FEW DISTANCE SETS IN ¢, SPACES AND /, PRODUCT SPACES
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ABSTRACT. Kusner asked if n 4+ 1 points is the maximum number of points in R™ such that the £,
distance between any two points is 1. We present an improvement to the best known upper bound
when p is large in terms of n, as well as a generalization of the bound to s-distance sets. We also
study equilateral sets in the ¢, sums of Euclidean spaces, deriving upper bounds on the size of an
equilateral set for when p = oo, p is even, and for any 1 < p < oco.

1. INTRODUCTION

1.1. Background

A classic exercise in linear algebra asks for the maximum number of points in R™ such that the
pairwise distances take only two values. One can associate a polynomial to each point in the set
such that the polynomials are linearly independent. Then, one can show that the polynomials all
lie in a subspace of dimension (n + 1)(n + 4)/2. Since the number of linearly independent vectors
cannot exceed the dimension of the subspace, the cardinality of the set is at most (n+1)(n+4)/2.
This beautiful argument was found by Larman, Rogers, and Seidel [LRST7] in 1977, illustrating
the power of algebraic techniques in combinatorics.

We can ask the much more general question: “In a metric space X, what is the maximum
number of points such that the pairwise distances take only s values?” We use es(X), or just
e(X) if s = 1, to denote the answer to this question (by convention, we do not count 0 as a
distance). A set of points S C X satisfying this question’s conditions, i.e., the cardinality of the
set {d(x,y) : xz,y € S,z # y} is s, is called an s-distance set. A 1-distance set is also known as an
equilateral set. Also, we typically restrict the metric space to a normed space, so that the specific
distances used do not matter. Thus, we will always assume that the largest of the s distances is 1.

The posed question has been studied on many different spaces. The most famous result would
be the upper bound (”:S) on an s-distance set in n-dimensional Euclidean space, found by Bannai,
Bannai, and Stanton [BBS83|. This result was also discovered independently by Blokhuis [Blo83].
Another important case is when all points lie on the n-dimensional sphere. There is strong motiva-
tion for this problem as it has many applications in coding theory and design theory [DGS77]. In
particular, having tight upper bounds can help us find extremal configurations which satisfy unique
properties.

Similar results have been obtained in the hyperbolic space [Blo83], the Hamming space [MN11],
and the Johnson space [MNII]. Not as much is known in an arbitrary finite-dimensional normed
space, known as a Minkowski space, other than Petty’s [Pet71] general bound of e(X) < 2", where
n = dim X. Swanepoel [Swa99] then conjectured that es(X) < (s + 1)" for a Minkowski space X
with dimension n and proved it for the n = 2 case. We should mention that equilateral sets in
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Minkowski spaces have been applied in differential geometry, where they are used to find minimal
surfaces [Mor92].

1.2. Definitions
In our paper, we investigate this problem on R"™ with the ¢, norm, as well as on the ¢, sum of
Euclidean spaces. For a point = (z1,...,2,) € R” and a p > 1, the £, norm is defined to be

n v
], = (Z\xi1p> :
i=1
and the ¢, norm is defined to be
2]l oo = max |z.

The ¢ norm is the well-known “taxicab” norm, and the ¢ norm is the standard Euclidean norm.

Throughout the paper, we write ||-|| instead of |||, to emphasize that we are using the Euclidean
norm. We also use E™ to emphasize that we are in n-dimensional Euclidean space.
For Euclidean spaces E*, ... E% we define their £, sum as the product space E x --. x £

equipped with the norm

n ,
(1, - an)ll, = (ZH%II”) :
i=1

where z; € E% for i =1,...,n. We use E* @, --- @, E" to describe this space.
When p = oo, the norm is just

@1l = mae [

Although our notation for the norm in ¢, spaces and in ¢, sums is the same, the norm being
used should be clear from context.

1.3. Previous Work and Our Results

We first study s-distance sets in R"™ equipped with the ¢, norm. This space is denoted by
6y = (R™,]|-[|,)- The two most famous questions pertaining to this problem are Kusner’s [Guy83]
conjectures on equilateral sets.

Conjecture 1 (Kusner). e({}) = 2n.
Conjecture 2 (Kusner). e(f;) =n+1 for 1 <p < cc.

For Conjecture note that the set {£e; : i = 1,...,n}, where ¢; is the i-th standard basis vector,
is equilateral in ¢7, so e(¢}) > 2n. Currently, the best known upper bound is e(¢}) < cnlogn due
to Alon and Pudldk [APO03]. It is also known that Conjecture (1| holds for n = 3 (Bandelt, Chepoi,
and Laurent [BCLI8|) and n = 4 (Koolen, Laurent, and Schrijver [KLS00]).

As for Conjecture [2| note that the set {e1,...,e,, AD> 1" | e;} is equilateral for a suitable choice
of A, so e(fy) > n+1. For 1 <p < 2 and n large enough, Swanepoel [Swa04b| actually showed
that e(£;) > n + 1, disproving Conjecture [2| in this case. The first nontrivial upper bound of

e(ly) < cpn(p“‘l)/ (r=1) was found by Smyth [Smy01] using an approximation argument. This result
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was later improved by Alon and Pudlék [AP03] and is currently the best known upper bound on
e(£y) for arbitrary n and p.

Theorem 1 (Alon and Pudlék). For every p > 1, we have e({) < 2P H2)/2p=1) “yhere one may
take c, = cp for an absolute ¢ > 0.

Our first result is an improvement of Theorem [1| when p is large in terms of n. One can check
that ¢ > 2, so Theorem [2] is indeed an improvement.

Theorem 2. Let ¢ > 0 be the constant from Theorem . If n > 1 and p > c(nlogn)?, then
e(fy) < 2(p+ 1)n.

We should mention that when p satisfies other special properties, Theorem [l|can be strengthened.
If p is an even integer, Swanepoel [Swa04b] used a linear independence argument to show that

p_ i =
(M) < (5-1Dn+1 ?fp_O (mod 4),
P En+1 ifp=2 (mod 4).

If p is an odd integer, Alon and Pudldk’s argument for e({}) extends to e({y), giving the bound
e(fy) < cpnlogn in this case.

Our next result is a generalization of Theorem [I] to s-distance sets. As far as we know, the only
literature on s-distance sets in £ is by Smyth [Smy13]. Our theorem below is strictly stronger than
Conjecture 5 in [Smy13].

Theorem 3. If s is a positive integer and p is a real number satisfying 2p > s, then es(ﬁ;}) <
Cp sn2P5T28)/(2P=5) for ¢ constant c, s depending on p and s.

Our next three results are on equilateral sets in the ¢, sum of Euclidean spaces. As far as
we know, this problem has not been well studied in this space. Swanepoel [Swal§| showed that
e(X @ Y) < e(X)bs(Y) for normed spaces X and Y, where by is the finite Borsuk number.
However, explicit bounds are still unknown when X and Y are Euclidean spaces and when we take
an £, sum instead of an £, sum. Our first result in this area almost completely resolves the problem
for E¢ @4 E®. Note that we have the obvious lower bound e(E* @ E?) > e(E*)e(E?) = (a+1)(b+1)
by taking the Cartesian product of the two equilateral sets. This lower bound actually meets the
upper bound when a = 2,3 [Swal§].

Theorem 4. Let E* and E® be Euclidean spaces. Then, e(E® o E?) < (a+1)(b+1) + 1.
Our second result in this area provides an upper bound when p is even.

Theorem 5. Let E® and E® be Euclidean spaces, and let p be an even integer. Then, e(E® ®p Eb) <
(a+p/2) + (b+l€/2>'

a

Finally, we extend Alon and Pudlék’s [AP03] result on equilateral sets in £} to £, product spaces.
We present an upper bound on the £, sum of n Euclidean spaces for any 1 < p < oo. Observe that
Theorem [1}is a special case of our theorem below when a; =--- =a, = 1.

Theorem 6. Let E*, ..., E% be Euclidean spaces and set a = max a;. If 2p > a, then e(E* @,
<i<n

2p+2a .
< @p E) < ¢ gn2=a for a constant ¢y, depending on p and a.
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Our paper is structured as follows. In Section [2] we introduce two important tools used in our
proofs. Then, we prove Theorems [2] 3 [ [B] and [6] in Sections [3] [ [B] 6l and [7] respectively.

2. PRELIMINARIES

In this section, we present two famous results that we use later. The first is the Rank Lemma,
which allows us to estimate the rank of a symmetric matrix. The second is Jackson’s Theorem,
a celebrated result from approximation theory. This theorem allows us to approximate |z|P by a
polynomial with sufficiently small error.

2.1. The Rank Lemma
Lemma 1 (Rank Lemma). For a real symmetric n X n nonzero matriz A,

ek A > (i1 @)
DY a?j

We will frequently make use of the following corollary.

Corollary. Let A be a real symmetric n x n matriz with a; = 1 and |a;;| < € for all i # j. Then

n

kA> ——————.
kA =y (n—1)e?

Choosing e = n~/2 gives rank A > n/2.

2.2. Jackson’s Theorem

Theorem 7 (Jackson, [Jac30]). For any f € C*[—1,1] and positive integer d, there exists a poly-
nomial P with degree at most d such that

cF

VD foralze[-11),
k

[f(z) = P(z)| <
where ¢ > 0 is an absolute constant, w(f,d) denotes the modulus of continuity of f, and (n+ 1) =
(n+ 1)n---(n—k+2) uses falling factorial notation.

From Theorem [7} we can recover the following lemma. For its proof, see [Swa04a].

Lemma 2. For anyp > 1 and d > [p], there exists a polynomial P with degree at most d such that

(1) |P(z) — |z|P|] < Bd(f) for all x € [-1,1]

where B(p) = ([p]P(1 + 72/2) PV (p) 1y -1)/[p].

We will always assume that the polynomial P in Lemma [2]is even and that P(0) = 0. If P is not
even, we can take the even part of P. If P(0) # 0, we can take the polynomial Q(x) = P(x) — P(0)
as this only increases the error term by a factor of 2.
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3. BOUND ON EQUILATERAL SETS IN E;‘ FOR LARGE D

We start with an important lemma about the ¢, norm.

Lemma 3. Suppose 1 < p < q. Then for any x € R™,

1

1
lly < llell, <nea ], .

Proof. The left hand inequality is a well-known property of the £, norm. The right hand inequality
is the Power Mean Inequality, which can be proven using Jensen’s Inequality. U

Suppose our equilateral set is {p1,...,pm}. Let k be the closest even integer to p, rounding up if
p is odd. The main idea is that by Lemma 3| we can approximate |||, by ||-||. If p is large enough
in terms of n, the error term is sufficiently small. From there, it suffices to bound the size of an
approximately-equilateral set in £}, which can be done with a linear algebra argument.

Proof of Theorem[4. We use the notation explained above. There are two cases to consider de-
pending on whether k is greater than or less than p.

Case 1. We have |p] is odd, so p < k.

From our bound on p and the fact that p > 2,
< cpn2

p2

<
~ (logn)?
< (]‘ - n—l/p)—2’

where the first inequality holds by Theorem [I} Assuming without loss of generality that m > 1, we
may rearrange the result above into

1
—plog, (1 - \/E) > 1.

Because k is the smallest even integer greater than p, we have

(2) <k<p+1< 1 1 =
p >p = p—Dplog, Jm)’

Now, embed the m points into £}}. Since p < k, Lemma (3| implies

B =

1_
(3) nt v < |pi —pjll, <1
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for all i # j. Consider the m functions f; : R” — R given by fi(z) =1 — ||p; — x||’,z, and let A be
the matrix with a;; = fi(pj). Clearly, a; = 1, and from and ,
1—k
la| <1—mn»

< 1 pl-(-log,(1-1/vim)

/m b
for all ¢ # j. Since A is symmetric, Lemma |1| tells us rank A > m/2. For the upper bound on the
rank, note that every f; lies in the span of the set of polynomials

n
_ 2 2 k—1 k—1 k
S={lz1,....¢p, 27, .., Tp, ..., T] ..., ,E xy}.
t=1

The i-th row vector of A is (f;(p1),..., fi(pm)). Hence, every row vector belongs to the subspace
spanned by {(f(p1),...,f(pm)) : f € S}, which has dimension at most |S| = (k—1)n+2 < kn. It
follows that rank A < kn < (p + 1)n. Combining the upper and lower bound, we have

m < 2(p+ 1)n,
as desired.
Case 2. We have |p]| is even, so p > k.
Since ¢,n > 2, p > 4. So, similar to in Case [I] we have
m < cpn(#+2)/@r=1)
< cpn2_2/7’
p?
(logn)?
< n—2/p(1 _ n—l/p)—2

= (n'/?P —1)72

< n=2/p.

Rearranging the result gives us

1
plog, (1 + \/M) > 1.

Because k is the largest even integer less than or equal to p, we have

1
(4) kaZP—lzp—plogn<1+>-

NGD

Embed the m points into 7. This time, Lemma |3| implies

B =

1_
(5) 1 <|lpi — pjll,, < nF
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We define f; and A like in Case|ll Again, a;; = 1, and from and ,

k
jaigl <n' 7P —1

1
= ﬁ’
for all ¢ # j. Applying Lemma (I, rank A > m/2. Similar to in Case [I| we have the bound
rank A < kn < pn. The final result is

m < 2pn < 2(p+ 1)n.

Having considered all cases, the proof is complete. ]

4. BOUND ON s-DISTANCE SETS IN é;;

We would like to extend Alon and Pudlak’s [AP03] idea of combining Jackson’s Theorem with
the rank lemma to the s-distance case. However, as pointed out by Smyth [Smy13|, if one of the
distances is arbitrarily small, we need arbitrarily high degrees of approximation. So, we want to
impose a lower bound on our distances.

Consider a two-distance set with distances 1 and a, where a is very small. Intuitively, this set
should look like several “clusters” of points, such that the distance between each cluster is 1. So, if
we look globally, this set looks like an equilateral set with distance 1, but if we look locally at each
cluster, we have an equilateral set with distance a. This means that we have essentially reduced
the problem from one about two-distance sets to one about equilateral sets. We carry this intuition
to s-distance sets and formalize this argument with an induction.

Proof of Theorem[3. We use strong induction on s. The base case is s = 1, which was proven by
Alon and Pudlak [AP03]. For the inductive step, assume that the statement holds true for all
1 < s < k. We prove that it is true for s = k.

Let S be a k-distance set in Eg. Let our k£ distances be 1 = a1 > ag > --- > a. There are two
cases to consider depending on whether the k distances are lower bounded or not.

Case 1. The smallest distance ay, is less than 21~*.

There exists an index 1 < ¢ < k such that a; > 2a;,1. Let S’ C S be a maximal i-distance set
using the distances ai,...,a;. From the maximality of S’, every point p € S\ S’ is within a;+1
of some point in S’. Draw a closed ball of radius a;4; around every point in S’. These balls are
disjoint from our condition. The condition also implies that within each ball, the distance between
any two points is at most a;+1. Thus, within every ball, we have a (k — i)-distance set using the
distances a;11,...,a;. This implies the bound

er(l2) < es(£0) - epi (L0,

Applying the inductive hypothesis gives us

n 2pi+2i 2p(k—i)+2(k—i)
. 2p—i . . 2p—(k—1
ek(ep) S Cpﬂn P cp7k77'n P Y
2pk+2k

< Cp kT =k,
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as desired. The second inequality follows by analyzing the function
2px +2x  2p(k —z)+2(k — =
o) (k — ) +2(k - 2)
2p—x 2p — (k — x)

on the interval [0, k]. It is symmetric about z = %, and its first derivative is

flay = 2D A+ 1)
2p—x)* (2p—(k-2))?

Since 2p > k, f is decreasing on [0, %] and increasing on [%, k]. Thus, it is maximised at x = 0 and

T =k.

Case 2. The smallest distance ay, is at least 217F.

Suppose S consists of the points {p1,...,pm}. For convenience, let 7 = afd} - --af. Fix B(p) as
the constant from Lemma 2l Define c as

¢ = max(B(p)k - 20K Pk +2k _(91/p _ 1)-p),
Then, let d be a positive integer satisfying
enyvm < dP < 2eny/m,

which is possible since ¢ > (21/P — 1)7P,
Lemma [2| allows us to pick an even polynomial P with P(0) = 0 and degree at most d such that

|P(z) — |zfP| < %ﬁ") for all z € [~1,1].

Consider the m functions f; : R™ — R given by

k n
fi(z) = % H (aﬁ - Z |2 _pit|p) )
t=1

u=1

and their polynomial approximations
k n
1
1 ( S Pl ) ) .
T
u=1 t=1

Let A be the m x m matrix given by a;; = gi(p;). First, since P(0) =0, a;; = 1 for all i. We now
estimate a;; for ¢ # j. Expand

k k—¢
fi(z) = %Z( 1)t (Z |z — p1t|p> )
and

n k—t
9= 13t (3o Pta )
t=1



FEW DISTANCE SETS IN ¢, SPACES AND ¢, PRODUCT SPACES 9

where o(£) denotes the {-th elementary symmetric polynomial in af,...,a}. For convenience, we
define X;; = > [pje — pael? and Yij = > | P(pje — pir). Applying the triangle inequality with
(1)), we have
nB(p)

-
Since ¢ # j, recall that X;; > 21=F. Combining this with the fact that ¢ > B(p) - 28~ implies that
Y;; is positive. Now, we are ready to attack a;;.

| Xij — Y35 <

k
1 _ _
|ai;| = p d (=)o) (vE - x5
=0
=
S 1 X TZB U Z ‘XZ_Z_TY;’;_I
T =0
k-1 k—t—1
1 nB(p) (k=0 —7) Xy + (r —1)Yj
SN 0)
T dp prd - k—¢—1
k-1 k—t k—t—1
1 nB(p) 3 (r — DYy — Xyy)
=— o) + Xij
T dp e - k—0—1
k—1 k—e—1
1 nB(p) nB(p)
<_ = ga(é)(k—£)< TR
1 nB(p)k !
<. .ok .
< T ;U(ﬁ)

Now, since a, > 21_k, we can lower bound 7 with
m=adjd)---a) > (2(17]“)7”)’“ — opk—pk?
On the other hand, since a; < 1, we can upper bound o(¢) with
o(l) = Z al ab ---ab < K
- 717 J2 je=\y¢y )"
1<j1<ge<-+<ge <k

This gives us Zlg:& o(¢) < 2F. Putting everything together, we have

k2 —pk+2k nB(p)k
|a | < 2Pk —PRH2 T
1
< PE—
1/m

from our choice of ¢ and d.
Recall that P is even, so the matrix A is symmetric. Lemma 1| then tells us that rank A > m/2.
We now find an upper bound for the rank.
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Note that the polynomials af, — >/ ; P(z¢ — pit) belong to the span of the set
n
2 2 d—1 ~1
{L,z1,...,2p,27,..., 25, ..., 2] ,...,xfl ,Z:L‘f}
t=1

This set consists of (d — 1)n + 2 < dn polynomials. Thus, all the g; belong to the span of a set S
of at most (dn)* polynomials. The i-th row vector of A is (g;(p1),...,gi(pm)). Hence, every row
vector belongs to the subspace spanned by

{(f(pl)v e ’f(pm)) : f € S}a

which has dimension at most |S| < (dn)*. This implies rank A < (dn)*.
The upper and lower bound combine to give (dn)¥ > m/2. Using the upper bound on d? and
rearranging the inequality, we obtain

m < ¢ kn(2pk+2k)/(2p—k).

This completes the induction. O

5. BOUND ON EQUILATERAL SETS IN f, PRODUCT SPACES

Proof of Theorem [ Write x = (21, Z2) for each point z € E® &y E’. where 7 € E® and 7, € E°.
Let S be our equilateral set with cardinality m. Consider the m functions f, : R¢** — R defined
by

fule) = (1= 1@ = ?) (1 - 172 - @?).

for all uw € S. Note that f,(v) = dy, so the f,, are linearly independent.
We can expand f, as

a b
fulz) = (1 — Z(fﬁlt — ﬂlt)2> (1 — Z(fzt - ?72t)2>

t=1 t=1
a b
= (1 — |l@l* = 1% + 22517:1711:) <1 — ||al* — ||Z2)* + 2252@%)
t=1 t=1

So, the f, are all spanned by the following set of (a + 2)(b + 2) polynomials
{1, Z i, Bojy Friiag, |71 1721 1721 Fris 17117 Fog, @) |Zol|* s 1 < i < a1 < 5 < b

This implies the bound m < (a + 2)(b + 2).
We will now prove that the set of polynomials { fu, 1, 24, |Z1]|* : u € S,1 < k < a+ b} is linearly
independent. Assume for the sake of contradiction that we have a dependence

a+b

(6) S aufut+ D Brar + 7]+ =0.

ueS k=1
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The left hand side of is a polynomial in the zj that is identically zero. Thus, extracting the
coefficient of ||Z1||? [|#2||*, we have

(7) S0, =0,

Extracting the coefficient of ||Z,||* zx, for the appropriate r € {1, 2}, we have

(®) S aup = 0.

Extracting the coefficient of ||#2||* and applying , we have
~ 2
9) > au ] =o.
u€esS
Now, plug u into (@, multiply both sides by «a,,, and sum over all u € S.

a+b

Zai—FZBkZauuk—i—’yZauHﬁle—i-éZau:0.
k=1

u€eS = ueS ueS ueS

Applying , , and @ implies a,, = 0 for all u € S. It easily follows that all other coeflicients
are zero, as desired.

Now, we know that m+a+b+2 < (a+2)(b+2). This rearranges into m < (a+1)(b+1)+1. O
6. BOUND ON EQUILATERAL SETS IN gp PRODUCT SPACES FOR EVEN p

Proof of Theorem[5 Let S be an equilateral set in E® @, Eb with m points. For every u € S, define
the function f, : R%® — R by

ful@) =1 =21 — [P — [|72 — ue”

for all z = (z1,22) € E* @, E® so that f,(v) = dyp. It follows that the m polynomials are linearly
independent. Now, we can expand f, as

a p/2 b p/2
fulz) =1 - (Z(fu - ’dlt)2> - <Z(f2t - ﬁ2t)2>
t=1 t=1
a p/2 b p/2
=1- <||51H2 + [l - Qquﬂu) - <||52H2 + [ * - 22@@%)
t=1 t=1
=1- ﬁu(@ - ]?4;2(53)

Utilizing multi-index notation, we can expand

€,9 g 57’)’717/2_5_7
e+v<p/2
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The sum is taken over all non-negative integers € and non-negative integer vectors g with a entries
such that € + v < p/2, where « is the sum of the components of g. Similarly, we can expand

o) = 3 () (i oo IR

o0 9) \&;7:p/2—€—7
e+v<p/2
We want to count the number of monomials in each polynomial. Since ff,;l is a polynomial in
T11,...,T1q and f;Q is a polynomial in Zs1, ..., Zop, the two sets of monomials are disjoint, except
for the constant monomial. Let us consider f;l first. By choosing € = 0, we must count all the
monomials with degree at most p/2. There are (a+f/ 2) of these. If the degree is greater than p/2,
say p/2 + ¢, we only need to count the monomials formed when € = ¢ and 7 = p/2 — ¢. Hence, the
total number of monomials in ful is

(a +ap/2> N <a +ap£21— 2> N (a +ap£21— 3) - (Z - 1) _ (a +ap/2> n <a +pé2 - 1>.

Similarly, there are (b+5/2) + (b+p22_1) monomials in fyo. In total, f, has (“+5/2) + (a+pé2_1) +
(Hf/ 2) + (bﬂ) {7271) — 1 monomials (we subtract 1 as the constant monomial is counted twice). This

gives an upper bound on m.
By finding a larger linearly independent set of polynomials, a trick first used by Blokhuis [Blo&1],

we can lower this bound to (‘“7; / 2) + (Hf/ 2). We prove that the set of polynomials
{fu, 70", 75,1 :u € 5,0 < <p/2,0 <v < p/2}

is linearly independent. The details are very similar to those in Blokhuis’s [Blo83] bound for the
s-distance set in R".
Suppose we have a dependence

(10) Yauful@+ D> amd+ Y. andh+5=0.
ues 0<p<p/2 0<v<p/2

The main claim is the following lemma.

Lemma 4. For all m with p < p/2,

Z a,uit = 0.

u€eS

Z ayuy = 0.

u€esS

Similarly, for all n with v < p/2,

Proof. We only prove the first statement. The argument for the second statement is identical.
Suppose p =t < p/2. Consider the part of the left hand side of that is homogeneous in

Z11,-..,%14 With degree p —t. Note that the monomials z{* do not contribute to this, so we only

have to look at the part from the f,. Using our expansion of f, above, the part of f,, homogeneous
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in the a variables with degree p —t is

= X (D) m e )

= g/ \&7,p/2—e—7~
2e+y=p—t
e+v<p/2

The left hand side of is a polynomial in the x; which is identically zero. Thus, we have

S () a2 ) St ) —o

9)\&:7p/2—e—7) 5=

Now, substitute 2 = v, multiply by a, ||71]|* 7, and sum over all v € S.

az,g: (=2)’ @) <6, ’Y,p/pZ/% e 7) (Z ay || ||P2 ’d{) 2 =0.

u€eS
2e+y=p—t
e+v<p/2

This is a sum of squares where all coefficients have the same sign. So,
> au P = o.
u€eS
Plugging in v = t proves the lemma. g

Now, plug in u into , multiply by a, and sum over all v € S,
St Y mYemt Y oYY -0
uesS 0<u<p/2 ueS O<v<p/2  ueSs ueS

Applying Lemma [4 we obtain a,, = 0 for all u. We already know that the other polynomials in
our set are linearly independent, so all coefficients vanish, as desired. This implies m < (a+5 / 2) +

(") O
Remark. This proof can be easily extended to the £, sum of n Euclidean spaces. If we consider the
product space E* @, - - - @, E%, our bound is just (a1+p/2) + o+ (“"+p/2).

al an
7. BOUND ON EQUILATERAL SETS IN £, PRODUCT SPACES FOR 1 < p < 00

Proof of Theorem [0 Let {p1,...,pm} be an equilateral set in E @, --- @, E*, and write p; =
(Piis- -, Diy) Where p; € E** for k=1,...,n.
Let B(p) be the constant from Lemma [2| Take ¢ = max(B(p), (2'/? — 1)7P) and set d to be a

positive integer satisfying
cny/m < dP < 2eny/m.
By Lemma |2} there exists an even polynomial P with P(0) = 0 and degree at most d that approx-
imates |z|P. Thus, for i # jand k =1,...,n,
B(p)

12~ F50l) ~ e~ ) < 22,
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Next, for i = 1,..., m define the functions f; : R+ T4 s R by
n
fix) = 1= P(lpig — Zxl)).
k=1

Let M be the m x m matrix given by m;; = fi(p;). Since P(0) = 0, we have m;; = 1. For i # j,
n n
[l = |\ > 1Pix = D" = D PU5ir = 53l1)
k=1 k=1

n
<> |15k = Bil” = P(||5ix — 55 )|
k=1

nB(p)
ar
1
< N
with the last inequality following from our conditions on ¢ and d. Because M is symmetric, we can
apply Lemma (1| to get rank M > m/2.
Now, we look for an upper bound on the rank. We can write any point x € E* @, --- ©, E as

IN

N R SO A O O CIUUI L U GO C I OO

Because P is even, all terms in the expansion of P(||p;;, — Zx||) have integer exponent, i.e., f; is
actually a polynomial. Additionally, since P has degree at most d, each f; is in the span of the set

S={L)_[#@|tuSiuSU---US,,
k=1

L )

i@,

Thus, the f; are spanned by at most 2 + >, (ak:Zfl) — n polynomials. Because every row

vector of M, each of the form (f;(p1),-..., fi(pm)), belongs to the subspace spanned by the set
{(f(p1),---, f(pm)) : f €S}, we have

n
d—1
rankMSQ—l—E (ak+ >—n
ak
k=1

“ ap +d—1
<
_Z< ak )
k=1
)
a
<nea<1+d>,
a

where each set S; consists of all the monomials with degree less than d formed by z
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where we let a = max a;. Now, recall that d > B(p)'/? > p and 2p > a, so d > a/2. Thus,

1<i<n

a
<rank M <n <3cxl> .
a

m
2
Combining this inequality with the condition dP < 2cn/m yields

2p+2a
m < Cpgqn 2P=a

as desired. (]

8. ACKNOWLEDGEMENTS

The authors would like to thank the MIT PRIMES program for making this research possible.
The authors would also like to thank Larry Guth for introducing them to the problem, as well as
Yufei Zhao for some helpful suggestions.

REFERENCES

[AP03] N. Alon and P. Pudlédk. Equilateral sets in I;;. Geom. Funct. Anal., 13(3):467-482, 2003.

[BBS83] Eiichi Bannai, Etsuko Bannai, and Dennis Stanton. An upper bound for the cardinality of an s-distance
subset in real euclidean space, II. Combinatorica, 3:147-152, 1983.

[BCL98] Hans-Jiirgen Bandelt, Victor Chepoi, and Monique Laurent. Embedding into rectilinear spaces. Discrete
Comput. Geom., 19:595-604, 1998.

[Blo81]  Aart Blokhuis. A new upper bound for the cardinality of 2-distance sets in euclidean space. 1981.

[Blo83]  Aart Blokhuis. Few-Distance Sets. PhD thesis, Technische Universiteit Eindhoven, 1983.

[DGST7] P. Delsarte, J. M. Goethals, and J. J. Seidel. Spherical codes and designs. Geom. Dedicata, 6:363-388, 1977.

[Guy83] Richard K. Guy. An olla-podrida of open problems, often oddly posed. Amer. Math. Monthly, 90(3):196—
200, 1983.

[Jac30] Dunham Jackson. The Theory of Approzimation. American Mathematical Society, 1930.

[KLS00] Jack Koolen, Monique Laurent, and Alexander Schrijver. Equilateral dimension of the rectilinear space.
Des. Codes Cryptogr., 21:149-164, 2000.

[LRS77] D. G. Larman, C. A. Rogers, and J. J. Seidel. On two-distance sets in euclidean space. Bull. Lond. Math.
Soc., 9:261-267, 1977.

[MN11] Oleg Musin and Hiroshi Nozaki. Bounds on three- and higher-distance sets. Furopean J. Combin., 32:1182—
1190, 2011.

[Mor92] Frank Morgan. Minimal surfaces, crystals, shortest networks, and undergraduate research. Math. Intelli-
gencer, 14:37-44, 1992.

[Pet71]  C. M. Petty. Equilateral sets in minkowski spaces. Proc. Amer. Math. Soc., 29(2):369-374, 1971.

[Smy01] Clifford Smyth. Equilateral or 1-distance sets and kusner’s conjecture. 2001.

[Smy13] Clifford Smyth. Equilateral sets in Eg. In Janos Pach, editor, Thirty Essays on Geometric Graph Theory,
pages 483-487. Springer-Verlag New York, 2013.

[Swa99] Konrad Swanepoel. Cardinalities of k-distance sets in minkowski spaces. Discete Math., 197/198:759-767,
1999.

[Swa04a] Konrad J. Swanepoel. Equilateral sets in finite-dimensional normed spaces. In Seminar of Mathematical
Analysis, volume 71 of Colecc. Abierta, pages 195-237. Univ. Sevilla Secr. Publ., Seville, 2004.

[Swa04b] Konrad J. Swanepoel. A problem of kusner on equilateral sets. Arch. Math. (Basel), 83:164-170, 2004.

[Swal8] Konrad J. Swanepoel. Combinatorial distance geometry in normed spaces. In Gergely Ambrus, Imre Bérany,
Karoly J. Boéroczky, Gabor Fejes T6th, and Janos Pach, editors, New Trends in Intuitive Geometry, pages
407-458. Springer-Verlag Berlin Heidelberg, 2018.



16

RICHARD CHEN, FENG GUI, JASON TANG, AND NATHAN XIONG
LEXINGTON HIGH SCHOOL, LEXINGTON, MA 02421, USA
Email address: 21chen26@lexingtonma.org

DEPARTMENT OF MATHEMATICS, MASSACHUSETTS INSTITUTE OF TECHNOLOGY, CAMBRIDGE, MA 02139, USA
Email address: fenggui@mit.edu

BeLMONT HiGH ScHOOL, BELMONT, MA 02478, USA
Email address: jtang21@belmontschools.net

PHILLIPS ACADEMY ANDOVER, ANDOVER, MA 01810, USA
Email address: nxiong22@andover.edu



	1. Introduction
	1.1. Background
	1.2. Definitions
	1.3. Previous Work and Our Results

	2. Preliminaries
	2.1. The Rank Lemma
	2.2. Jackson's Theorem

	3. Bound on equilateral sets in pn for large p
	4. Bound on s-distance sets in pn
	5. Bound on equilateral sets in  product spaces
	6. Bound on equilateral sets in p product spaces for even p
	7. Bound on equilateral sets in p product spaces for 1p<
	8. Acknowledgements
	References

