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Abstract

Infinitesimal Cherednik algebras, first introduced in [EGG], are continuous analogues of
rational Cherednik algebras, and in the case of gl,,, are deformations of universal enveloping
algebras of the Lie algebras sl,,;. Despite these connections, infinitesimal Cherednik al-
gebras are not widely-studied, and basic questions of intrinsic algebraic and representation
theoretical nature remain open. In the first half of this paper, we construct the complete
center of H¢(gl,,) for the case of n = 2 and give one particular generator of the center, the
Casimir operator, for general n. We find the action of this Casimir operator on the highest
weight modules to prove the formula for the Shapovalov determinant, providing a crite-
rion for the irreducibility of Verma modules. We classify all irreducible finite dimensional
representations and compute their characters. In the second half, we investigate Poisson-
analogues of the infinitesimal Cherednik algebras and use them to gain insight on the center
of He(gl,,). Finally, we investigate H¢(sp,,,) and extend various results from the theory of
H¢(gl,), such as a generalization of Kostant’s theorem.

Introduction

The main goal of this paper is to study the representation theory of the infinitesimal Cherednik
algebra H(gl,,), a deformation of the representation theory of sl,,,1, with infinitely many defor-
mation parameters ¢ = ({o,¢1,¢2, -, Gm, ---). Namely, sl,,,; can be represented as gl, @ V & V™,
where V,V* are the natural representations of gl,, on vectors and covectors. In this represen-
tation of sl,.1, the elements of V commute with each other, as do the elements of V*. The
commutation relations of gl,, with V,V* are given by the usual action of matrices on vectors and
covectors, while commutators of V' with V* produce elements of gl,,. To pass to the deformation
H¢(gl,), one needs to change only the last relation: commutators of V' and V* will now be not
just elements of gl, but rather some polynomial {yrg + {171 + -+ of them, where (; are the de-
formation parameters mentioned above and r; are basis polynomials introduced in [EGG]. This
deformation turns out to be very interesting, since it unifies the representation theory of sl 1
with that of degenerate affine Hecke algebras (introduced by Drinfeld and Lusztig in [D],[L])
and of symplectic reflection algebras ([EG]).

The main results of this paper are the following. In Section [2] we generalize a classical result
from the representation theory of Kac-Moody algebras by computing the determinant of the
contravariant (or Shapovalov) form, thus determining when the Verma module over H¢(gl,) is
irreducible. This proof requires knowledge of the quadratic central element and its action on
the Verma module. In Section (3, we find explicit formulas for all central elements of H¢(gly),
and in Section {4 we find the quadratic central element for all H¢(gl,,). This extends the work
of Tikaradze [T], who proved using methods of homological algebra that the center of H¢(gl,,) is
a polynomial algebra in n generators, but did not get any explicit formulas for these generators.



In Section o] we provide a complete classification and character formulas for finite dimensional
representations of He(gl,), generalizing Chmutova’s unpublished work. In Sections |§| to (8, we
introduce the Poisson analogue of the infinitesimal Cherednik algebras, compute their Poisson
center, and use it to give a second proof of the formula for the quadratic central element of
H¢(gl,). We also present some results on the central elements of the Poisson analogue of
H(spy,); hopefully, these results could be extended to the noncommutative algebra H¢(spg,).
Finally, in Sections [J] and we investigate the Harish-Chandra mapping and an analogue of
Kostant’s theorem.

It would be interesting to find explicit formulas for all central elements, and we expect that
this can be done using the Duflo isomorphism. Other interesting problems include the study of
infinite dimensional irreducible representations in category O (and possibly an analogue of the
Kazhdan-Lusztig conjecture) and of the quantum analogues Hg (gl,) and Hg(ﬁp%)
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1 Basic Definitions

Let us formally define the infinitesimal Cherednik algebras of gl,,, which we denote by H¢(gl,).
Let V' = span(y1, ..., yn) be the basic n-dimensional representation of gl,, and V* = span(x1,...,x,)
be the dual representation. For any gl,, invariant pairing ¢ : V xV* - U(gl,,), define an algebra
He(gl,,) as the quotient of the semi-direct product algebra U(gl,,) x T'(V & V*) by the relations
[y, 2] = ((y,x) and [z,2"] = [y,4'] =0 for all x,2" € V* and y,y € V.

Let us introduce an algebra filtration on H¢(gl,,) by setting deg(x) = deg(y) =1 for x € V",
y € V, and deg(g) = 0 for g € U(gl,). We say that H¢(gl,) satisfies the PBW property
if the natural surjective map U(gl,) x S(V & V*) - grH:(gl,) is an isomorphism, where S
denotes the symmetric algebra; we call these H¢(gl,) the infinitesimal Cherednik algebras of
gl,,. In [EGG], it was shown that the pairings ¢ satisfying the PBW property are given by
(= Z?:o ¢;r; where (j € C and r; is the symmetrization of the coefficient of 77 in the expansion
of (z,(1-7A) " y)det(1-7A)L.

Note that for ¢ = (oro + (171 with {3 # 0, there is an isomorphism ¢ : He(gl,,) = U(sly11)
given by ¢(a) = a for & € s, $(i) = Vieinst, B(rs) = v/ ensir and

1
n+1

¢(1d) =
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This isomorphism allows us to view H¢(gl,) for general ¢ as an interesting deformation of
U(sly+1), even though any formal deformation of U(slyy,) is trivial.

Example 1.1. The infinitesimal Cherednik algebras of gl; are generated by elements e, f, and
h, satisfying the relations [h,e] = 2e, [h, f] = -2f, and [e, f] = ¢(h) for some polynomial ¢. In
literature, these algebras are known as generalized Weyl algebras ([9]).

Similarly as in the representation theory of sl,,i, we define the Verma module of H¢(gl,)
as

M(A) = He(gl,)/{Hc(al,) -0+ He(gl,)(h = A(h)) ey
where the set of positive root elements n* is spanned by the positive root elements of gl,, (i.e.,
matrix units e;; with ¢ < j) and elements of V; the set of negative root elements n~ is spanned



by the negative root elements of gl, (i.e., matrix units e;; with ¢ > j) and elements of V*; and
the Cartan subalgebra b is spanned by diagonal matrices. The highest weight, A, is an element
of h*.

Let us denote the set of positive roots by A™, so A" = {ej; —ej;} u{e;} for 1<i<j<n.
To denote the positive roots of gl,,, we use A* (gl,,), and to denote the weights of y;, we use
A* (V). We define p = %ZAeN A= (g,”T_Q,...,—”T_Q), a quasiroot to be an integral multiple
of an element in A", and Q* to be the set of linear combinations of positive roots with non-
negative integer coefficients. Finally, we denote the —v weight-space of U(n™), where v € Q™,
by U(n™),.

2 Shapovalov Form

As in the classical representation theory of Lie algebras, the Shapovalov form can be used to
investigate the basic structure of Verma modules. Similarly to the classical case, M (\) possesses
a maximal proper submodule M ()) and has a unique irreducible quotient L(\) = M (X\)/M()).
Define the Harish-Chandra projection HC : H¢(gl,,) = S(h) with respect to the decomposition
He(gl,) = (He(glh,)n*+n"He(gl,))@U(h), and let o : He(gl,) - H¢(gl,,) be the anti-involution
that takes y; to x; and e;; to ej;.

Definition 2.1. The Shapovalov form S : H¢(gl,) x He(gl,) - U(h) = S(h) = C[h*] is a
bilinear form given by S(a,b) = HC(o(a)b). The bilinear form S(A) on the Verma module
M(X) is defined by S(X)(uivy, uavy) = S(u,uz2)(N), for up,ug e U(n™).

This definition is motivated by the following two properties (compare with [KK]):

Proposition 2.1. 1. S(U(n"),,U(n"),)=0 for p+v,
2. M()\) =ker S()).

Statement 1 of Proposition reduces S to its restriction to U(n™), x U(n™),, which we
will denote as S,,. Statement 2 of Proposition [2.1] gives a necessary and sufficient condition for
the Verma module M (\) to be irreducible, namely that for any v € Q*, the bilinear form S, (\)
is non-degenerate, or equivalently, that det.S,(\) # 0, where the determinant is computed in
any basis; note that this condition is independent of basis. For convenience, we choose the basis
{f™}, where m runs over all partitions of v into a sum of positive roots and f™ =[] fi*> with
fa €™ of weight —a. We will use the notation a+b to mean that (ai,...,a,) is a partition of
b into a sum of n nonnegative integers when b € N, and m+ v to mean that m is a partition of
v into a sum of elements of A* when v € Q*. Then, the basis we will work with can be written
concisely as {f™}mr -

Now, we will give a formula for the determinant of the Shapovalov form for H¢(gl,) that
generalizes the classical result presented in [KK]. This formula uses the following result proven
in Section for He(gly) and in Section for general Hc(gl,): if the deformation is given
by ¢ = Coro + (171 + =+ + GuTm, the action of the Casimir element ¢} (introduced in Sections
and {4) on the Verma module M(A) can be written as P(\) = Y7, w;Hj.1(A + p), where
Hi(\) = Xy i Tlicicn A" are the complete symmetric functions. Note that each wj is a linear
combination of {(p,...,¢;} and (wg,ws,...,w;) can equal any point in C/*1; this observation
is key to the proof of the Shapovalov determinant formula.

Define the Kostant partition function 7 as 7(v) = dimU(n™),. Then:



Theorem 2.1. Up to a nonzero constant factor, the Shapovalov determinant computed in basis
{f™}mev is given by

detSu<A>=( I1 ﬁ(P(A)—P(A—ka»“”“))( I1 ﬁ((mp,a)—kr(”’m)).

aeAT (V) k=1 aeA*(gl,) k=1

Remark 2.1. For the case of { = (oro + (11 with {3 # 0, we get the classical formula from [ K K].

Proof. The proof of this theorem is quite similar to the classical case with a few technical details
and differences that will be explained below. We begin with the following lemma, which shows
that irreducible factors of det .S, (\) must divide P(\) — P(\ - p) for some pe Q™.

Lemma 2.1. Suppose det S, (\) = 0. Then, there exists € Q*\{0} such that P(A\)-P(A\-p) = 0.

Proof. Note that detS,(\) = 0 implies that the Verma module M (\) has a highest weight
vector of weight A — p for some pu € Q* satisfying 0 < u < v. Thus, M (X - p) is embedded in
M (). Since t] acts by constants on both M(\) and M (X - p), which can be considered as a
submodule of M (\), P(\) — P(A - pu) =0 as desired. O

The top term of the Shapovalov determinant det S, (\) in the basis {f™}m., comes from
the product of diagonal elements; that is, the top term is given by [Ty, [1[o(fa), fa]™*(N).
We already know that the top term of [e;;,e;;](A) for i < j is A\; = Aj = (A, ) where « is the
weight of e;;. The following lemma gives the top term of [y;,z;](\):

Lemma 2.2. The highest term of [y;,x;](A) for ¢ = Coro + ... + GuTm 8 Cm Lp(Pj + 1) [TAY,
where the sum is over all partitions p of m into n summands.

Proof. From [EGG] Theorem 4.2, we know that the top term of [y;,x;] for { = (oro+(i7m1++7m,
is given by the coefficient of 7™ in det(1-7A4) ! (z;, (1 -7A)'y;). Because the set of diago-
nalizable matrices is dense in gl,, we can assume A is a diagonal matrix A = diag(\1, A2, ..., An)
so that

det(1-7A4)71 =] 1_;7/\1 =2k Zpek 11 /\fiTk and z;(1-7A) 1y, = 1—i,\- =1+\;7+-. Multiplying
these series gives the statement in the lemma. ’ O

Thus, we see that the top term of the determinant computed in the basis { /™ }mw, up to
a scalar multiple, is of the form

YmMa
( I (A,a)zmm“)( I (E(pj+1)H)\§”) )

aeAt(gl,) a=y;eAT(V) \ P

Since 7(u) is the number of partitions of a weight u, the sum Y,,, m, over all partitions m of
v with o fixed must equal };7, 7(v — ka), so the expression above simplifies to

( I] ﬁ(A’Q)T(Ma)) [1 IO—O[( > (pj+1)1‘[Afi)T(V_ka)

aeA*(gl,) k=1 a=y;eAt(V) k=1 \pPrm

This highest term comes from the product of the highest terms of factors of P(\) - P(A—pu)
for various p € @Q*. Let us now prove that P(\) — P(A — ) is irreducible as a polynomial
in A for all u # ka, a € A*(gl,,). If this claim is true, then all u contributing to the above
product should be quasiroots; if i = ka for a € A*(gl,,), the linear factor of P(\) — P(\ - p),



(A + p,a) — k, has highest term (A, «), which appears in the highest term of the Shapovalov
determinant, while if y # ko for some «a € A*(gl,,), the highest term of the irreducible polynomial

PA)=P(A=p), Xprm Xj 115 (pj+1) TTAY", does not match any factor in the highest term of the

Shapovalov determinant unless y is a V-quasiroot. Finally, since P((/\)?;pp—m is irreducible for

a € A*(gl,), only the linear factor (A + p,a) — k of P(\) - P(A—ka) appears in the Shapovalov
determinant.

Now, let us prove the claim that P(\)-P(\-p) is irreducible for p # ko (a € A*(gl,,)). Con-
sider the parameters w; as formal variables. Then, we have P(\) = P(A—p) = Yo wi (Hiz1 (A +
p)—Hix1(A+p—p)). We can absorb the p vector into the A\ vector. For this polynomial to be
reducible in w; and \;, the coefficient of wy should be zero: Hi(\) - Hi(A-p) = Hi(p) = 0.
Also, since the coefficient of w1 is linear in A;, it must divide the coefficients of every other w;.
In particular, the highest term of Ho(A) — Hao(\ — ) must divide that of Hs(\) — H3(\ — p).
The highest term of Ha(\) — Ha(A — ) is ¥; Ai(ps + X5 p5) = (A, 1) and the highest term of
Hs3(\) — H3(\ — ) is given by H5(\)(u), the evaluation of the gradient H5(\) at p. Since this
term is quadratic and is divisible by (X, p), we can write H5(A)(p) = (A, ) (A, ) for some & € h*.
Now, let us match coefficients of \;A; for ¢ # j and of A? on both sides of the equation. By
doing so (and using the fact that ) u; = 0), we obtain ;& + ;& = p; + p; and ;& = 2415 Since
p1+-+pup =0and p # 0, at least two of p; are nonzero, say p;, and p;,. From the two equations,
we obtain g, + pi, = 0. If p1;, # 0, then by similar arguments, p;, + flis = iy + flis = iy + iy = 0,
which is impossible since p;,, ftiy, pis # 0. Thus, P(A) — P(A— ) is reducible only if exactly two
of the u; are nonzero and opposite to each other—that is, u = ka for o € A*(gl,,). For such p,
(A+p, 1) —k, is the linear factor of P(\) - P(A—kca). Similar arguments show that W
is irreducible for any o € A*(gl,,), k € N.

To prove the power of each factor in the determinant formula of Theorem is correct,
we use an argument involving the Jantzen filtration, which we define as in [KK] page 101 (for
our purposes, we switch U(g) to H(gl,)). The Jantzen filtration is a technique to track the
order of zero of a bilinear form’s determinant. Instead of considering the complex numbers, we
consider the localized polynomials C(t), defined as p(t)/q(t) with p(t),q(t) € C[¢] and ¢(0) # 0.
A word-to-word generalization of Lemma 3.3 in [KK] to our setting proves that the power of
P(\) - P(\-ka) for a« € A™(V) and (A + p,a) — k for a € A™(gl,,) is given by 7(v - ka),
completing the proof of Theorem O]

3 The Center of H:(gl,)

We first describe a basis for the center of U(gl,,). Let Q1,Qa, Qs, ..., @, € S(gl}) (which can be
identified as members of S(gl,,) under the trace-map) be defined by the power series det(tId -
X)=%70 (-1)7¢"7Q;(X), and let B; be the image of Q; under the symmetrization map from
S(gl,) to U(gl,,). To reduce the number of subscripts, we will use /3 to refer to 8;. The center
of U(gl,,) is a polynomial algebra generated by these 8;. We write equations in this section in
terms of 5; because their commutativity simplifies computations.

Let t; = ¥, 7j[Bi,y;]. In [T], it was shown that the center of Ho(gl,,) is a polynomial algebra
in ¢;, 1 <i < n, and that there exist unique (up to a constant) ¢; € 3(U(gl,,)) such that the center
of He(gl,,) is a polynomial algebra in ¢, = t; + ¢;.

Definition 3.1. The Casimir element of H¢(gl,,) is defined (up to a constant) as t].

In this section, we will make use of the anti-involution o, defined in the beginning of Section
Instead of working with ¢; in this section, we shall work with #; = > [Bi,y;]x; instead for
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convenience. It is straightforward to see that 3(Ho(gl,)) = C[t1,%2,...,%,] and that 3(H¢(gl,)) =
Clty1+ Cy,ta+Ca, ... 1, + Cy] for some C1,Cy,...,C, e3(U(gl,)). For gly, {1 = y121 + yoxo and
1?2 = Y1€22T1 +Y2€11T2—Y2€12X1 —yleglxg—% (ylxl + ygxg). Note (as in [T]) that t~1 and elements of
3(U(gly)) are fixed by 0. Proofs involving technical computations are relegated to the Appendix.

3.1 Basis for PBW Deformations

We start by constructing an alternative basis s,, for PBW deformations such that the Casimir
element’s action on the Verma module of Hy_ (gly) is given by

Hm+1()\+[))= m+1()\1+1) /\m+1 z

Let us define v = 1+ 32 - 482 € 3(U(gly)) and uy, = (Lrym)* -y e C[v].

PN
Definition 3.2. Define s,, = A, (y, ) + By ® x with
m+2
2 1zl 4y 1 2 1-2k ;
] —m — m + m + 2-9; k
An - (o e )5y )8
m 2m+1 ; z_% 5i+1 \2k+1)\2j_2k-1)" 7
1 .
1 _ m+2 2] 1-27 &k
B - _ m+ ¥ )
" 2m Z (23 + 1)(2k+ 1)5 7

Theorem 3.1. The pairings s; constitute a basis for PBW deformations.

To prove Theorem and other results of this section, we use the following lemma, which
reduces many statements in this section to technical computations.

Lemma 3.1.
(B @] = [B"A" + (B +1)" (Buan — uons1) ] i = 2(8 + 1) " uzn (€151 + €222).

This lemma can be proved by finding a recursion linking [8™4", x;] to [8™y" 1, 2;] and
solving it using the standard theory of linear recursions.

Proof of Theorem[3.1. In [EGG], it was shown that the PBW property is equivalent to the
Jacobi identity: for all v1,ve,v3 € V& V™, [v1,[ve,v3]] + [v2, [vs3,v1]] + [vs, [v1,v2]] = 0. Since
[x1,22] = 0 for x1,29 € V*| it suffices to show that [x1, [z2,y2]] + [z2, [y2, 1]] + [ye, [x1,22]] =
—[x1, A + Bmeaa] +[x2, Bmeai] = [Am, 1]+ [ Bmeaz, x1] + [x2, Bnea1 ] = 0; the other cases would
follow because of the anti-involution o.

Since [x2, Bmea1 ]| = —=[Bm, x2]e21 + Bmz1 and [Bpeas, 1] = [ B, o1 ]ea2, the Jacobi identity
becomes [A,, 1] + [ Bm, x1]e22 — [ Bm, x2]e21 + Bz = 0.

Let us try to expand [ By, z1]e22 — [ B, x2]e21 first. Note that by Lemma
[Bm,xl] = lel +K2(€11:L‘1 + 621$2) and [Bm, 1’2] = Klfl,‘g + Kg(elgxl + 622:1,‘2) where Kl and Kg
are given by:

|25

s X ki( o) e ),
T 0 P



By rearranging terms, we can then write

[K121 + Ka(ennzy + e2122)] €22 — [Kiz2 + Ka(e12x1 + e222) ] €21 =

_Kl(ellfL‘l + 621332) + |:K1(,8 - 1) + K2 (

ﬁ2+1—7—2/3)]
—4 Xz

We can evaluate [A,,,z1] using Lemma Substituting this and the above expression into
[Am,x1] + [Bm,x1]e22 = [ Bm, x2]ea1 + Bpxy gives C(8,v)x1 + D(B,7)(e11x1 + ea12), where

lw

B 1 2] -1 (m+2)!
2 (27 DR DI - 2k Dl ms 2= 2))!

x((m + 3)(6m+2_2j7k +(B+1)™2 % Bugy — (B + 1)m+2_2juzk+1)
A +2-2) (B8 + )™ g (8 + 1) P ugi )

— (m+2-25)(B+ 1) ((B-1)? —v)uzk),

p PEl (m +2)!
D=-om 2. 757 (27— 2k - 1)! — 2!
2m 2 (25 + D)2k + D25 - 2k - 1)I(m + 2 - 2j)!

x((m +2 = 25) BT

+ (25 + D) (B+ )™ Hugy — (m+2-25)(B+ 1)™ 2 (ug +u2k+1))-

Lemma 3.2. C' and D are identically 0.

The proof of this Lemma is given in the Appendix.

Thus, the Jacobi identity holds for = s,, for all m. Since deg s,, = degry, with respect to
the grading where dege;; = 1, s, constitute a basis for PBW pairings. O

If ¢ is a PBW deformation, we will use ¢; to refer exclusively to the components of ¢ in the
r; basis: ¢ = (org + (171 + ---. We will denote the components of ( in the s; basis by w; instead:
C =wpSg + w181 + -

3.2 Center of H.(gl,)

We now give the following construction for the center of H¢(gly). First, define

m+2\(2)+ 1\ ni1-2j k_(m+2)( 2j ) m+2-2j k)
0(( j+1)(2k‘+1)ﬁ L UV L PYAREY o

'm+2

Cl(m) = 2m+1 ZZ:

Mu.

J=0 k=
m+1
Colm) 2 i m+1-25- 2k(m+2)(m+1—2k)ﬂm+1—2jk
m = e
2 2m+2 ) m+2-2j 2k+1 25 -2k 7

_2j+2k—m(m+2)(m+1—2k:)5m+2_2j k
2j —2k+1\2k+ 1)\ 2j -2k )



Theorem 3.2. For a deformation { = Y; w;s;, the center is given by the polynomial algebra
3(H<(g[2)) =C [tl + ZwiCl(i), to + 2’11)102(@)]

Proof. Tt suffices to consider the case ( = s,,.

Lemma 3.3. [z, + C1(m)] = [z1,t2 + C2(m)] = 0.

The proof of this Lemma, is given in the Appendix.

Thus, by the transitivity of GLy action on V*, [z, + C1(m)] and [z,t3 + C2(m)] for all
x € V*. Tt was shown in [T] that #; and #3 commute with U(gly) and since C1(m),C2(m) €
3(U(gly)), t1 + C1(m) and t5 + Cz(m) commute with U(gl,) also. Furthermore, by using the
anti-involution o, we see that if [z,%; + C1(m)] = 0 and [z, + Co(m)] = 0 for all 2 € V*, then
[y,t1 + C1(m)] = 0 and [y, + Co(m)] = 0 for all y € V. This shows that ¢} = #; + C;(i) and
7?,2:{2+02(i). O

3.3 Action of Center on Verma Module

In [T}, it was proven that the leading term of the Casimir element’s action on the Verma module
M()) is given by P(\) = Hpp41(N) for a deformation ¢ = r,,,. In the new basis {s;} the action
of the center can be written explicitly. Namely:

Theorem 3.3. For a deformation ¢ = ¥, w;s;, the actions of t; and ty on M()\) are given by
P(\) =Y, wiHi 1 (A +p) and ¥, w; (%Hiﬂ()\ +p)+ Hipo(A+p) = (A +1)72 = )\ZQJ“Q) respectively.

The proof of this theorem is given in the Appendix.

4 The Casimir Element of H:(gl,)

In this section, we construct the Casimir element of H¢(gl,) and prove that its action on the
Verma module M () is given by P(X) = X7 wjHj1 (A + p).

4.1 Center

Let us switch to the approach elaborated in [EGG] Section 4, where all deformations satisfying
the PBW property were determined. Define 6(™) = (i9)™§ with & being a standard delta-
function at 0, i.e., [ §(0)¢(0)df = ¢(0). Let f(z) be a polynomial satisfying f(z) - f(z - 1) =
0" (2"((z)), where ((z) is the generating series of the deformation parameters: ((z) = o+ 12+
(222 + . Recall from [EGG], Section 4.2, that for f(0) = ¥,s0 fmd ™ (),

[y, ] 1 /;EC":|U|:1(:E, (v®)y) [: (1 - efw) f(&)ew(vm) do dv.

B 2

Theorem 4.1. Let g(2) =Y, gmz™" =%, (m+1)(m+g;~(m+n—1)zm' The Casimir element of H¢(gl,,)
is given by t) = ¥ z;y; + Res,—0g(z ™) det (1 - zA) " dz/z.



Proof. Define C’ = Res,—og(z~") det (1 - 2A4) " dz/z. Let us compute [y,¢; + C']. Then,
[y, 01+ C'] = X[y, xi]yi + [y, C']. Let us rewrite the first sum:

Z[yv xl]yl

%

2mn Z .[UE(C” Jol=1 _[ (1- —zﬁ)f(e)ezﬁ(q@v) (@i, (V@ V)y)y; df dv

= L ﬁ)‘:l /:W(l _efze)f(a)eze(vcbﬁ) ® (U®5)yd9dv,

2

We define F,(A) = fv| H{Av,v)y™* 1 dy = f|v|:1(v ® )™ dv as in [EGG] Section 4.2; it was
shown there that Y, fmFm-1(A) = ZW”Reszzog(z_l) det(1-2A4)"t27tdz = 27" C". Thus, we can

write
2: f m / /' z@(v@v)
2 _ [| (U ® ’U) dv = 2 " oj=1 ((9) do dv

so that [y,C'] = %r_"/\vlﬂ [T f(0)[y,e?®)]df dv. Since

€—i0(v®17) [y’ 6i9(v®17)] _ e—i@(v@i)yeia(v@n—)) —y= 6—i9ad(v®17)y —y= (e—iﬁ _ 1)(U ® @)y7
we get [y,C"] = 55 fyoy [T [(0)€?®D) (7 — 1) (v @ D)y df dv, so Y[y, w:]yi + [y, C'] = 0 as
desired. By usmg the anti-involution o, this implies [z,t; + C'] = 0 for any x € V*, while
[eij,t1 +C'] =0 by [T], and hence, t] =t; + C". O

4.2 Action of Casimir Element on Verma Module

In this section, we justify our claim that the action of the Casimir element ¢} is given by
P(A) = ¥ wjHj1 (A + p). Obviously, ] acts by a scalar on M (X - p), which we will denote
by t{(\). Since t] = Yy + C', C" e 3(U(g)) = S(g)¢, we see that ¢/ (\) = C'(\) where C'()\)
denotes the constant by which C” acts on M (X - p).

Theorem 4.2. Let w(z) = Y wyz? = 21" (m)n ' f(2). Then, t1(X) = X wpHp(N).
Proof. Instead of considering the Verma module M (X - p) of H¢(gl,), we can use a finite-
dimensional representation of U(gl,) in the proof since C’()) is a polynomial in A. For a
dominant weight A — p (so that the highest weight gl,-module V)_, is finite dimensional) we
define the normalized trace T'(\,0) = trVAfp(eie(“M))/dim Vi, for any v satisfying |v| = 1 (note
that T'(A,0) does not depend on v). To compute T(\,6), we will use the Weyl Character

ZwEW( 1)w wA
Lwew (-1)Werr ™
al,,). However, direct substitution of €’(*®?) into this formula gives zero in the denominator,

and thus, we compute the limit lim._g x ,\_p(ew(”@ﬁ)““ ) for a general diagonal matrix p.

formula (see [Ful]): xa—, = where W denotes the Weyl group (which is S, for

Without loss of generality, we may suppose v = 41, SO

10 0

_ 0 0 0
vev=wr=|. . . .|

00 - 0



Then,

A,i0
Z"9(”‘81_’)"'5,114) = lim ZweSn(_l)we(w ;10w +ep)
e~0 Zwesn(—l)we(wp7i0w1+eu)

‘ ZweS (_1)we(w>\,i9w1+eu)
= LI_I)% Ha€A+(g[ )(e<a/27i0w1+e,u,) _ €*<a/27i0w1+5#))

li _
i (¢

(recall that A™(gl,,) is defined as the set of positive roots of gl,,, given by A*(gl,,) = {ej; —¢j; :
1<i<j<n}).
We first compute the denominator. Partition A*(gl,,) into A uAg = A*(gl,,), where Ay =

{el; —ej;:1<j<n}and Ay = A" (gl,)\A;. For ae Ay,

)

lim (e(a/2,i0w1+e,u) _ ef(a/2,i9w1+e,u,)) _ 002 _ i0/2 _ g i (Q)
e—0 2
so limeo HaeAl (e(a/2,i9w1+eu) _ e—(a/2,i0w1+€u))—1 _ (21 sin (g))lfn.

Next, we compute the numerator. We can divide S,, = [i<j<, Bj, where B; = {w € Sp|w(j) =
1}. Note that Bj = ;- Sp—1, where o; = (1,2,...,7) and S, denotes the subgroup of S,
corresponding to permutations of {1,2,...,7-1,7+1,...,n}. We can then write

Z (_1)we(w)\,i9w1+5u) _ Z (_1)0‘j (_1)061'9)\]- e€<Uj°0(>\)7M>

wij O'ESn_l
= (_1)j—1ei9>\je€>\ju1 Z (_1)066(0(;\3'),;1)
oeSp-1
where X; = ()\1, ‘e 7)\]‘—1; )\j+1, ‘e ,)\n) and ﬂ = (MQ, “oe ,Mn).
Combining the results of the last two paragraphs,

‘ Y wes (_1)we(w/\,i0w1+eu)
ll_l,% HaeA*(g[ )(e(a/Q,i0w1+e,u) _ e—(a/2,i9w1+eu))

. i1 ew/\j‘*d\jﬂl desn_l(_l)aee(a(jx]’),ﬁ)

(2isin g)n—l Maca, (ela/2i0witen) _ e={a/2ifwi+en))’

=lim (
e—=0 lgzén

Using the Weyl character formula again, we see that
Yoesn 1 (71 )”ee(”(;\j )5it)
aca, (efo/2em) — e=(a/2en))

= trV;\j e (efia)

where p is half the sum of all positive roots of gl,_;. Thus,

(~1)7e<lo ()i

) >
lim 7€ Sn-1

=0 HaeAg (e(a/Q,i0w1+eu) _ e—(a/2,i0w1+ep,)) = trVS\j,ﬁ(l) = dim ijj—”

p

We substitute to obtain

W0A; 33
d <
try, (ez‘@(q@q‘;)): Z (_1)j_16 J lmV)\j—p
-p

1<j<n (2Z Sing)”’l ’
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Our original goal was to calculate T'(\,0) = trVAfp(eie(“m))/dim Vi-p. We obtain

e dim Vi 5
J

T(A0)= 3 (-1

155%n (2isin §)n-1dimVj_,

We can use the following dimension formula from [Ful]:

Ai = Aj
dimVy, - ] NN
1<i<j<n J 0
where V)_, is a gl,-module. Hence, T'(\,0) = (2isin(6/2)) " (n - DY % Since
%

one can prove by induction that }7_; m = Hpns1(x1, .0 2y), we get
*7 J

7 +n—1
T(X,0) = (2isin(0/2))1 " (n ~ 1)! 5, LU

Thus we get,

HO) = O = (# Lﬂ[: f(e)ezﬂ(m@ﬁ)dﬂdv) (\) = (nil)! [: F(O)T (N, 0)do

T o i p+n-1
Lr f(0)(2isin(0/2))' ™ > H,(\) (@) df = > w Hy(N),

p>0 (p+n_1)' p=0

where w), = [T F(0)(2isin(6/2))'" ((fz:f;—)l, df. Let w'(z) = ¥ w,zP. Note that
: n—-1
o2 _ 02\ n-1, 10y _ /’T ; 9i sin(0/2)) -7 ( 212 _ o=0/2)"" (iz0)P"
(e e ) 2w’ (2) - f(@)g(:)( isin(0/2)) (e e ) (p+n—1)!d9
T A n-1 .
= [ FO)@isin(0/2)) (2 - 702) e ag
T . . . n-1 .
- f F(0)(2isin(6/2))' (%12 - 912) "0 ag
- [T ) do - £(2).
n-1
Hence, w'(z) = 21" (W@/?)) f(2) =w(z) and wy, = w, as claimed. O

5 Finite Dimensional Representations

In this section, we investigate when the irreducible H¢(gl,,) representation L(\) is finite dimen-
sional. As in the case for classical Lie algebras, this representation is a quotient of a Verma
module M (A). In Section we show that the finite dimensional L(\) must be rectangular
and have characters (with respect to ) of the form

Suwes, (~1)V e

!
0NN Lwes, (—1)¥ewr

where the summation is over all dominant gl,, weights \’, and v € N" is a parameter depending
on ¢ and A. In Section [5.2] we show the existence of deformations { such that the representation
L(X) of H¢(gl,) has the above character.

11



5.1 Rectangular Nature of Irreducible Representations

Theorem 5.1. All finite-dimensional irreducible representations of H¢(gl,) must be of the form
L(\) = M(/\)/{Z?:_l1 TN + 30 acl’”M(/\)}, where v = (v1,...,vp) € N* and \ -1/

i+1,i
are dominant gl,-weights for all 0 < v <v.

Proof. Let L'(\) = M(\)/ {Z?;ll ef‘ji)i‘“”lM()\) + 30 :E?;M()\)} be a quotient (not necessarily
irreducible) of M(\) for some integers b;. Since any finite dimensional representation is a
quotient of some L'(\) (for some sufficiently large b}), it suffices to show that the maximal
proper submodule of L'()\) is of form ZxéiL’ (A), in which case the irreducible representation
L'(M\)/L'()\) is of the form described in Theorem

Regard L'()\) as a representation of gl,,. Since the decomposition of any positive weight of
gl,, into the sum of positive roots does not include weights of V', there exists a finite-dimensional
irreducible gl, submodule V) c L’(\) that contains only the vectors generated by the action
of gl,, on the highest weight vector of L'(\). If we let S = Sym”(z1,29,...,2,), then L'())
decomposes as L'(A\) =V @ (V,,® S1) @ (V) ® S2) @ ---. We can further decompose each V) ® S;
into irreducible modules of gl,,; once we do so, we find that L’(\) has a simple gl,, spectrum.
Note that V,,®51 can be decomposed as V,_cx ®V),_cs &®V)—cx  for a; = e}; (taking V), = {0}
if - ej; is not dominant). We can thus associate each V), for = XA -aiel; —... - ape},, in the
decomposition of L'(\) with a lattice point P, = (a1, —as2,-,—a,) € Z". We draw a directed
edge from P, to P, if Vs is in the decomposition of V,, ® S1, and we call the P, smaller than
the P,. A key property of this graph is that any H(gl,)-submodule of L'(\) intersecting the
module V,, must necessarily contain V), and all V> such that P, is reachable from P, by a walk
along directed edges.

Now suppose that L'()) has a proper maximal submodule Ly; (over H¢(gl,)) with highest
weight vector v, of weight p associated with P, = (-a1,...,-a,) (we are not assuming, however,
that this submodule is generated by v,). Then, because the quotient module L'(\)/L}; is finite
dimensional and irreducible, it must have a lowest weight A from which all other points in the
subgraph associated with L’(\)/L}; can be reached by walking along reverse edges. Without
loss of generality, suppose a; and ao are nonzero. Then, consider the two points Pl“eh and
Pies,- Both points are larger than p and less than or equal to the origin P, and so both
points lie in the subgraph associated with L’(\) /LZ . However, since we can walk along reverse
edges from the point corresponding to the lowest weight A to i+ ej; and p+e3y, we can also
walk along reverse edges to u, implying that A e LZ, a contradiction. We conclude that any
maximum submodule of L'(\) must be of the form given in Theorem O]

From the proof, we get a decomposition of L(\) into the sum of gl, modules V), for all
dominant gl,, weights \" satisfying 0 < A\ - X' < v, where v € N” is some parameter depending on
¢ and A (using notations from the proof, v = \ - A+ (1,1,...,1)). By the results of Section
we find that v = (11, vs,...,vy), where each v; is the smallest positive integer such that

P(\) =P\ (0,..., v;,0,...,0)) = 0;
i-th

if the H¢(gl,,)-module L(\) is finite dimensional, v necessarily exists.

12



[530]

S

[5,3,-11  [4,3,0] [5,2,0]
TS T
[5,3,-2] [4,3,-1] [3,3,0] [5.2-1] [4,20] [5,1,0]
| PRI LN
4,3,2] [33-1] 522 [4,2-1] [320 [51,-1] [41,0] [500]
B e A TAC R e A
3,3,2] [4.2,-2] [3,2,-1] [5,1,2] [4,1,-1] [3,1,0] [50,-1] [4,0,0]
N TS Ay e
3.2.-2] [4.1,2] [3.1.-1] [50.-2] [4.0,-1] [3.0,0]
S
3.1,-2] [4,0,2] [3,0,-]
s

[3.0 2]

Figure 1: In this diagram, we use a graph to represent the three dimensional rectangular prism
corresponding to a finite dimensional representation L((5,3,0)) of H¢(gl3), with the highest
weight of each gl; module indicated. Notice that an arrow points from a module of weight 1 to
one of weight i —e}; for some i. The rectangular nature of the representation is clear.

The decomposition of L(\) as a gl,, module provides the character formula for L(\) as the
sum of the characters of the gl, modules:

S s (1) O )
= Y s @
0AN<r  Zuwes, (—1)Ve
where p’ is half the sum of positive roots of gl,,. As in the classical theory, the character allows
us to calculate the decomposition of finite dimensional representations into irreducible ones.
Example 5.1. For H¢(gl;), the irreducible finite dimensional representation L(\), for X € C,
has character x) ¢ = 25;10 e*™, where v is some positive integer. If we describe H¢(gly) as in
Example we can easily calculate the Casimir element to be fe + g(h), where g satisfies the
equation g(x)—g(z-1) = ¢(x). Then, v is the smallest positive integer such that g(A\)-g(A-v) =
0,

For H¢(gly), the irreducible finite dimensional representations are of the form L(\), with
A= (A2 +m,\2) € C? for some nonnegative integer m. The character of L()\) is of the form

e()\2+m—ui,)\2—1/§) _ e(/\z—ué—l,/\2+m—ui+l)
XA’C - Z 1 - e(_l’l)
(0,0)§(ui,ué)<u
vi-vH<m
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for the minimal element v € N2 such that (A, 1) = P(Aa+m+1,2) = P(Ag+m+1-v1,X3) =0
and fo(\,v2) = P(A2+m+1, )= P(Aa+m+1,\a —15) = 0. For instance, if ¢ = {yro with (o # 0,
then f; and fo are linear in v; and v, and so the only solution to the equations fi(A,v1) =
0 and fa(A,12) = 0is v1 = vo = 0. Thus, Heyp,(gly) has no finite dimensional irreducible
representations. If ¢ = (oro+Cir1 with ¢ # 0, P(A) = (A1 +1+X2) +C (A1 +1)2+ (A1 +1)Aa+A3),
SO f1(>\, I/l) = Clyl (g—(l) + )\2 + 2)\1 +2 - I/l) and fg()\, VQ) = Cll/g (% + /\1 +1+ 2)\2 - 1/2). Thus,

L()) is finite dimensional if and only if So 4 A2 +2\1 +2 and oy A1 +2X2+1 are positive integers;

G ¢1
moreover, since g—(l’ + Ay +2M\1 +2 = (g—‘l) + A1+ 2 + 1) +A1+1-X and A\ +1 - Ay is a positive
integer, it suffices to show that g—? + A1 + 22 + 1 is a positive integer.

Now, we will illustrate the decomposition of L(\) in the proof of Theorem for clarity,
we will work with sly representations instead of gly representations. Using the notations of the
proof, S, = S¥(x1,x2) = Vj,, where we used the fact that V* = V as sl representations. We then
have, by the Clebsch-Gordon formula,

Vin® Vi 2 Vink ® Vg2 @ -+ @ Vm+k—2 min(k,m)-

We can use the above formula to draw the graph, shown below, representing the decom-
position of L((3,0)), with v = (1,4), into sl modules. This representation is the quotient of
M(3,0)/e3,M(3,0) by the submodules represented by the red and blue areas of the diagram,
and we can write L((3,0)) 2 Vs@ V3 @ V5 @ Vj as sly modules.

5.2 Existence of L()\) with given shape

Theorem 5.2. For all gl,,-weights A and v € N such that A\ —v' is dominant for all 0 < V' < v,
there exists a deformation C, such that the irreducible representation L(X) of H¢(gl,) is finite
dimensional and its character is given by (*).

Proof. Let X' = X+ p. We can write A = X, + k; for k1 > ko > k3 > ... > kp_1 > kyp = 0 (we have

strict inequalities because of the shift by p). Recall that P(\) = ¥, Wy, Hype1 (N') for w; defined
as in Theorem [£.2] Let u; = (0,...,4,0,...,0). We will find w; such that P(X") = P(\ - ;) = 0,
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while for all 0 < g} < pi, P(N') = P(X = ;) # 0. This implies that M(\')/Y; M(N - p;) is
irreducible.

We first define Pp,; = P(\') - P(\ =) for p=(0,...,m,0,...,0) with the m at the j-th
location. We must prove that there exist w such that P,,1 =...=F,, » =0 and P,,{l, ey Purn 0
for all 0 < v} <v;. We can write Pp,j = Y0 winnj, where

Ryj= 2 (k) (At kon) 7 (N kg )7 = (N ke =m) ) (A k) (A k)™
i1+ +ipn=N+1

Note that the condition Pj; = 0 determines a hyperplane II;; in the space (wo,ws,...) (Ij;
might in fact be the entire space, but the following argument would be unaffacted). Hence,
the intersection NII,,; belongs to the union U 0<v)<v; IT, ; if and only if it belongs to some
11, Vg Thus, if we show that {P,,1,...,Pyn, P l,l} are hnearly independent as functions of w;,
then there exist deformations w that belong to all the hyperplanes II,;; but not to Hylrl for all
1<l<nand 0<y <y. This condition of linear independence is satisfied if

Rm 1 Rm 1 Rgl 1
RV22 Ru22 o 1/22
det #0.
Rgnn Rzllnn Rﬁnn
R%l ‘Rzz o ‘R%l

Now we shall prove that using column transformations, we can reduce the above matrix to
its evaluation at A/, = 0. We proceed by induction on the column number. The elements of the
first column, ij, are of degree zero with respect to A}, so RSU = R%j(O). Suppose that using
column transformations, all columns before column p are reduced to their constant terms. Now,
we note that

aanj B 8(

oN,  ON,
> (i1 +ig 4o tip +n) (N + k1) oo (N + Kj)9 = (N + ke —m) ) Alim

’[1+...+in=p

(p+n)RE

> (A;+k1)“---(<A;+kj>"j—(A;+kj—m>”>---A;f")

i1+...+in=p+1

Thus, we see that Ry . - R} .(0) ia a linear combination of R];;ji(()), the entries of the other
columns:

1 zaZRzl] (p+n)---(p+n—z'+1) i i pt+tn i i
i =2 5% ai | =2 i Xty (0) = Z( )Rp (0)X;.

A7 =0

By selecting pivots of (p ;”)/\g, we can eliminate every term except RY j(O). By repeating this
step, we reduce the matrix to its evaluation at A}, = 0:

11(/\ ) Ry (N) o Rp(N) 11(0) Ry1(0) - R} 1(0)
1/22(>‘ ) 1/22()‘ ) 1/22()‘ ) 1122(0) Ry22(0) 1/22(0)

det = det : :
Runn()‘,) Runn()‘,) ynn()‘ ) Vnn(o) Runn(o) l/nn(o)
Rgl'l()\l) Ri{l()‘,) R’T/Lz'l()\,) RS;;(O) Ri{l(()) RZL{Z(O)
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Let us now rewrite R%]—(O):

Rﬁj(()) — Z kil . l] 1(sz (kj _ m)lj)kl.]+l.“k::bn _ ZOH],V—Z (k;+1 _ (k'j _ m)“l)

J+1
i1+...+ip=N+1

N . . . . N .

Z HN—i (k;+1 - (kj - m)”l - kj(k; - (k‘j - m)z)) = Z HN—i (m(k] - m)l)

1=0 i=0

where Hy—j = Yy vipen—i K kip and Hy; = 8,0 s oy kibeoky k. The third
equality is because Hy_, = Hy—; — kjHn—;—1. It is now easy to see that the determinant can be
reduced further to

141 I/1(l€1—V1) Vl(kl—Vl)n 1 kl—Vl (kl—Vl)n
120 V2(k2—1/2) I/2(k‘2—l/2)n 1 ]{32—1/2 (k‘Q—llg)n

det] : : = 1 vgvpy det | : ,
Un Un(kn—vy) - vp(kn—vp)" 1 kn-vn - (kn—vp)"
v, vi(ki-v)) - v(k-v)" 1 k-v, - (k—-y)"

which equals vy ... vy TTiLy (ki = ki + vi = 1)) Tlicicjen(kj = ki + v; — v5) by the Vandermonde
determinant formula. Now, recall the condition that A — v is dominant integral, or \], + k; — v; >
A, + kj —vj for i < j (we have strict inequality because A" is the weight shifted by p). Thus,
[T1<icjen(kj — ki + v; — v;) is nonzero. Also, since A — i is dominant for all 0 < p < v, if we let

= (vi,va,...,1],...,v), then we see that A, + k; —v; # A, + k; — v;. Thus, the dominance
of A\—v' for 0 < v/ < v ensures the determinant is nonzero, and so {P,, 1,.. .,Pynvn,Pylfﬁl} are
linearly independent as desired. O

6 Poisson Infinitesimal Cherednik Algebras

Now we will introduce a new way to study infinitesimal Cherednik algebras by using Poisson
analogues. The Poisson infinitesimal Cherednik algebras are as natural as H¢(gl,,), and their
theory goes along the same lines with some simplifications. Although these algebras have not
been defined before in the literature, the authors of [EGG| were aware of them, and technical
calculations with these algebras are similar to those made in [T]. Using the Poisson infinitesimal
Cherednik algebra, we will get a new proof of Theorem which provides the formula for the
Casimir element.

Let ¢ be a deformation parameter, ( : V xV* - S(gl,,). The Poisson infinitesimal Cherednik
algebra H/(gl,) is defined to be the algebra Sgl, x S(V @ V*) with a bracket defined on the
generators by:

{a,b} = [a,b] for a,begl,

{g,v} =g(v) for gegl,,veVeaoV"

{y,y'} ={x,2"} =0 for y,yy' e Vo, 2" e V*

{y,x} =((y,z) for ye V,x e V",
This bracket extends to a Poisson bracket on H/(gl,,) if and only if the Jacobi identity {{z,y}, 2}+
{{y,z}, 2} + {{z,2},y} = 0 holds for any x,y,z € gl,, x (V& V™). As can be verified by doing
analogous computations as in [EGG], the pairings ¢ satisfying the PBW property are given by
(= Z] _o¢jr; where ¢j € C and r; is the coefficient of 77 in the expansion of (z, (1-7A) 1y) det(1-

7A)™L. Actually, we can consider the specialized infinitesimal Cherednik algebra as a quantiza-
tion of Hi(gly,)-
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Remark 6.1 (Due to Pavel Etingof). Note that

l+1A
{nyJ} ZClrl(yux]) ECZ%a

)

this follows from
tr(tB(1-7A4)71)

det(1-7A)

when B = y; ® z;. In fact, if {y;,z;} = F;;(A), the Jacobi identity implies that Fj;(A) = g—ﬁ;

for some GL(n) invariant function F, and that A2D4(F) = 0, where D4 is the matrix with

(Da),; = %. One can then show that the only GL(n) invariant functions F satisfying this
ij

%(det(l —7A)) =

partial differential equation are linear combinations of tr(S'A).

Our main goal is to compute the Poisson center of the algebra H, é(g[n). As before, we set
By as the coefficient of (~t)¥ in the expansion of det(1 -tA) and 73, = X, 2;{B,vi}. It follows
from [T] that Tk € 3Pois(H(/)(g[n))'
Theorem 6.1. The Poisson center 3pois(H((gl,)) = C[T1+c1, o+ o, .., T+ n], where (1)’
18 the coefficient of t* in the series
det(1-tA) 1 dz
det(1-zA)1-t1z 2z~

c(t) =Res.o (=)

Proof. Because tj, lies in the center of Hy(gl,,), T € 3pois(Hj(gl,,)). All Poisson-central elements
of H\(gl,) belong to C[rq,...,7,] because of the structure of the coadjoint action of the Lie
group corresponding to the Lie algebra gl, x (V & V*) (for a detailed explanation, refer to the
proof of Theorem 2 in [T]).

We wish to prove that the Poisson center of H{(gl,) can be lifted to the Poisson center
of H é(g[n), with 75, being lifted to 7 + ¢;. In [T], this was done using methods of homolog-
ical algebra for noncommutative infinitesimal Cherednik algebras, but the proof did not yield
formulas for ¢;. We will take a more direct approach by deriving a formula for ¢;. Since
Tk € 3pois(Ho(gl,)), Tk + ¢k Poisson-commutes with elements of S(gl,,) for any ¢k € 3pois(S(gh))-
We can define an anti-involution on H é( gl,,) that acts on basis elements by taking e;; to e;; and
y; to z;. By using the arguments explained in the proof of Theorem 2 in [T], we can show that 7y
is fixed by this anti-involution, while ¢y is also fixed since it lies in 3pois(S(gly)). Applying this
anti-involution, we see that if 7 + ¢, commutes with elements of V', then 7y + ¢; also commutes
with elements of V*. Thus, it suffices to find ¢; such that {mx +cr,y} =0 for all y e V.

First, notice that if g € S(gl,,), then {g,y} = ¥ ;_ 1ae {eij,y}. Second, notice that {{B,yi},y} =
0 (see the proof of Lemma 2.1 in [T]), so that
tr(x;(1 - zA)1y)
zdet(1-2zA)

{7, y} = {; mi{ﬁlmyi}vy} = ;{%y}{ﬂk,yz’} == (Resz=o (=)

i=1

dz) {Br,yi}-

Thus, we have

n Oc
{rreny)= 2 50

7,7=1

tr(zi(1-24)"'y)
zdet(1-2zA)

{6137 y} Z (RGSZ 0 C(Z_l) dz) {Bka y'L}

We get a system of partial differential equations for cg:

Oc r(z;
Z de 2{61]79} Z(Resz OC( 71)t (Zd(t(l ) )y)dz) {/Bk yz}

4,j=1
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Multiplying both sides by (~t)¥ and summing over k = 1,...,7n, we obtain an equivalent single
equation

w & r(xe;(1-=z2 -1
> %0 o) - ) (ResZz()c(z-l)t : (ﬁ(l _@A)y)dz) {det(1-1A), i},

ij=1 9€ij

where c(t) = X7_, cx(~t)* is the generating function for the cy.

Since all terms above are GL(n) invariant and diagonalizable matrices are dense in gl,,, we
can set A as a diagonal matrix, A = diag(ay,...,ay,). Furthermore, we substitute y = y;. Using
this simplification, we obtain

:(Rﬁbodl—zéﬁ;21—zAfh)&kii;wnw
T (RGSFO 2(1- zaf)(z_elt)u —2A) dz) tde1t (—175;; 2
2 (e 1),
providing the formula for c;. O

Example 6.1. By taking the coefficient of ¢ in the above formula, we get
k .
e =Y GtrS™A,
i=0

where ¢(2) = Co + ... + (2~

Remark 6.2. Another way of writing the formula for ¢ is
_ dz
cr =Res,—0((z I)Fk(2)57
where Fi,(2) = ¥ 2" ymi(A) and ym 1 (A) = x (m,1,...,1), the character of an irreducible gl,

| —

k
module corresponding to a hook Young diagram. This rewriting of the formula gives better
insight for the quantization construction.

7 Passing from Commutative to Noncommutative Algebras

Note that {g,y} € S(gl,,)®V for g € S(gl,,) and y € V; we can thus identify {g,y} = X" h;i®y; €
H/(gl,,) with the element i, Sym(h;)y; € Hc(gl,,).

Lemma 7.1.

k ~1)J .
[trSk+1A,y] — {Z &(kj +:’:I 1) tr Sk+1]A’y} .
= J

18



Proof. Tt is enough to consider the case y = y;. Recall that tr S¥*1(A) can be written as a sum of
degree k+1 monomials of form €11 Cig; €2, 41" €21y 1oy sy 4bon where s1+-+-+s, = k+1 and
the sequence 7, is a permutation of the sequence of s1 ones, sg twos, and so forth; for conciseness,
we will denote the above monomial by ej ;,++€,4,,,- The only terms of tr S**1 A that contribute
to [trS**1A y] and to {trS*¥*1A y;} have s; > 1. Since to compute [tr S¥*1A ;] we first
symmetrize tr S**1A, we will compute [Sym(eq ;- €nip,,)s¥1] — {Sym(e1, - €nip,, ) y1}. For
both the Lie bracket and the Poisson bracket, we use Leibniz’s rule to compute the bracket, but
whereas in the Poisson case we can transfer the resulting elements of V' to the right since the
Poisson algebra is commutative, in the Lie case when we do so extra terms appear.

Consider a typical term that may appear after we use Leibniz’s rule to compute [tr S k14, Y1 ]

...yjo...ejljo ”'eijl ”.eijN—l e

When we move y;, to the right, we get, besides ---€;, jo€j,j,*€jnjn_1"Yjo, additional residual
terms like —€j,j,€jxina  Yjr A0 *€jsj €inin1 Yja> UP t0 (=1)V-y; . Without loss of
generality, we can consider only the last expression, since the others will appear in the smaller
chains

“Yjor€hrjo" "Ch2i1" Chzg2 " CinIN-1

and

Yo" Cirjo” Eagn Ejaga" Cin Nt
and so forth with the same coefficients. For notation, we let z; denote the coefficient of y;,
in the residual term, i.e., the term represented by the ellipsis: (-1)" -+ y;,. Then, z1y;, is a
(—;

21
term in the expression (-1)™{z1€e;,1,y1}, which appears in (=1)V{tr S*1"V A y;}. Thus, we
can write
k+1
[tr SF* A, 1] = { S (-)NCytr Sk+1_NA,y1}
N=0
for some coefficients Cy.

Next, we compute C. We first count how many times z1y;, appears in {tr SkH=N A 41},
Notice that since z; is the product of k— N ej;’s, we can insert e;,1 in k- N +1 places to obtain
2o such that {z2,91} contains z1y;, .

Now we compute the coefficient of zo in tr S¥*1=N A, As noted before, tr S¥*1-V(A) can be
written as a sum of degree k + 1 — N monomials of form €101 € g, €2, 417 " €2is vey " g1 N -
Any term that is a permutation of those k + 1 — N unit matrices will appear in the sym-
metrization of tr S¥*1"N A. We count the number of sequences i1, ...,i1-n such that zy is
the product of the elements ey ;,,...,€n;,,, » (in some order); this tells us the multiplicity of
zo in the symmetrization of tr SE+1=N 4 Suppose z2 = €1, "€ni,,, y 1O & certain sequence
if and only if 4/ ! is a permutation

i1,-+-,%ks1-N- Then, 2o 26171"1‘“6 i

n’i;chl—N Sl+~~~+sj,1+17 Tt Usp4ets;
of i51+...+3]-_1+1,...,i51+..,+5]. for all j Thus, Z9 appears 31!32!...3n! times in trSkJrl—NA' Since
each term has coefficient (GEsy)] ]\1, oy in the symmetrization, z9 appears with coefficient
s1!sol-esp!
(k-N+1)!

in the symmetrization of tr S**'"V A. In conjunction with the previous paragraph, we see that

21YjN appears
81!82!---Sn! y (k—N-i- 1) _

81!82!---8n!
(k-N+1)!

(k- N)!
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times in {tr S¥*1"NV A 4},
It remains to calculate how many times z1y;, appears in [tr Sk*1A 4], Recall that z; is
obtained from a term like:
“‘ejol‘..ejljo“‘eijl“.eijNil‘..

where the ordered union of the ellipsis equals z;. Thus, z; comes from terms of the following

form: we choose arbitrary numbers jo,...,jn-1, and insert e;,1,€;,jo,-- - €jyjn_, it0 21. There
are
(E+1)(k)(k+1-N)

(N +1)!
ways for this choice for any fixed jo,...,jn-1. Any such term z3 appears in tr S¥*1A with
coefficient . )

spleesy,!

(k+1)!

where s; is the total number e;;’s (for some 7) in 23, i.e., s;+number of j;’s with j; =1, 0<i < N.

Combining the results of the last two paragraphs, we see that {tr Sk+1=N 4 y1 } must appear
with coefficient

(k+1)(k)(k+1-N) 5 CARIS! s1lsglsp! 1 3 CARIES!
(N +1)! (k+1)! (k-=N)! (N +1)! % s1lsyls,!

where the summation is over all length-N sequences {j;} of integers from 1 to n. We claim that

...g'
M = (k+n)(k+n-N+1).
Splsp!

. . shleesh 1. . . .
To see this, notice that —251,1.”8 s the coefficient of tV in the expression
Iy

N!ﬁ(1+(si+l)t+wt2+---).

i=1 2!

The above generating function equals N!TT%, (1 —¢)~(i+1) = N1(1 - #)=(*+1=N+7) "and the coef-
ficient of ¢tV in this expression is (k+n)---(k+n - N +1).

Finally, we arrive at the simplified coefficient of {tr S¥*1=N A4 4 }:

1 silsy! (k+n)-(k+n-N+1)

Cy = -
NTUN 1) 231!32!---3n! (N +1)! ’

as desired. ]
Now we will give an alternative proof of Theorem
Proof. Let f(z) be the polynomial satisfying f(z)-f(z-1) = 9"(2"((z)) and g(z) = zl_"%f(z)

(in the expression for g(z), we discard any negative powers of z). Note that if g(2) = gge12**! +
...+t g1%2,

k+1j-1 .
-3

1)ig i1,
flisoJtn )( o

) _
kst (j+n+z‘
1+1

)(-1)i9j+i-



Lemma 7.1 allows us to write

k+1 )
Z gjtrS7Ay

j=1

{k‘i:lj:—lll (]+n)( 1)g]tI“Sj Ay}

J
{k+l k—j+1 1 (j+z'+n

1+ 1

)(—1)igj+i tr SjA, y}

I
—
< > S
Il +
— —

L

—

fennd

~

nn

o

<
———

Hence,

n k+1 ) k+1 )
[tlvy] Z Tiy Y Z{wwy}yl_ {ZCj—ltrSJA7y}:_[Z gjtrSjAay )
=1 i=1 -

J=1 J=1

where the third equality follows from the fact that = + Z i Cj 1tr S7A is Poisson-central in
H((gl,) (see Example [6.1] E Thus, we get ] =t1 +C’, where

k+1 )
= Z gjtrS7A =Res.— g(z_l) det(1 - zA)_lz_ldz.
j=1

O]

We expect a similar approach to work for determining the other central elements of H¢(gl,,).

8 Cherednik Algebras of sp,,

Let V be the standard 2n-dimensional representation of sp,,, with symplectic form w, and let
(:VxV = U(spy,) be an sp,,-invariant bilinear form. The infinitesimal Cherednik algebra
H¢(spy,) is defined as the quotient of U(sps,) x T'(V) by the relation [z,y] = ((z,y) for all
x,y € V, such that H(sp,, ) satisfies the PBW property In [EGG], it was shown that H(spyy,)
satisfies the PBW property if and only if ¢ = Zj _0C2;r2; where 7; is the coefficient of 27 in the
expansion of

w(z, (1-22A%) " y) det(1 - zA) ™ = ro(z, y) + ro(z,y) 2% + -

Note that since A € sp,,,, the expansion det(1 - zA4)! only contains even powers of z. There
is an isomorphism between He,,(spy,) for nonzero ¢y and U(sp,,,) x A,, where A,, is the n-th
Weyl algebra (see [EGG]); thus, we can regard H¢(spg,) as a deformation of U(spy,,) x Ap.

Remark 8.1. It would be desirable to develop the representation theory of H¢(sps,, ) analogously
to how we developed the theory for H¢(gl,), but while H¢(gl,) has a natural triangular de-
composition (with V' assigned positive weights and V* assigned negative weights), there is no
natural way to assign elements of V' positive or negative weights for H¢(sp,,,) when n > 1. The
reason is that the set of positive elements A" of H¢(spy,) form a subalgebra, and for linearly
independent vy,vy € A* NV (which could be found if n > 1), [v1,v2] lies in U(sp,y,,) but not
U(spyy, )", contradicting the fact that A* is a subalgebra. Thus, a reasonable category O cannot
be defined for H¢(sp,,, ), and so a different approach must be taken to study the representations
of H¢(spy,). Another way to see that O cannot be defined reasonably is the fact that H(gl,)
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is a deformation of U(sl,+1), which has a category O, whereas H¢(sp,,) is a deformation of
U(spsy,,) x Ay, which does not have a reasonable category O. Note however that when n =1 the
above arguments are not valid, and a corresponding theory of the category O of H, é (spyy,) has
been elaborated in [KT].

Choose a basis v; of V, so that

with
0o 1 0 0 - 0 0
-1 0 0 0 - 0 0
o o0 o 1 - 0 0
J=10 0 -1 0
o 0 o o0 - 0 1
o 0 0o 0 - -10

As before, we study the noncommutative infinitesimal Cherednik algebra H¢(sps,) by consid-
ering its Poisson analogue H[(spy,). We define 7., Biz% = det(1 - zA) and

. 2n
T; = (_1)Z71 Z{Biavj}v;7
j=1
where v} denotes the element of V' that satisfies w(v;,v}) = d;;. Note that

-1 ) )
T, =— Z ,ij(Am_l_%v, v),
j=0

(where 5y = 1) so T; is spy,,-invariant and independent of the choice of basis for V.

Proposition 8.1. The Poisson center of Hj(spy,) is C[T1,...,Ty].

Proof. We will follow a similar approach as in the proof of Theorem 2.1 in [T]. Let L be the
Lie algebra sp,, x V and S be the Lie group of L. We need to verify that C[ty,...,T,] =
3Pois(H(spsy,)), with the latter being identified with C[L*]°. Let M be the 2n-dimensional
subspace of L containing all elements of the form

0 w12 0 0 0 0
Y21 : : 0
] L 0 Yon-3.2n-2 0 0 :
Y10 0 waess 0 0 0 ol
0o - 0 0 0 Yon-12n 0
0 0 0 0 0 Yom

where all the y’s belong to C. In what follows, we identify L* and L via the non-degenerate
pairing, so that the coadjoint action of S is on L. We use the following two facts proved in [K]:
first, that the orbit of M under the coadjoint action of S on L* is dense in L*; and second, that
C[L*]% 2 C[f1,..., fn], where

2
[i(y) = 0ic1(Y2,191,2,¥3,2Y2,35 - - - » Y2n-2,2n-3Y2n-3,2n-2) Y2n—1,2nYan

and o; is the j-th elementary symmetric function. It is straightforward to see that |, = fi,
and so C[L*]® 2 C[ty,...,T,] as desired. O
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Theprem 8.1. The Poisson genter 3pois(Hé(5p2n)) = C[t1 +¢1,T2 + Co,y..., Ty + Cp], where
(=1)"te; is the coefficient of t2° in the series

det(1-tA) 27!

dz.
det(1-2A)1-22t2 ?

c(t) = 2Res.-o C(=71)

Proof. We first note that ¢; € 3pois(S(sp2,)). Since {T; + ¢i, g} = 0 for any g € S(spsy,,), we just
need to find ¢; satisfying {t; + ¢;,v} = 0 for all v € V. By the Jacobi rule,

{mi,v} = (1) 2B v ) o) + (1) {8 vs) ode)
J J
Thus,

0={t;+cs,0} = (1) (B, 05 Hvf v} + (1) Y8 v}, 0hof + {ei v} (1)

In the case of Hé (9l,), X;{{Biyj},y}z; = 0 by straightforward application of properties of the
determinant; however, for Hé(sp%), Zj{{ﬁi,vj},v}v; # 0. To calculate this sum, let B be a
basis for sp,,, (the basis elements are given in Appendix A.4, but for the purposes of this section,
the specific elements are not needed). Write

> {{Bi v}, 030 :Z{Z %iie(vj),v}v; :Z(Z 8&{6(1}]) v} +{8ﬁ }e(vj)v;).
J

7 \eeB 7 \eeB

Lemma 8.1.

> {852 }e(vj)v; =0.

j eeB

The proof of this Lemma is given in the Appendix.

Using the fact that ¥;{{8;,v;},v}v] = ¥; Yeen %{e(vj),v}v;, we can restrict to di-
agonal matrices, which are spanned by elements e; = diag(0,...,1,-1,0,...,0) with 1 at the
2i¢ — 1-th coordinate. We get:

0= () BT G w0 + () (G e o ot oo + 8 g fene)
=2(-1)"" ; %(Uzkl{v%,v} +vop{vag-1,0}) + ; g_;i{ek’”}'

Multiplying by (-1)*"'t? and summing over i for i = 1,...,n, we get

022

adet(l tA) dc(t)

der {ex,v}.

(va—1{vok, v} + vop{vag-1,0}) +
%

Now, we can alternatively set v = vos_1 and v = vos to get

(1-tA)

Odet oc(t)
0=2
%: oey,

Oeg

(vag-1{v2k, V2s—1} + Vo {v2k-1,V25-1}) + V2s-1

and

8det(1 dc(t)

Oeg

tA
) (vor-1{v2k, v2s } + vor{vok-1,v2s}) — V2s-

022
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These last two formulas both reduce to

de(t) _28det(1 —tA)
des Oeg

{U237 'U2571}-

We now recall that
{vas,v25-1} = Res.—g C(z_l)w(vgs, (1- 22A2)_1v23_1) det(1 - zA)_lz_ldz

= —Res.-((z7) det(1-zA) 271z,

1-22)2
so integrating, we get

det(1-tA) 27!

c(t) = 2Res;-0 C(Z_l)det(l oA T- 2 dz.

We now briefly consider the center of H¢(spy,). Let

2n

ti=(=1)"" Y [Bi 0105,

J=1

where f3; € U(spy,) is the symmetrization of the coefficient of z* in the series Y7, 3;2% =
det(1 - zA). Clearly, ¢; is independent of the choice of basis {v;}, and it is straightforward to
see that it is sp,,-invariant.

Conjecture 8.1. For any deformation ¢ there exist ¢; € 3(U(spy,)) that are unique up to a
constant, such that 3(H¢(spg,)) = Clti +c1,...,th + ¢ ].

9 Harish-Chandra Map

Recall that the Harish-Chandra map is defined as HC' : C" - C", with HC'(X) = (t1(\), t5(N), ...
The HC-map is of degree (m+1)(m+2)--(m+n), where m is the largest index with ¢, # 0. In
this section, we will examine the fibers of the HC-map. We will always shift A by p to simplify
the formulas.

9.1 gl

We first consider the case of H¢(gly) with ¢ = woso+wisi+:-+wWp,sp,. We know that ¢] () = P(X)
and t5(\) = P()\) as defined in Section

Note that o : XA = (A1, A2) = (A2, A1) preserves both ] () and t5(\) by symmetry. Suppose
Pi(A1,X\) = Pi(A1,A2). Since Pa(N) = %Pl(/\) + MPL(A) = Sociem @iXT2, a transformation
(A1, A2) = (A1, A)) that fixes P will also fix Py. The polynomial P;(A1,A5) — Pi(A1,A2) =0 is
of degree m + 1 in A}, and for generic A, it has m + 1 pairwise distinct roots. We let 7 be the
multivalued transformation taking (A1, A2) to any (A1, A) with Pi(A1,A5) = Pr(A1, A2).

Proposition 9.1. The fiber of HC over = HC(X) for a generic A can be written as the

disjoint union

{TA}u{roT)}.
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Proof. 1t is straightforward to check that both sets are disjoint and that the elements in both
sets are pairwise distinct for generic A. Moreover, since [{7A}| =m +1 and |{To7A}| = (m + 1)
{rAtu{roTA} = (m+1)(m+2) =deg HC, so in fact, we have found all points in the fiber over
= HCO(). O

9.2 gl,

Although we do not yet know the formulas for ¢;, we know their highest terms from Section @
and so we can consider the highest term Q;(\) of their action on a Verma module M (X - p).
Let the deformation ¢ be of degree m with the leading coefficient equal to 1. Then, it follows
from Theorem that Q;(\) is the coefficient of t'2™ in

i (L=tA)-(1-tX,) 1

(=1) (1=2X1)(1=2)\,) 1—-t"12

Proposition 9.2. For any 1 <k <n and deformation ¢ = rp, + (j-17j-1 + - + (o70,

AP Q1= AT2Qa 4+ (m1)"TIALQy = AT

Proof. Let 0; and Hj be given by the following two equations:

[1(1-2t) = 3 (-1)oy
j=1 =0

[T =Nt =Y Ht.
j=1 =0

We shall prove this proposition for A\; as the statement is totally symmetric in k.

We have Q;(\) = Z?zi(—l)“j 0jHp+i—;. This proposition is equivalent to the equation
MY (o1Hy = 09Hpyq + ) + A2 (=00 Hp + ) + - = A
Now, notice that

(-1 N (o1 iy = 01 Hypey ++0) = S Ci(dy,. . dy) AN
di+-+dp=m,
di>-1,dg,...,dn>0

where
n—

Ci(dy,...,dn Z (D) (G < g2 <+ < Giwd)| dj, > 1615, Y1}

Thus, the proposition reduces to Showmg that
Cy(dy,...,dp) +Co(dy,...,dy)++Cr(dy,...,dy)=0
for all (dy,...,d,) # (m,0...,0) and Cy(m,0,...,0) + Co(m,0,...,0) +--+Cp(m,0,...,0) =1.
This can be done using counting arguments. O
Define R(t) e C(Q1,...,Qn)[t] as
R(t) =" =" Qu + "2 Qg =+ + (-1)"Qn

Propositionstates that \; is a root of R(¢) for all j. We naturally consider the field extension

K c L, with K = C(Q1,...,Qn) and L = C(Aq,...,\,), where we treat Q1,...,Q, as formal
variables.

25



Theorem 9.1. Let L be the splitting field of R(t) € K[t], so that we have a tower of fields
KcLcL. Then, Gal(L: K) 2 Syim forn>2, and Gal(L: K) 2Z/(m+1)Z for n = 1.

Corollary 9.1. If n>1, the subgroup of Gal(i : K) that fizes L is Sp,. If n =1, the stabilizer
of L is trivial, so L = L.

Thus, a generic fiber will contain (m;!")! points, and we should be able to decompose this
fiber similarly as in the case of gl,.

Proof. If n = 1, we get R(t) = t™*' = Q; = 0, and so Gal(L : K) = Z/(m + 1)Z. Now, suppose
n > 2. Let us specialize Q1 = Q2 = - = Q2 = 0 and set a = (-1)"Q,_1 and b = (-1)""1Q,.
Then, R(t) specializes to t"*™ — at — b, whose splitting field over C(a,b) is well known to have
Galois group S;,1+n. The statement that the Galois group in the specialized case is Spim 1S
equivalent to the assertion that

{22522y |0< v <m+m,0< v <n+m—1,...,0 < Upym < 1},

where {z;} are the roots of R(t), are linearly independent over C(Q,-1, @) after specialization.
Label the elements of the above set by ~. If

aypyrt-topy = O,a’i € (C[Qla' .. 7Qn]

in the unspecialized case, we can divide by the largest factor of ()1 that divides all a; and
specialize ()1 = 0, and then repeat this process for QJo,...,Q,-2, to obtain, in the end, a linear
combination with non-zero coefficients from C(Q,-1,@,) that equals zero, contradicting the
above result. Thus, the Galois group in the unspecialized case must also be Sy, 4. O

Now, we will prove an analogous theorem for H¢(sps,). Though we do not yet know the
existence of ¢; for H¢(spy, ), we can consider the highest term of ¢; computed in Section 8 and
label by @; the evaluation of ¢; at the diagonal matrix diag(A\1,—A1,..., A, —An). We define
HC:C" - C" by HO(A) = (Q1(A),Q2(A), .., @n(N)).

Let R(t) — 752n+2m _ %t2n—2 + %th—4 et (_1)n%'

Proposition 9.3. R(x)\;) =0 for all 1<k <n.

Because the formula for the top term of ¢; in the sp,, case is very similar to the formula
in the gl,, case, the proof of this proposition follows exactly the same lines as the proof of

Proposition [0.2}
As before, define L = C(\q,...,\) and K = C(Q1,...,Qn).
Theorem 9.2. Let L be the splitting field of R(t) € K[t], so that we have a tower of fields

K cLcL. Then, Gal(L: K) 2 Spom % (Z/2Z)"™ forn > 2, and Gal(L: K) = Z/(2m +2)Z for
n=1.

Corollary 9.2. The subgroup of Gal(L : K) that fires L is Sy, x (Z/2Z)™ for n>1 and trivial
forn=1.
Proof. When n =1, R(t) = t2™+2 - %, so Gal(L: K) 2 Z/(2m + 2)Z.

Now assume n > 1. Label the roots of R(t) by v1,72,..-,%2m+2n. If 7 is a root of R(t),
then —v is also a root, so without loss of generality, assume 79; = —y2;-1. Let N = (Z/2Z)"™
be the subgroup of Gal(L : K) consisting of automorphisms that send each 7; to +7;. Then,
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LN = K(93,7 -+ V3 ms20), Which is the splitting field of ¢ — Gt 4 S22 —.. 4 (~1)" D,
Thus, N is a normal subgroup of Gal(L : K). Using the same reasoning underlying the proof
of Theorem m the Galois group of LY over K is isomorphic to Sy4pn. Now, it is clear that
Gal(L: K) = Sy x (Z)22).

O]

Thus, for 4 = HC()), the HC fiber HC~*() can be noncanonically identified with (S, 4y,
(Z]2Z2)" ™) (Sm x (Z]2Z)™) for n > 1 and with Z/(2m + 2)Z for n = 1.

10 Kostant’s Theorem

Recall Kostant’s theorem in the classical case ([BL)):

Theorem. Let g be a reductive Lie algebra with adjoint-type Lie group G, and let J be the ideal
in C[g*] generated by the homogeneous elements of C[g*]¢ of positive degree. Then,

1. U(g) is a free module over its center 3(U(g));

2. the subscheme of g defined by J is a normal reduced irreducible subvariety that corresponds
to the set of nilpotent elements in g.

In [T2], Kostant’s theorem was generalized to H¢(gl,). In this section, we will prove
Kostant’s theorem for H¢(spy,) assuming Conjecture 3(He(spay,)) =Clti +c1,.. ., tn +cn).

Introduce a filtration on H¢(sps,) with degg = 1 for all g € spy,, and degv = m + % for all
veV. Let

Bu = S(V ®5py,)/ (Z{@-,vj}v; + ‘“)
J

1<i<n

where cEOp’m are the generators of the Poisson-center given in Theorem if Conjecture [8.1|is
p7

true, ¢;°™ is also the highest term of ¢;.

Theorem 10.1. 1. Assuming that C’onjecture is true, H¢(spo,) is a free module over its
center.

2. By, is a normal complete-intersection integral domain.

Proof. Introduce a filtration on B, with degg =1 for g € sp,,, and degv = 0 for v € V. Define
BY by B - grB,, = S(V EBﬁan)/(cEOp’m)lggn. To show that S(V & spy,) is free over
C[X;{Br,vj}v] + AP Y iiBn,vjtvy + AP™] it suffices to show that S(V @ spy,) is free

over C[\P™, ... ciP™].
From the formulas for ¢;, we see that C[A1,..., A\, ] is a free and finite module over C[grey,...,gre,],
so C[h]" is finite and free over C[cy,...,c,]. Since S(sps,) is free over C[h]" by the classical

Kostant’s theorem, we conclude that S(sp,,), and hence S(sp,y,,)®SV, is free over C[cq,. .., cy].

To show that B,, is a normal integral domain, it suffices to show that the smooth locus of
the zero set of t],t,...,t, has codimension 2 and is irreducible. Let Z = Spec(B,,) be a closed
subscheme of V @ sp,,, defined by grt; =0, and let

U:=2\Zsm ={(v,A) eV @spy,|(v,A) € Z and rank(Jac) < n},
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where Jac is the Jacobi matrix of ¢],t},...,t at (v, A) with respect to some basis of V' and
5P9,. We need to show that U is a codimension 2 subvariety of Z and that Z is irreducible.

Now, recall that
{81, v3v; = —(W(A¥ 0, 0) + Biw(A v, v) + Baw (A% v, v) + ).
Thus, the ideal (X{8;,v;}v] + ("™ 1cicn) is equal to (S) e, for

Si = (w(A% ty v) - (chP’m - ﬁlczflf’m - 520285”11 —));

we can and will use the Jacobian of S; instead of t; to describe U. We can calculate the
differentials of w( A% !v,v) with respect to y; € V and 7 € spy,,:

9
6yj

g(w(A%_lv, ) = w(A* v + A2y Av + -+ 7 AT, 0).
gl

(@(A%10,0)) = 20( A% o,y;)

Thus, if
purgrad(Sy) + pograd(Se) + - + ppgrad(S,) =0

for some 1, o, .., un € C, then
w(p Av, ;) + w(pe A%, y;) + -+ w(pn A* o, y;) = 0

for all 1< j < 2n. Equivalently, (j1 A + po A3 + -+ pu, A2 H)v = 0.

Now we will consider the situation in Bfﬂl) = gr B,,. We know that dim Z = dim Z, where
Z =V x N and N is the nilpotent cone of sp,,,. Since V and A are irreducible, Z, and hence
Z, is irreducible. Recall that U was defined as the locus of points (v,A) € Z c V & spy,
such that rank(Jac) < n, or in other words, all n x n minors of the Jacobian matrix have
determinant 0. Since each of those determinants is homogeneous with respect to our second
filtration, it is natural to define U ¢ Z as a locus of points where rank(Jac) < n. Then,
dimU < dimU. Note that U = U; U U, where Uy = U n {(v, A)|A is regular nilpotent} and
Us = Un{(v, A)|A is non-regular nilpotent}. The codimension of a regular nilpotent’s orbit is 2,
so codim 3 (Uz) > 2. Tt suffices to show that codim ;(U;) > 2 as well. We shall do this by showing
that given a regular nilpotent A, dim(Va sing) < 2n -2 in V, where Vi ging = {v € V|(v, A) € U}.

Let us switch to a basis of sp,y,, where

0 0 0 -1
0 0 1 0
J=10 -1 0 0
1 0 O 0
If we define
01 0 -0
001 -0
A=1]: : . 0],
00 0 -1
00 0 -0

28



then AJ + JAT = 0 so A € spy,. Now, suppose that Yicjen pigrad(S;) = 0 at (A,v), for

v = (a1,...,a2,). By examining the % components of grad(S;), we get az, = 0; moreover,
J

either asp-1 =0, or gy = -+ = pp—1 = 0. The conditions a9, = asp-1 = 0 define a codimension

two subspace as desired. We thus need to show that if ao, = 0 and uy = - = pp-1 = 0, then

Y1<j<n #igrad(S;) = 0 implies a non-trivial condition on v. To find such a condition, note that
0
a—(w(A2"_1v, 0)) = wW(A¥ 2y, 0) + W(AP 3y Av, V) + -+ w (YA, 0),
8

and that a (cmp ™ Bt — ) does not depend on v and is just a number for a fixed A.

Now, let us take v = eap,1; we can verify that eg, 1J + Jegn 1 =0, s0 eg,.1 € 5py,,. We note that
2n-2 2n-3 2 2n—4
ean,1AT7 = eapon-1, Aeon 1 AT = eap 1902, A%€2,1 A" = e2y22,-3 and so forth. Thus,

%(w(AQ”_lv,v)) = w(ATv,v). However, if v = (ay,...,a2,-1,0),
w(AT’U,’U) =w((0,a1,...,a2,-1), (a1,...,a2,-1,0)),
is a nontrivial degree two polynomial in aq,...,as,-1 that should equal the number a (ctOp M

BreloP™—...)(A). This gives the other codimension 1 condition, and so U is at least Codlmension
2 as desured. O

A Appendix

In the appendix, we give examples of the technical computations from the main body of the
paper.

A.1 Proof of Lemma [3.2

We shall present the proof that D = 0; the proof that C' = 0 goes along exactly analogous lines.
Let us write D = —D1 — Dy + D3, where

m+1

(m+2)!

J _
m+1-25 k
;(2j+1)(2k+1)'(2j 2k-1)!(m+1- 23)'5 ’

D,

m )
Tom 4

m+2 .
FS (m +2)!

|
1
Dy = —
2 om j=1 kgo(2k+1)‘(2j_Qk_1)|(m+2_2])'

(B+1)™2 2y,

and
lm+1J _]—1
1 (m+2)! +1-27
Da= — 1 m ]
7 om JZI 2 27+ 1) (k- D)2~ 2k~ Dim 1y 0D s e,

Using the binomial theorem, we find that

Dy = Fi (V) + Fi(—/7)
Dy = Fo(\/7) + Fa(=/7)
D3 = F5(\/7) + F3(=/7),
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where

(V) = ((B+1+ym)™2 = (B-1-y7)™)

1
A +/7)

FQ(ﬁ): ((6+3+ﬁ)m+2_(5_1_ﬁ)m+2

1
81 +/7)

2 \/_ +9+ m+2 + m+2
f«mm a1 >)

Fg(\/’_}/)z ((6"‘3"'ﬂ)m+2_(/B+1_ﬁ)m+2+(5_1_ﬁ)m+2_(5+1+ﬁ)m+2)-

W
Then, D = F(\/’_y) + F(—ﬁ), where
FOJA) = ~Fi(/3) - B(JA) + Fy(y7)

- (G- B L),

Since F'is an odd function in /7, D =0 as desired.

A.2 Proof of Lemma [3.3

We show that [y121 + yexe + C1(m),x1] =0 in H,  (gly). Using Theorem we get

145 -m- 1(m+2)(m+1—2k> m+2-2j k
ok +1)\2j — ok -1)" R

2
1 +Y2X9, 21| =
[y121 + Y22, 21] (2m+1 ]2:31 P TES
2

(#2151 .
1 VS ime2yy 2 N
" (2m (2j ¥ 1)(2k]+ 1)Bm+1 2Wf) (enw1 +eaz1).
=1 k=0

Using Lemma 3.1, we get

(Cr0m).n) = WZO g((;:?)(;i:)(ﬂm”‘zjvk+(5+1)m+1_2j(ﬁm—u2k+1))
B (m2; 2)(2/@21 1)(5m+2_2j Y+ (B+ 1) (Bugy - qu+1)))$1
d 3 S () (o e ) 7

(611.%1 + 6211‘1).

We shall prove that the coefficient of x; in [y121 + yaxz2 + C1(m),z1] vanishes. This coefficient
simplifies to

m+2
LZ 3 (m+2)( 2j )ﬁm+2—2j7k+(m+2)(2j+1)ﬁm+1—2j7k
gt Lo e oj 1) ok+1 25 +1)\2k +1

+ (m ’ 2)(2] N 1)(5 + 1) (Bugy — ugpi1) - (m § 2)( % )(ﬁ +1)™2 7 (Bug - U2k+1))-

27 +1/\2k+1 23 2k+1
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As in A.1, we can find closed form expressions for the above quantity:

2 ) - rie

2| -
eI (1 )(iiii)ﬂm“‘%
)

(Yo

Fy(v/7) + Fo(=/7)

)-
)

= F3(V7) + F3(=v7)

o

—
bl
f Mb
o
—

(0 ) i

(mfz)(%ﬁl)(ﬁ )"

= F5(/3) + Fa(-v)

)
i i((m2;2)(2k21'1)(5”)%2_2]-“%“) Fo(vy) + Fs(=v7).

Then, some elementary algebra will show that Fy(v)+ Fa(v)+ F3(v) + Fy(y) + F5(v) + Fs() = 0.

A.3 Proof of Theorem [3.3

The trick, once again, is to find the closed form expressions for Cy(i) and Cy(z). We shall
demonstrate by computing the action of #; on M () for the deformation ¢ = sy,.

Note that #] = z1y1+x2y2+[y1, 1]+ [y, 22]+C1(m), so 1 (A) = ([y1, z1]+[y2, 2] +C1(m)) (N).
Using Theorem (3.1 and we can write #](\) = (24,, + BB, + C1(m))()\), so after some easy
simplifications, we get

1752 i

~ J +2\(2j+1 Y m+2\( 2j 992 k
A - (7 )G ) (7 Yoo oo
1) 2m+1 L a5+ 1\2k +1 p 7 g Nakr1)? 7))

We can write

PO

17 (B2 = (B=1- )" = (B 1= )™+ (B-1+7)")

1752

J

f

((m+2)( 25 )ﬁm+2—2j,yk)
Lo e\ 2 Mok

:ﬁ((mﬂﬁ)m*2+(B—l—ﬁ)m”—(ﬂﬂ—ﬁ)m”—(ﬂ—Hﬁ)m”).
Thus,
m+2 _ m+2
AOE 2m+2¢_((ﬁ+1+f)”"‘+2 (B+1-y7)™2)(\) = (QA;;%)(M _)\(22:\21)) = Hypat (V)
as desired.
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A.4 Proof of Lemma [8.1]

In this section, we will outline the proof of Lemma which states:
0B, .
Z > { }e(vj)vj = 0. 2)
j=leeB

We use the basis for V' defined in Section [§] in which w is represented by the matrix J.
Let us multiply by %' and sum over i to get the equivalent assertion that

> %{M U} e(v;)v7 = 0.

Since the whole sum is sp,,-invariant (even though each term considered separately is not), we
can look at the restriction of the sum to . Thus, this sum equals zero if and only if

Z Z {M’v} e(Uj)Uj

j eeB

=0.

b

We choose the following basis B for spy,,: €2;-1,2j, €25,2j-1, €2j-1,2j-1 — €2j,25, for all 1 < j <n,
and for all 1 <k <1 <n, the elements eg1 0k + €25-1,2142, €21,2k = €2k—1,21-15 €20+1,2k—1 — €2k 21+25
and eg o—1 +e€2k,21-1. We observe that for any 1 < 7,7 < 2n, there exists a unique basis vector in
B that takes v; to +v;; we shall denote this element by vj ; € spy,,. These vjr ; are not pairwise
distinct since there are basis vectors with two nonzero entries.

Since Spo, acts transitively on V', we can assume v = v1. Together with our choice of basis,
we can then write

Ty {M Ul}e(vj)u; 5

2det(1-tA
Tdet=t4) vt (-1)7,

Y ik Ouvg10vy
where
L 1 if j=7' mod 2 and j' < j, or if /=5 and j is even,
77771 0 otherwise.
. 92 det(1-tA)
We now restrict to h and only keep track of the non-zero terms. We have Do ooa | * 0 only

when the matrices for vy and v;; have nonzero entries on the diagonal, or if vy ; and vy ;
have nonzero entries at the ¢-th row j-th column and j-th row i-th column respectively. This
can only happen when v;jvgv; = v1v4v, for some a. We can list all the ways this can happen
for a=2b or a =2b-1 with b# 1 (keeping in mind that vj, | = ve, and vj, = —vgp_1):

1 92 det(1-tA)

0v1,10V2p-1,2b-1 U102b-102b,

9 92 det(1-tA)

110325 V2pV1V2b-1,

3 9% det(1-tA)

" Ovap-1,10V1 2p-1 (v1vap-102),

4. 9% det(1-tA)

Toar 1901 g0 (—V1U26V25-1),

5 0%det(1-tA)

" Ovap,10v2p-1,2 (=v2p-1v2p01),
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9% det(1-tA)
© Ovgp-1,1002p 2

(—v2p-1v2p01).

To calculate the derivatives, let A; be the copy of sp, formed by the intersections of the first,
second, 2k — 1-th, and 2k-th rows and columns of 1 —tA, and let Ay be what remains after we
throw out those rows and columns. Then, note that all the above derivatives evaluate to the

same polynomial in the Cartan of A, times the corresponding derivative in sp,; for instance,
9%det(1-tA) _ ; 92det Ay
O0v1,10v2p-1,20-1 Ovy 1005 5

problem to sp,, and straightforward computation can show that is true for sp,. Similarly,
when b =1 (that is, when the term is of form viv1v2), all computations will reduce to analogous
ones in spy.

with v} ;,v35 € spy and h € S(h(Az2)). Thus, we can reduce our
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