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We have a row of boxes, which extend to the left, each
representing a place digit holder, starting with box 0
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We explode m dots in box 0 and replace those m dots with n
dots in box 1
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We then do the same thing in box 1, and this continues until
no more ”explosions” can occur

I

The number of dots remaining in each box represent the digit
of the base m
n number
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Natural numbers in base 3/2:
0, 1, 2, 20, 21, 22, 210, 211, 212, 2100, 2101, 2120... [OEIS
Sequence A024629]
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Removing one or several last digits of an integer in this base
gives another integer in the base.
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Note how numbers in base 6/4 aren’t the same as
numbers in base 3/2, since those can contain a 3, 4, or
5 digit, which is why we call it base 3/2, not base 1.5
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0, 1, 2, 20, 21, 22, 210, 211, 212, 2100, 2101, 2120...
0, 1, 2, 3, 4, 5, 40, 41, 42, 43, 44, 45...

Base 1.5

I

Numbers are represented using the digits 1, 0, H where H=0.5
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Natural numbers: 1, 1H, 1H0, 1H1, 1H0H, 1H10, 1H11

Isomorphism

Theorem
Every number in base 1.5 is the same as the number with 2 times
its value in base 3/2 except with the digits 0, H, 1 replaced by 0,
1, 2 correspondingly.

Base 1.5
I

Here are the numbers in ascending order 0, H, H0, 1, H00,
HH, 10, H0H, H000, H1, HH0, 1H, H01, H00H, 100...

Base 1.5
I

Here are the numbers in ascending order 0, H, H0, 1, H00,
HH, 10, H0H, H000, H1, HH0, 1H, H01, H00H, 100...

I

To create the sequence with numbers less than j digits we
check all the numbers less than 0.5 ∗ 1.5j−1

Base 1.5
I

Here are the numbers in ascending order 0, H, H0, 1, H00,
HH, 10, H0H, H000, H1, HH0, 1H, H01, H00H, 100...

I

To create the sequence with numbers less than j digits we
check all the numbers less than 0.5 ∗ 1.5j−1

I

The indices of the integers in the ascending sequence is
0,3,11,25,46,77,117...

Base 1.5
I

Here are the numbers in ascending order 0, H, H0, 1, H00,
HH, 10, H0H, H000, H1, HH0, 1H, H01, H00H, 100...

I

To create the sequence with numbers less than j digits we
check all the numbers less than 0.5 ∗ 1.5j−1

I

The indices of the integers in the ascending sequence is
0,3,11,25,46,77,117...

I

If we place the numbers in order of the number of digits they
have and then ordering them by value, we have a natural base
order

Base 1.5
I

Here are the numbers in ascending order 0, H, H0, 1, H00,
HH, 10, H0H, H000, H1, HH0, 1H, H01, H00H, 100...

I

To create the sequence with numbers less than j digits we
check all the numbers less than 0.5 ∗ 1.5j−1

I

The indices of the integers in the ascending sequence is
0,3,11,25,46,77,117...

I

If we place the numbers in order of the number of digits they
have and then ordering them by value, we have a natural base
order

I

Numbers in natural base order,0, H, 1, H0, HH, H1, 10, 1H,
11, H00, H0H, H01, HH0, HHH, HH1...

Base 1.5
I

Here are the numbers in ascending order 0, H, H0, 1, H00,
HH, 10, H0H, H000, H1, HH0, 1H, H01, H00H, 100...

I

To create the sequence with numbers less than j digits we
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The indices of the integers in the ascending sequence is
0,3,11,25,46,77,117...

I

If we place the numbers in order of the number of digits they
have and then ordering them by value, we have a natural base
order

I

Numbers in natural base order,0, H, 1, H0, HH, H1, 10, 1H,
11, H00, H0H, H01, HH0, HHH, HH1...
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The indexes of the integers in this sequences is 0, 2, 7, 21, 23,
64, 69, 71, 193, 207..., which is sequence A265316 in the
OEIS
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Now remove all whole numbers in this sequence from the
original sequence of whole numbers, and remaining numbers
are 2, 5, 6, 7, 8 ...

I

Start with the smallest number here (in this example 2) and
repeat
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64, 65, 67, 68, 73, 74, 76, 77, 145, 146, 148...
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Take the first number from each partition to get A265316:

I

0, 2, 7, 21, 23, 64...

Chips Firing

I

One-player game where one “fires chips” left and right to
points relative to the origin.

I

All chips begin on the origin, written as the one’s digit place.

I

If there exists at least a + b chips at any point, a chips are
fired out into the point to the left, and b into the point to the
right

Basic Chip Firing Lemmas

Lemma
The order in which vertices fire does not matter.
I

We then find that the final representation of the starting firing
is unique

Lemma
The total number of chips does not change.
I

Every integer n has a unique representation as the total
number of chips is equal to n.

a-a firing

I

In this system, firing is symmetrical relative to the origin.

Lemma
The resulting string for a-a firing has the n mod a chips at the
n
c points each with a chips on either side
origin. It will also have b 2a

1-y Firing
I

Consider the example of 1-2 firing, where we fire 1 chip to the
left, and 2 chips to the right. The numbers 0, 1, and 2 are
represented as themselves with a dot.

4: 11.2
5: 12.2
6: 21.12
7: 22.12
8: 111.1112
9: 112.1112
10: 121.11112
11: 122.11112
12: 221.1111112
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The numbers to the left of the origin point behave similarly to
binary

1-y Firing Lemmas
I

We need to understand the following Lemma to prove this

Lemma
In 1-y firing, the string X (y + 1).(y − 1)d y fires to
(X + 1)1.(y − 1)d +1 y , where X is any string
X + 1 in this case means incrementing the last digit of X .
This leads us to the final state of 1-y chip firing

Lemma
Consider the final state of n in 1-y firing, where n > y + 1. If
n = y + 2, the final representation of it is 11.y. After that the left
part before the radix follows sequence S(y).
The right part consist of several digits y-1 followed by one digit y.
If the number of digits y that are at the end of the left part of n is
c, then the amount of y − 1’s after the radix is increased by c
when transitioning from n to n+1.
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The left side behaves similarly to the base

3
2

from earlier
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Denote an as the number of chips in the node n places left of
the origin (negative n means it is to the right)
Consider the summation series
X
an ∗ t n
for all integers n and any number t
When the kth node has to fire a chips left and b chips right,
this will change the amount of chips in the nodes from
ak+1 , ak , ak−1 to ak+1 + a, ak − (a + b), ak−1 + b
The value of the series will change by
at k+1 − (a + b)t k + bt k−1 = t k−1 (at − b)(t − 1) This value is
0 when t =0, 1, or ba
Therefore when we fire N chips, its final form interpreted in
base ba is also N
Example: 13 → 213.43 in 2-3 firing, which is 13 interpreted as
base 32
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