1qbpa´bq
ˆ

a

b

˙ˆ

m

n

˙

v

.

We also now recall Kummer’s theorem, which is an essential tool for proving our
main result.

Theorem 1.3 (Kummer). For p prime, let m,n be two non-negative integers. Then
vp
`

m
n

˘

is the number of carriers when n is added on m´ n in base p. Namely,

vp

ˆ

m

n

˙

“
1

p´ 1
pSppnq ` Sppm´ nq ´ Sppmqq ,

where Sppkq denotes the sum of digits when the number k is written in base p.

The relationship between the Gaussian polynomial and the theory of partition is
also well-known. Explicitly, it is stated as follows. The coefficients of the Gaussian
polynomial is the number of partitions to k in a pm´ nq ˚ n rectangle. For a proof
see, e.g. [Sta11].
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Theorem 1.4. The Gaussian binomial coefficients can be written as follows:
ˆ

m

n

˙

v

“

pm´nqn
ÿ

k“0

ppm´ n, n; kqv2k´pm´nqn,

where ppM,N ; kq is number of partitions of k with at most N parts and each part
no greater than N .

1.1. Integral q-binomial coefficients. We consider now three possible ways to define
q-binomial variants at roots of unity by summing in a way that takes values in the
integers.

Definition 1.5. Let q be a positive integer. Denote

ˆ

m

n

˙‚

q

“
ÿ

gcdpk,qq“1,1ďkďq´1

ˆ

m

n

˙

e
2πi k

q

;

ˆ

m

n

˙˚

q

“

q´1
ÿ

k“1

ˆ

m

n

˙

e
2πi k

q

; and

ˆ

m

n

˙:

q

“

q´1
ÿ

k“0

ˆ

m

n

˙

e
2πi k

q

.

It is a simple check that each of these constructions takes integer values for q,m, n
positive integers. The main player in our description of generational behaviour is the

second definition,
`

m
n

˘˚

q
, which we call an integral q-binomial coefficient; however,

the other two definitions are useful in technical ways - in particular, the third has
a more combinatorial interpretation which we now exploit.

1.2. The relationship between these three constructions. We consider the relation-
ships between the three ways of summing in Definition 1.5. They are easy to prove
but provide an important set-up for our future discussions.

Proposition 1.6. Let q be a positive integer, then

(a) We have the identity
ˆ

m

n

˙:

q

“ q
ÿ

q|p2k´pm´nqnq

ppm´ n, n; kq,

where ppm ´ n, n; kq denotes the number of partitions of k which have no
more than m´ n parts and such that each part does not exceed n.

(b)
`

m
n

˘:

q
“
ř

d|q

`

m
n

˘‚

d
.

(c)
`

m
n

˘:

q
“
`

m
n

˘˚

q
`
`

m
n

˘

.

Proof. The first statement follows from
ˆ

m

n

˙:

q

“

npm´nq
ÿ

α“´npm´nq

rvαs

ˆ

m

n

˙

v

q´1
ÿ

k“0

e2πi
k
q α

and the property of
řq´1
k“0 e

2πi kq α directly.

The second statement can be proved considering that the term of e2kiπ{q appears
only once on the right hand side.
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Recall that a Gaussian binomial coefficient may be factored into a product of
cyclotomic polynomials. By Definition 1.5, we have

ˆ

m

n

˙:

q

“

ˆ

m

n

˙˚

q

`

ˆ

m

n

˙

1

“

ˆ

m

n

˙˚

q

`

ˆ

m

n

˙

.

So the third statement follows. �

Proposition 1.7. For any odd integer q,
ˆ

m

n

˙˚

q

” ´

ˆ

m

n

˙

pmod qq.

Proof. By Proposition 1.6, we have
ˆ

m

n

˙˚

q

”

ˆ

m

n

˙:

q

´

ˆ

m

n

˙

” ´

ˆ

m

n

˙

pmod qq,

as desired. �

2. Generational behaviour

We now come to our main result. We describe the triangle formed by the coef-
ficients

`

m
n

˘

pmod pq as being built from “building blocks”: the family of triangles

formed by taking the p-valuation of
`

m
n

˘˚

pk
. We can observe and describe this be-

haviour graphically.
Let us return to p “ 3 as an example. The following figure gives the 3-valuation

of the Pascal Triangle. The first small layers of the graph coincide partially with the

zero-entries and 3-valuations of
`

m
n

˘˚

3k
, where k is an integer, as shown in Figures

4, 5, and 6.

Figure 3. 3-valuations of
`

m
n

˘

In this section we formulate and prove this behaviour in more precise terms for
all odd primes p.
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Figure 4. Zeros of
`

m
n

˘˚

3

Figure 5. 3-valuations of
`

m
n

˘˚

3

Definition 2.1. Fix an odd prime p. For a nonnegative integer k, we define the kth
generation vanishing in the mod p Pascal’s triangle to be the set of pairs pm,nq for
which there are carriers the last k digits of its base p expansion, which is equivalent
to

ˆ

pk `m pmod pkq

n pmod pkq

˙

” 0 pmod pkq.

The equivalence is proven in Corollary 2.4.

Using this definition, we now can formulate our main result.

Theorem 2.2. Fix an odd prime p. The kth generation vanishing in the mod p

Pascal’s triangle corresponds exactly to the vanishing of
`

m
n

˘˚

pk
; in other words,

`

m
n

˘˚

pk
vanishes if and only if pm,nq belongs to the kth generation vanishing of the

mod p Pascal’s triangle. Furthermore, if pm,nq does not belong to the kth generation
vanishing, then

vp

ˆ

m

n

˙˚

pk
“ vp

ˆ

m

n

˙

.
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Figure 6. 3-valuations of
`

m
n

˘˚

32

2.1. Proof of Theorem 2.2.

Lemma 2.3. For integer k, if 1 ď n ď m ď pk ´ 1, then

vp

ˆ

m

n

˙

ă k.

Proof. Since 1 ď n ď m ď pk ´ 1, each of m, n, and m ´ n must have at most k
digits in their base p expansions. Thus, when n is added to m ´ n, only the 2nd,
3rd, ¨ ¨ ¨ , k-th digits from the left in their base p expansions permit carriers. Then
by Kummer’s theorem, vp

`

m
n

˘

is the number of such carriers, which is no greater
than k ´ 1. �

This lemma immediately gives the following corollary, which provides additional
motivation for Definition 2.1.

Corollary 2.4. For k ě 1, The following conditions are equivalent.

(a) vp
`pk`m pmod pkq

n pmod pkq

˘

ě k.

(b) vp
`m pmod pk`1

q

n pmod pk`1q

˘

“ k.

(c)
`

m
n

˘

belongs to the kth generation vanishing of the mod p Pascal’s triangle.
(d) When n is added to m´ n, there are carriers the last k digits of its base p

expansion.
(e) Write m “

ř

iě0 mip
i, n “

ř

iě0 nip
i; then mj ă nj for all j “ 0 . . . , k´ 1.

Proof. (d) and (e) are equivalent by base-p operations. (a) and (b) are equivalent
due to Lemma 2.3. (c) and (e) are equivalent due to Definition 2.1. (b) and (e) are
equivalent due to Theorem 1.3. �

Note that a direct implication of (e) and Kummer’s theorem is vp
`

m
n

˘

ě k. So

all the pm,nq in the k-th generation satisfies vp
`

m
n

˘

ě k.
We now proceed with the proof of Theorem 2.2.

Proof of Theorem 2.2. We perform induction on k, then on m. When k “ 0, we
note that all pm,nq belong to the 0th generation vanishing, while all integral pk-
binomial coefficients are zero (the empty sum) by definition. Similarly this occurs
when m “ 0.
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We proceed by two steps.
Step 1. Find all the zeros when 0 ď n,m´ n ă pk.
By Proposition 1.6,

ˆ

m

n

˙˚

pk
“

ˆ

m

n

˙:

pk
´

ˆ

m

n

˙

“ pk
ÿ

pk|p2t´pm´nqnq

ppm´ n, n; tq ´

ˆ

m

n

˙

.

Modulo pk on both sides we get
ˆ

m

n

˙˚

pk
” ´

ˆ

m

n

˙

pmod pkq.

We first deal with the zeros.
If

ˆ

m

n

˙˚

pk
“ 0,

we must have vp
`

m
n

˘

ě k. Since 0 ď n,m ´ n ď pk ´ 1, we have 1 ď n,m ď

2ppk ´ 1q ă pk`1 ´ 1. By Corollary 2.4, vp
`

m
n

˘

“ k must be in the k-th generation.

Conversely, we show that
`

m
n

˘˚

pk
“ 0 for all pm,nq belonging to the kth generation

vanishing with 0 ď n,m´ n ă pk. We do this by first proving
ˆ

m

n

˙‚

pl
“ 0

for every 0 ď l ď k. First note that if m ď pk ´ 1, by Lemma 2.3, vp
`

m
n

˘

“ k never

happens. So all such pm,nq satisfies that 1 ď n ď pk ´ 1 ă m ď 2ppk ´ 1q. And
when n is added to m ´ n, there are carriers at every last k digits from the left.
When l “ k, suppose that m “ pk ` t. We have 0 ď t “ m ´ pk ă m ´ n. By
Theorem 1.2, for v a primitive pk-th root of unity,

ˆ

m

n

˙

v

“

ˆ

pk ` t

m´ n

˙

v

“

ˆ

1

0

˙

¨

ˆ

t

m´ n

˙

v

“ 0

for each pk-th primitive root v. When 1 ď l ď k´ 1, similarly, by Theorem 1.2, it’s
sufficient to show that

ˆ

mpmod plq

npmod plq

˙

v

“ 0.

Since when n is added to m´n, there is a carrier at every digit, we have mpmod plq ă

npmod plq, thus
`mpmod plq
npmod plq

˘

v
must be zero.

Therefore, by Proposition 1.6,

ˆ

m

n

˙˚

pk
“

k
ÿ

l“0

ˆ

m

n

˙‚

pl
“ 0,

as desired.
Step 2. Finish the rest.
We write the p base expansion of m and n as

m “
ÿ

iě0

mip
i, n “

ÿ

iě0

nip
i.
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Without loss of generality, say m and n all have t digits (we permits the starting
digits to be 0 to make sure they have the same number of digits, for the sake of
simplicity). By Proposition 1.6, we have

ˆ

m

n

˙˚

pk
“

k
ÿ

i“1

ˆ

m

n

˙‚

pi

“

ˆ

mtp
t ` ¨ ¨ ¨m1p

ntpt ` ¨ ¨ ¨n1p

˙

¨

ˆ

m0

n0

˙‚

p

`

ˆ

mtp
t ` ¨ ¨ ¨m2p

2

ntpt ` ¨ ¨ ¨n2p2

˙

¨

ˆ

m1p`m0

n1p` n0

˙‚

p2

` ¨ ¨ ¨

`

ˆ

mtp
t ` ¨ ¨ ¨mkp

k

ntpt ` ¨ ¨ ¨nkpk

˙

¨

ˆ

mk´1p
k´1 ` ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙‚

pk
.

Here we split into three cases.

Case 1.
`mk´1p

k´1
`¨¨¨`m1p`m0

nk´1pk´1`¨¨¨`n1p`n0

˘
‚

pk
vanishes.

In this case,
ˆ

m

n

˙˚

pk
“

k´1
ÿ

i“1

ˆ

m

n

˙‚

pi
“

ˆ

m

n

˙˚

pk´1

.

If it is not zero, the valuation result follows by inductive assumption. If it is zero,
by inductive assumption, pm,nq is in the pk´ 1qst generation, having the each last

pk ´ 1q digits with a carrier. In this case, all
`

mip
i
`¨¨¨`m1p`m0

nipi`¨¨¨`n1p`n0

˘‚

pi`1
vanishes for all

i “ 0, . . . , k ´ 1. We have
`mk´1p

k´1
`¨¨¨`m1p`m0

nk´1pk´1`¨¨¨`n1p`n0

˘
˚

pk
“ 0. By Theorem 1.2, we have

ˆ

pk `mk´1p
k´1 ` ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙˚

pk
“

ˆ

1

0

˙ˆ

mk´1p
k´1 ` ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙˚

pk
“ 0.

By Step 1,
`pk`mk´1p

k´1
`¨¨¨`m1p`m0

nk´1pk´1`¨¨¨`n1p`n0

˘

is in the k-th generation. By Corollary 2.4,

mi ă ni for all i “ 0, . . . , k ´ 1. Again, by Corollary 2.4,
`

m
n

˘

is in the k-th
generation, as desired.

Case 2.
`

mip
i
`¨¨¨`m1p`m0

nipi`¨¨¨`n1p`n0

˘‚

pi`1
vanishes for all i “ 0, 1, ¨ ¨ ¨ , k ´ 2, but not for

i “ k ´ 1.
Now

ˆ

mip
i ` ¨ ¨ ¨ `m1p`m0

nipi ` ¨ ¨ ¨ ` n1p` n0

˙˚

pk
“

ˆ

mip
i ` ¨ ¨ ¨ `m1p`m0

nipi ` ¨ ¨ ¨ ` n1p` n0

˙‚

pk

“

ˆ

mtp
t ` ¨ ¨ ¨mkp

k

ntpt ` ¨ ¨ ¨nkpk

˙

¨

ˆ

mk´1p
k´1 ` ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙‚

pk
.

Since
`mk´1p

k´1
`¨¨¨`m1p`m0

nk´1pk´1`¨¨¨`n1p`n0

˘
‚

pk
does not vanish, the k-th digit from the right side

must not have carrier (otherwise it vanishes). Therefore,

vp

ˆ

m

n

˙

“ vp

ˆ

mtp
t ` ¨ ¨ ¨mkp

k

ntpt ` ¨ ¨ ¨nkpk

˙

` vp

ˆ

mk´1p
k´1 ` ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙

.
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It is sufficient to show

vp

ˆ

mk´1p
k´1 ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙

“ vp

ˆ

mk´1p
k´1 ` ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙‚

pk
.

In this case, we only need to consider both m and n are smaller than pk. Note
again that by the assumption of Case 2,

ˆ

m

n

˙˚

pk
“

ˆ

m

n

˙‚

pk
.

The right hand side is a multiple of pk´1 and
ˆ

m

n

˙˚

pk
” ´

ˆ

m

n

˙

pmod pkq

by Proposition 1.6. Therefore, we must have vp
`

m
n

˘

ě k´ 1, which holds, as shown

in Corollary 2.4, only when the equality holds. Therefore, we have vp
`

m
n

˘˚

pk
“

vp
`

m
n

˘

“ k ´ 1 when both m,n are less than pk. As desired.

In this case, vp
`

m
n

˘˚

pk
“ k ´ 1 is not 0.

Case 3.
`

mip
i
`¨¨¨`m1p`m0

nipi`¨¨¨`n1p`n0

˘‚

pi`1
does not vanish for i “ k ´ 1 and is not zero for

at least one of i “ 1, 2, ¨ ¨ ¨ , k ´ 2.
In this case, we prove that

vp

ˆ

m

n

˙˚

pk´1

ă vp

ˆ

m

n

˙‚

pk

“ vp

ˆ

mtp
t ` ¨ ¨ ¨mkp

k

ntpt ` ¨ ¨ ¨nkpk

˙

` vp

ˆ

mk´1p
k´1 ` ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙‚

pk
.

By the inductive assumption,

vp

ˆ

m

n

˙˚

pk´1

“ vp

ˆ

m

n

˙

.

Again, there is no carriers at the k-th digit, we have

vp

ˆ

m

n

˙

“ vp

ˆ

mtp
t ` ¨ ¨ ¨mkp

k

ntpt ` ¨ ¨ ¨nkpk

˙

` vp

ˆ

mk´1p
k´1 ` ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙

.

Again, we only need to show

vp

ˆ

mk´1p
k´1 ` ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙

ă vp

ˆ

mk´1p
k´1 ` ¨ ¨ ¨ `m1p`m0

nk´1pk´1 ` ¨ ¨ ¨ ` n1p` n0

˙‚

pk
,

which is the case for both m,n less than pk. Suppose that m,n ă pk, by Corol-
lary 2.4, the left hand side is at most k ´ 1.

If vp
`

m
n

˘

“ k ´ 1, by inductive assumption,
`

m
n

˘

is in the pk ´ 1qst generation,

so
`

m
n

˘˚

pk´1 vanishes. In this case, all
`

mip
i
`¨¨¨`m1p`m0

nipi`¨¨¨`n1p`n0

˘‚

pi`1
vanishes when i “

0, . . . , k ´ 2; this is a contradiction.
So vp

`

m
n

˘

ď k´ 2. By Proposition 1.6, the right hand side is at least k´ 1. This
inequality is proven.
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Utilizing this bounding, we get
ˆ

m

n

˙˚

pk
“

ˆ

m

n

˙˚

pk´1

`

ˆ

m

n

˙‚

pk

is a sum of two integers with two different p valuations. The p valuation of the left

side is the less p valuation on the other side, which is vp
`

m
n

˘˚

pk´1 . So

vp

ˆ

m

n

˙˚

pk
“ vp

ˆ

m

n

˙˚

pk´1

“ vp

ˆ

m

n

˙

,

by inductive assumption, as desired.
Since all pairs pm,nq belong to one of the cases treated above, this completes

the proof.
�

3. Further results

3.1. Generalizations and axiomatic results. Along with our main theorem on the
generational behaviour of integral binomial coefficients, we have explored a few
other directions. This section will outline a few of them and point out possible fu-
ture directions. The first direction is the following axiomatization of combinatorial
objects which display generational behaviour with respect to Pascal’s triangle in
the same way our coefficients do.

Definition 3.1. Call a function f : pZ˚q3 Ñ Z˚ p-generational if

‚ fp0,m, nq “
`

m
n

˘

.
‚ fpk,m, nq “ 0 when m ă n.
‚ fpk, apk `m, bpk ` nq “

`

a
b

˘

fpk,m, nq when 1 ď m,n ă pk.

‚ pk´1|fpk,m, nq.

‚ pk|
řk
i“0 fpi,m, nq.

Theorem 3.2. For any p-generational function f , fpk,m, nq “ 0 if and only if
`

m
n

˘

is in the k-th generation. And

vp

˜

k
ÿ

i“1

fpk,m, nq

¸

“ vp

ˆ

m

n

˙

otherwise.

Proof. The proof of this theorem is very similar to the proof of Theorem 2.2. All
the main steps and techniques are identical. �

Our results from §2 prove that integral q-binomial coefficients at a pkth root
of unity serve as an example of a p-generational object as we define in Definition
3.1. We expect that future investigation will reveal other interesting examples of
families of combinatorial objects satisfying these axioms.

3.2. Zeroes of other constructions. As a short addendum, our work on generational
behaviour has also led us to results and conjectures on the zeros of the other coef-
ficients we defined in Definition 1.5.
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Theorem 3.3. When q is an odd integer,
ˆ

m

n

˙:

q

“ 0

holds if and only if n is odd, m is even, and 1 ď npm´nq ď q´1. When q is even,
ˆ

m

n

˙:

q

“ 0

holds if and only if n is odd and m is even.

To prove Theorem 3.3, we need to introduce the constant coefficient of Gaussian
polynomials.

Definition 3.4. Let
`

m
n

˘G
be the constant coefficient of Gaussian polynomial

`

m
n

˘

v
.

From Theorem 1.4,
`

m
n

˘G
can be easily interpreted as the number of partition

inside the pm´ nq ˆ n rectangle occupying exactly half of its area, as shown in the
following corollary.

Corollary 3.5.
ˆ

m

n

˙G

“ ppm´ n, n; pm´ nqn{2q.

Proof. By Definition 3.4 and Theorem 1.4,
`

m
n

˘G
can be easily interpreted as the

number of partition inside the pm ´ nq ˆ n rectangle occupying exactly half of its
area, and the corollary immediately follows. �

When pm,nq are small enough,
`

m
n

˘G
nicely represent the value of

`

m
n

˘:

p
.

Proposition 3.6. For 1 ď npm´ nq ď p´ 1,
ˆ

m

n

˙:

p

“ p

ˆ

m

n

˙G

.

Proof. The highest degree of the Gaussian polynomial
`

m
n

˘

v
is npm´ nq ă p; sim-

ilarly, the term with lowest degree has exponent at least npn ´mq ą ´p. When
summing all roots of unity, the term with degree k is equal to prvis

`

m
n

˘

v
if p|k and

0 otherwise, where
`

m
n

˘

v
“
ř

rvis
`

m
n

˘

v
vi. Because the degree is less than p, the only

nonzero term is equal to p
`

m
n

˘G
. �

Corollary 3.7. If and only if m is even and n is odd,
ˆ

m

n

˙G

“ 0.

Proof. By Corollary 3.5,
`

m
n

˘G
is the number of partitions with area pm´ nqn{2 of

a pm´ nq ˚ n rectangle. If m is even and n is odd, pm´ nqn{2 is not an integer, so
no such partitions exist. Otherwise, there must be at least one permutation with
half of the area: the left half of the rectangle or the lower half of the rectangle since

m´ n and n has at least one even value. Thus,
`

m
n

˘G
“ 0 if and only if m is even

and n is odd, as desired. �
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The following result summarizes the zeros of this triangle. Its proof is directly
from the corollary above.

Proposition 3.8. If and only if m is even and n is odd,
ˆ

m

n

˙G

“ 0.

Proof. We first recognize the fact that
`

m
n

˘G
is the number of partitions with area

pm ´ nqn{2 of a pm ´ nq ˚ n rectangle. If m is even and n is odd, pm ´ nqn{2 is
not an integer, so no such partitions exist. Otherwise, there must be at least one
permutation with half of the area: the left half of the rectangle or the lower half of

the rectangle since m´n and n has at least one even value. Thus,
`

m
n

˘G
“ 0 if and

only if m is even and n is odd, as desired. �

Now, we shall go back to the proof for Theorem 3.3.

Proof of Theorem 3.3. When q is odd, consider

bk “ rv
is

ˆ

m

n

˙

v

n
ÿ

i“1

e
2πik
q ,

the sum of the kth term when summing all roots of unity. When n is not odd or

m is not even, by Proposition 3.8,
`

m
n

˘G
is greater than 0. So

`

m
n

˘:
is also greater

than 0 (all the coefficients are non-negative). When 1 ď npm ´ nq ď q ´ 1, the
degree of the polynomial is at most q´1, and we only need to consider the constant

term. By Lemma 3.8,
`

m
n

˘G
“ 0 if and only if m is even and n is odd, we have

`

m
n

˘:

q
“ 0 if n is odd, m is even, and 1 ď npm ´ nq ď q ´ 1. Conversely, if n is

odd, m is even, but npm´ nq ě q, we have
`

m
n

˘:

q
ě ppn,m´ n; pnpm´ nq ´ pq{2q `

ppn,m´ n; pnpm´ nq ` pq{2q . By the same argument as the proof of Lemma 3.8,
ppn,m´ n; pnpm´ nq ´ pq{2q ą 0 (such partition exist because npm´ nq ´ p now
is even). Similarly, when q is even, if m is even, and n is odd, ak can be non-zero
only if k is a multiple of q. However, with the combinatorial interpretation from

Proposition 1.6, all terms with even degree must be zero, so
`

m
n

˘:

q
“ 0 if q is even,

n is odd, and m is even. If m is odd or n is not odd, by Lemma 3.8,
`

m
n

˘G
will not

be zero, and thus
`

m
n

˘:

q
ě
`

m
n

˘G
will not be zero. �

Theorem 3.9. For odd prime p and positive integer k, when one of the following
holds:
‚ npmod pkq ¨ ppm´ nqpmod pkqq is odd and is less than pk´1;
‚ pq ´ 1´mpmod pkqq ¨ npmod pkq is odd and is less than pk´1;
‚ pq ´ 1´mpmod pkqq ¨ ppm´ nqpmod pkqq is odd and is less than pk´1;
‚ npmod pkq ą mpmod pkqq,
we have

ˆ

m

n

˙‚

pk
“ 0.

Proof. If npmod pkq ¨ pm´ nqpmod pkq, we write
ˆ

m

n

˙‚

pk
“

ˆ

m

n

˙:

pk
´

ˆ

m

n

˙:

pk´1

.
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By Theorem 3.3, when npmod pkq ¨ pm´ nqpmod pkq is odd and is less than pk´1,

both
`

m
n

˘:

pk
and

`

m
n

˘:

pk´1 are 0. So
`

m
n

˘‚

pk
“ 0, as desired.

The other three cases are the same as the first case by the following proposition:

›

›

›

›

ˆ

m

n

˙‚

d

›

›

›

›

“

›

›

›

›

„

m
m´ n

‚

d

›

›

›

›

“

›

›

›

›

„

q ´m` n´ 1
n

‚

d

›

›

›

›

“

›

›

›

›

„

q ´m` n´ 1
q ´m´ 1

‚

d

›

›

›

›

“

›

›

›

›

„

q ´ n´ 1
m´ n

‚

d

›

›

›

›

“

›

›

›

›

„

q ´ n´ 1
q ´m´ 1

‚

d

›

›

›

›

.

We first show that
`

m
n

˘

v
“

„

m
m´ n



v

. This is trivial since

ˆ

m

n

˙

v

“
rmsv!

rnsv!rm´ nsv!
“

„

m
m´ n



v

We then show
›

›

`

m
n

˘

v

›

› “

›

›

›

›

„

q ´m` n´ 1
n



v

›

›

›

›

.

}rksv} “

›

›

›

›

vk ´ v´k

v ´ v´1

›

›

›

›

“

›

›

›

›

vq´k ´ vk´q

v ´ v´1

›

›

›

›

“ }rq ´ ksv}

Therefore,
›

›

›

›

ˆ

m

n

˙

v

›

›

›

›

“

›

›

›

›

rmsv!

rnsv!rm´ nsv!

›

›

›

›

“

›

›

›

›

śm
i“m´n`1risv

rnsv!

›

›

›

›

“

›

›

›

›

›

śq´m`n´1
i“q´m risv

rnsv!

›

›

›

›

›

“

›

›

›

›

rq ´m` n´ 1sv!

rnsv!rq ´m´ 1sv!

›

›

›

›

“

›

›

›

›

„

q ´m` n´ 1
n



v

›

›

›

›

.

Manipulating the last three values with these two conclusions establishes the six
values are equal. �

Conjecture 3.10. If
`

m
n

˘‚

pk
“ 0, one of the criteria in Theorem 3.9 is met.

4. Acknowledgements

We are grateful to Calder Morton-Ferguson from MIT for mentorship. We are
grateful to Qiusheng Li from our high school, Princeton International School of
Math and Science, for discussion on the project. We thank Yizhen Chen from
Cambridge University for reviewing our results and giving suggestions. We thank
the PRIMES-USA program for the research opportunity.



ON THE GEN. BEHAVIOUR OF GAUSSIAN BINOMIAL COEFF. AT ROOTS OF UNITY 15

References

[Lus89] George Lusztig. Modular representations and quantum groups. Contemp.
Math, 82(1080):59–78, 1989. 1, 2, 3

[LW] George Lusztig and Geordie Williamson. On the character of certain tilting
modules. Sci. China Math., 61(2):295–298. 1

[LW18] George Lusztig and Geordie Williamson. Billiards and tilting characters for
sl3. SIGMA Symmetry Integrability Geom. Methods Appl., 14(015), 2018.
1

[Sta11] Richard P Stanley. Enumerative combinatorics volume 1 second edition.
Cambridge Studies in Advanced Mathematics, 2011. 3

[Wil20] Geordie Williamson. Modular representations and reflection subgroups.
arXiv preprint arXiv:2001.04569, 2020. 1, 2


	Introduction
	1. Integral q-binomial coefficients 
	2. Generational behaviour 
	3. Further results 
	4. Acknowledgements
	References

