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1 Abstract

This paper introduces Coxeter groups through the broader language of group theory, beginning with
groups, subgroups, order, homomorphisms, and isomorphisms. The dihedral group serves as a moti-
vating example, which algebraically describes rotations and reflections, and is later reinterpreted as
a Coxeter group. We then study generators and relations as tools for describing groups abstractly
while noting the limitations of group presentations in general. The Adian-Rabin Theorem shows
that group presentations are too limited to determine many group properties algorithmically, but
Coxeter groups are special in that their presentations allow finite Coxeter groups to be classified.
Coxeter groups are introduced as involutions whose pairwise products have specific orders, and
Coxeter diagrams provide a visual way to encode these relations. To connect this algebraic defini-
tion with geometry, we develop the necessary linear algebra, including vector spaces, bilinear forms,
orthogonality, reflections, and representations. Finally, we will present the finite Coxeter groups
and their diagrams.

2 Introduction

2.1 Definition of a Group
Definition 2.1. A group is an ordered pair (G, %) of a set G and a binary operation * such that

1. there is an identity element e in G such that axe =exa =a for all a in G

2. for all @ in G, there is an inverse element a~! such that axa ™' =a 'xa=e¢

3. the associative property holds; i.e., a x (b ¢) = (a * b) x ¢ for any a,b,c in G

Remark 2.1. When the operation is obvious from context, we omit the operation symbol “x” and
simply say “G is a group.” In this case, for a,b elements of G, we can write ab instead of a * b.

Remark 2.2. The commutative property is not required, i.e., ab is not necessarily equal to ba for
general a, b in G. Groups that follow the commutative property are said to be abelian. An example
of an abelian group is the integers under addition; an example of a nonabelian group is the dihedral
group, which will be covered in section [2.2

Definition 2.2. For a finite group G, we say that the order of a group G (written as |G|) is the
number of elements in G. [5]

Definition 2.3. The order of an element a in G (written as |a|) is the smallest positive integer n
such that a™ = e (if such an n exists). In this case, a has finite order. If no such n exists, then a
has infinite order. In particular, |e| = 1 because e! = e.

Claim 2.1. The integers under addition—(Z,+)—form a group.

Proof. The identity element of this group is 0 because a +0 = 0+ a = a for all a € Z. For each
a € Z, the inverse element is its additive inverse —a because a + (—a) = (—a) + a = 0. Finally,
addition is associative: a+ (b+c¢) = (a+b)+c for all a,b, ¢ € Z. Because Z under addition satisfies
the three group axioms, (Z, +) is a group. O

Since there are infinitely many integers, the order of this group is co. The order of the identity (0)
is 1, and the order of any nonzero integer is oo.



Definition 2.4. A nonempty subset H of a group G is said to be a subgroup of G if x,y elements
of H implies 271, zy are in H (i.e. H is closed under the group operation and taking inverses). We
write this relationship as H < G.

Example. (Z,+) has many subgroups [5], one of which is the set of even integers 27 # (. This is
because the sum of two even integers is still an even integer, and the additive inverse of any even
integer is still an even integer. Hence 2Z < Z.

Definition 2.5. Let n be a fixed positive integer. For a,b € Z, we write
a=b (modn)

if @ and b have the same remainder when divided by n or, equivalently, b — a is an integer multiple
of n.

Definition 2.6. The residue class of a modulo n, written a, is the set of all integers congruent (=)
to a modulo n:
a={a+kn|keZ}={a,axtn,axt2n,a+3n, -}

Definition 2.7. The set of all residue classes modulo n is called the integers modulo n (or the
integers mod m) and is denoted by Z/nZ.

Since 0,1,...,n — 1 are the n possible remainders after division by n, there are exactly n residue
classes mod n:

Addition in Z/nZ is defined by -
a+b=a+b.
That is, we add representatives and then take the residue class of the result.
Example. Suppose n = 5. Then
Z/57 = {0,1,2,3,4}.
For example,
3+4=3+4=7=2.

The answer does not depend on the representatives you choose. Since 3 = 8 and 4 = 9 in Z/5Z, we
also get
8+9=8+9=17=2.

Claim 2.2. The integers modulo n under addition—(Z/nZ,+)—form a group.

Proof. The identity element of this group is 0 because @ + 0 = 0 + @ = a. For each a € Z/nZ, the

inverse element is —a because @ + —a = —a + @ = 0. Finally, addition is associative: a + (b+¢) =
(@+0b) + ¢ for any a,b,¢ € Z/nZ. Because Z/nZ under addition satisfies the three group axioms,
(Z/nZ,+) is a group. O
There are n distinct elements (0,1,--- ,n — 1) in Z/nZ, so the order of this group is n. All elements

in Z/nZ have finite order (of at most n), since for any a € Z/nZ, a+---+a =0.
—_————

n times



2.2 The Dihedral Group

One of the main reasons groups are useful is that they allow us to describe symmetry in a precise
way. The dihedral group is am important example of this idea. It models symmetries of a regular
polygon: rotations and reflections.

Definition 2.8. A symmetry of the n-gon is a rigid motion that maps the n-gon onto itself.

To start, a regular polygon has rotational symmetries: if we rotate it about its center by certain
angles, the polygon looks exactly the same as it did before. For example, rotating a regular n-
gon by 27” radians sends each vertex to the position of its neighboring vertex, so the polygon is
indistinguishable from its original position.

To describe this rotational symmetry more precisely, we label the vertices of this n-gon 1,2,...,n
in clockwise order. Let r be the clockwise rotation by 2% radians about the center of the n-gon.

n
Then r sends the vertices as follows:

1—2 23, -, n—1

— 5
2 4 1
\J
3 2

Definition 2.9. The composition of two symmetries x and y, written x o gy, is the symmetry
obtained by performing y first and then z.

For n = 5, r looks like this:

Remark 2.3. Because the operation is clear from context, we often omit the symbol o and write xy.

Example. If we apply r twice, we get the symmetry 2 = r o r. In other words, 72 means first

applying r, then applying 7 again. For instance, applying 72 to a regular pentagon (n = 5) looks

like this:
1 4
5 2 3 5
—
4 3 2 1



More generally, rotations by multiples of %’T are also symmetries. Applying r a total of k times
gives the symmetry r*, which sends

1 (1+k), 2 (24k), -, non+k

with the labels interpreted modulo n (so that n+1=1).
In addition to rotations, there is also reflectional symmetry. Let s be a reflection across the axis
passing through vertex 1 and the center of the polygon. For n =5, it looks like this:

Definition 2.10. We denote the set of all symmetries of the regular n-gon by D,,.
Claim 2.3. D, is a group (under composition)—uwe call this group the dihedral group.

Proof. The identity element of this group is the “do-nothing” symmetry, which does not alter any
vertex labels. We denote this element by e. Next, for every symmetry = element ofD,,, there must
be a corresponding “undo” symmetry z~! in D,, (e.g. “unrotate” or “unflip”). This is because
every rigid transformation has an inverse. Finally, composition is associative, so D,, must satisfy
associativity. Hence D,, satisfies the group axioms, so D,, is a group. O

Claim 2.4. r has order n.

Proof. Applying r™ is a rotation by 27, so it is the same as “doing nothing.” In other words, r™ = e.
Now suppose k € {1,--- ,n—1}. Then r* is a rotation by %, which is strictly between 0 and 27.
Therefore, it does not return the polygon to its original position; r¥ # e. Hence n is the smallest
positive integer such that ™ = e, and therefore |r| = n. O

Claim 2.5. s has order 2.

Proof. Since s is a reflection, s # e, so |s| > 1. Applying the same reflection twice returns every

vertex to its original position, so s2 = e. Therefore, the smallest positive integer k£ that makes

sk = e is 2. Hence |s| = 2. O
Claim 2.6. The dihedral group has order 2n. Moreover, every element of D, can be written as
compositions of v and s.

Proof. A symmetry of a regular n-gon is completely determined by where it sends vertices 1 and
2. Vertex 1 can be sent to any of the n vertices. Once the location of vertex 1 is chosen, vertex 2
must be sent to either vertex that is adjacent to vertex 1: either the one immediately clockwise or
the one immediately counterclockwise. Therefore, there are at most n x 2 = 2n symmetries.



These 2n possibilities are all achieved by rotations and reflections. If vertex 2 remains on the
same side of vertex 1 as before, then the symmetry is a rotation, having the form r* for some
kE € {0,1,...,n — 1}. If vertex 2 ends up at the opposite vertex of 1, then the symmetry is a
reflection followed by a rotation, so it has the form r*s for some k € {0,1,...,n — 1}. O

Claim 2.7. v*s = sr=" for all positive integer k.

Proof. Recall that r sends each vertex one step clockwise, so 7* sends each vertex k steps clockwise:
r(i)=i+1, @) =i+k
with labels interpreted modulo n. Also, the reflection s moves each vertex across the axis:
(i) =(n+2)—i.
Now consider the image of an arbitrary vertex i under both 7*s and sr~*. On one hand,
rPs(i) =rF(s(i)) =r*(n+2—i)=n+2—i+k.
On the other hand,
st @) =s(r ") =s(i—k)=n+2—-(i—k)=n+2—i+k

Thus r*s and sr~* send every vertex i to the same vertex n + 2 — i + k. Hence

O

The relation rs = sr~1! is useful because it lets us rewrite any composition of r and s into a standard

form. Whenever an s appears to the right of a power of r, we can move it to the left using

rFs = sr k.

After doing this repeatedly, all the s can be moved to the left. Since s? = e, pairs of s must cancel,
leaving either no s or exactly one s. The remaining powers of r can then be combined and reduced
modulo n since r” = e.

Thus every element of D,, can be uniquely written in one of the forms

r* or s (0<k<n).

Therefore,

o 2 n—1 2 n—1
Dn—{e,'f’,'f',"',T y 8, 8T, STy -+, ST }7

and these elements satisfy the equations

We can write these facts as D,, = (s,r|s?> = e,7" = e,rs = sr~!). This tells us that every element
of D,, can be written as the composition of multiples of s,r, with these the only relations that s
and r satisfy.

The dihedral groups are a special case of Coxeter groups, which will be introduced later.



2.3 Homomorphisms and Isomorphisms

Definition 2.11. Let (G, *) and (H,©) be groups. A function ¢ : G — H is called a homomorphism
if it preserves the group operation. That is,

olxxy) =p(@)opy)  Va,binG.

Remark 2.4. When group operations for G and H are omitted, we simply write the homomorphism
condition as

e(zy) = p()e(y).

Definition 2.12. A function ¢ : G — H is injective if for any g1,¢2 in G, g1 # g2 implies
w(91) # #(g2)-

Definition 2.13. A function ¢ : G — H is surjective if for any h element of H, there exists some
g in G such that ¢(g) = h.

Definition 2.14. A function ¢ : G — H is bijective if it is both injective and surjective.
Definition 2.15. A function ¢ : G — H is called an isomorphism if

1. ¢ is a homomorphism and

2.  is a bijection.
If such isomorphism exists, then G and H are said to be isomorphic, written G = H.

Isomorphisms provide the notion of when two groups have an essentially identical structure.

3 Generators and Relations

The elements r and s in the dihedral group are examples of a general phenomenon of groups where
all elements of the dihedral group can be obtained through combinations of  and s. In this sense,
the group can be understood through the behavior of these elements.

3.1 Definitions

Definition 3.1. The generators of a group G is the set S of elements of G created such that every
element in G can be written as a finite product of elements of S and their inverses. We call S a
generating set. [5]

Definition 3.2. The relations in a group G are all of the equations that its generators satisfy.

Definition 3.3. A word is any finite product of generators and their inverses. We can write

words as s7'sy?---s% for s; contained in the set of the generators, and a; element of N, i.e.,

s; € SUSTLU {e} for set S of the generators.



3.2 Cyclic Groups

The fundamental arithmetic and algebra structuring mathematics can be viewed from the per-
spective of group theory. Many operations, such as addition and arithmetic modulo n, can be
represented as a specific type of groups called cyclic groups.

Definition 3.4. A cyclic group is a group that can be generated by a single element. [4]

That is, for cyclic group C, there exists an element = in C' such that C = {2 | n € Z}. We
can represent C' being generated by = through writing C' = (z). A cyclic group can have multiple
generators. For example, the cyclic group of the set of integers Z with addition can be generated
by both 1 and -1. Also, as we denote the elements of a cyclic group with z™, we can see that by
the laws for exponents, cyclic groups are abelian.

Cyclic groups are classified as either finite or infinite. For a finite cyclic group with generator z,
there must be some n € Z such that 2" = e. That is, C = {e, z, 22,..., 2" '}. Alternatively,
in infinite cyclic groups, all of the powers 2* have distinct values for every integer k, so there is no
n € Z such that 2" = e.

Claim 3.1. The subgroup of D,, consisting of the rotations of the n-gon is a finite cyclic group.

Proof. For D,, = (r,s | 7" = s> = e,rs = sr~ '), let H be the subgroup consisting of the rotations
of the n-gon. This is cyclic because

Additionally, we claim that |H| = n, so this is finite. Note that the order of the generator r is n,
so there are at least n elements, namely, e,r, 72, ...,r" ! which are all distinct. Furthermore, any
power 7P for any p € N can be written as 7* for k = 0,1,...n — 1. We see this through using the
Division Algorithm, given that we can write p = gn + k where ¢,k € Z, 0 < k < n, so then

ranth — (pryapk = (e)ipk = ok,
O

For example, consider H the subgroup of rotations of the regular pentagon. Then H = {e,r,r2,r3 rt},

and 724 can be written as r>4+4 = .

Lemma 3.2 (The Well Ordering Principle). If S is any nonempty subset of Z™, there exist some
element m in S such that m < s for all s in S, and m is called the minimal element of S.

We will use this principle to prove the following theorem.
Theorem 3.3. Every subgroup of a cyclic group is cyclic. [4|]

Proof. Let G be a cyclic group with generator g. Let H < G. If H = {e}, then H is generated by
the identity element, so it is cyclic. Then, assume that H is non-trivial. We want to show that H
is generated by some g".
Since H # {e}, there must exist some k # 0 such that g* is an element in H. If £ < 0, then since
H is closed under inverses, g—* belongs in H, so H will always contain some positive power of ¢.
Let

K={b|beZ" and ¢* € H}

By the Well Ordering Principle, there is a minimum element of K, which we will call n. Now, since
G = (g), all elements h in H can be written as h = g% with a € Z. We want to show that all h



can be written as a power of the smallest positive element ¢ in H, i.e., n | a. By the Division
Algorithm, a = nqg + r where 0 < r < n. It follows that

h = gnq+r — (gn)qgr7 SO gr — h(gn)—q

Since g" is an element of H and H is closed under inverses and products, (¢")~? is also in H. Then,
both h and (¢g™)~? are in H, so g" must also be contained in H. However, n is the smallest element
of K and r < n, so r must equal 0. Thus, we have a = ng, so h = (¢™)? is contained in (g").

This proves that g™ generates H, so H is cyclic.

3.3 Free Groups

Every group can be obtained from a free group by specifying the relations between its generators.
Thus, studying free groups leads to a better understanding of the structure of groups in general.

Definition 3.5. A free group F(S) is a group generated by set S where there are no relations
satisfied by the elements in S except for the group axioms. [5]

Explicitly, the elements of the free group would be written as finite products of elements of S
and their inverses. For example, some elements of the free group generated by S = {r,s} are
r,s,sr L rsr, and so on. We call these expressions reduced words and define the group operation
as concatenation followed by reduction.

Definition 3.6. A reduced word is a word in which there are no pair of terms of the form ss~! or

sTlsfor se SUS™L

Definition 3.7. Concatenation of words is the operation of forming a new word by placing one
word directly after another.

For example, the concatenation of aba™" with ab~'c? is aba~'ab~'c?. However, concatenation alone
cannot define the group operation on free groups, since concatenation of two reduced words does
not necessarily produce a reduced word, as seen in the above example. Hence, concatenation needs
to be followed by reduction.

Definition 3.8. Reduction is the operation of deleting adjacent pairs of terms that are inverses of
each other.

Reducing our earlier example, aba~tab~'c?, we would first cancel the adjacent pair a~'a, yielding
abb~'c?. Similarly, we delete bb~!, resulting in ac®. Hence, reduced words can also be viewed as
words that are left unchanged by reduction.

Now, we can define the binary operation on F(S) more formally. First, let s7's3%...s9» denote a
reduced word where si, S, ...5, are not necessarily distinct elements of S U S™! and 01,09, ...0,
have values of either 1 or —1. In this way, terms of form sé“ for £ > 1 can be written as s; e sjl, and

k times
similarly when o; < —1. This specific notation would help us represent the different ways reduction

can happen after the concatenation of two reduced words.
Consider the group operation on the reduced words R = r{*r5?...rfm and S = s7's5%...s7". First,

assume that m <n. Let 1 <i < m+1 be the smallest integer such that s7* # r;’l”;;i“. Then the



product RS = (r{'r8?..rfm)(s7 s32...s97) is defined under the following cases: partial cancellation
of both words, full cancellation of R but partial cancellation of S, and the complete cancellation of
both words.

First, the partial cancellation of R and S in (r{*r5?...r0m)(s7' s3%...s%") would look like rq...r¢%s77 ...s9n
for some k and j. Since we defined ¢ as the smallest integer such that s7’ is the first term that
cannot be canceled, this case would occur when i is less than m. Also, we know that s]’ must start
the sequence of sJ™ terms in the result, i.e., j = 4. Now, notice that we must have canceled the
same amount of s7» terms as 72" terms. This means that we have canceled out ¢ — 1 terms, making
the last 75 term equal to /""", In summary, if i <m, then RS = r{* . rpm i s7t son.

Next, the second case occurs when ¢ = m + 1 and is not greater than n. This signifies that all of
the rfm terms will be canceled out, leaving only so™ terms. Since we canceled out m terms from
R, then the first s7» term would be s, %'. Thus, when i = m + 1 < n, RS reduces to s, ...s7".
Finally, the last case is when both R and S cancel fully, leaving the identity. This implies that
R = S~!. This case occurs when n =m and i = m + 1.

Formally, we can define the product of two reduced words to be:

P1 Pm—i+1l 0; o p -
T sy sy, ifi <im
(ritrb? ) (sT1 89280 ) = s;’fﬁl.,,sg", i=m+1<n
1, i=m+land m=n

Similarly, when m > n:
P1 Pm—i+l O; on ifZ S n
Om — .
(b2 rbm) (s 83280 ) = Pty i=n+1<m
1, i=n+landn=m

Definition 3.9. Let F(S) be the free group on S. Then the set S is called a set of free generators
or a free basis of F.

Definition 3.10. The rank of the free group F(S) is |S|, the cardinality of generating set S.

Remark 3.1. The integers with addition can be viewed as the free group on one generator, which
is 1. Since S = {1}, the rank of this free group would be 1.

3.4 Presentation of Groups

So far, many of the groups that we have encountered have additional conceptual meaning beyond its
group structure. While this is useful for understanding their possible applications and perspectives,
some groups are inherently more abstract, thus requiring more abstract representations. One way
to address this is to view groups through their generators and relations, also known as the group
presentation. We have used presentations when defining the dihedral group earlier, and they will
help us define Coxeter groups.

Definition 3.11. A group presentation is an expression G = (S | R), where S is a set of generators
and R is a set of relations, such that G is the group given by these. [5]

Remark 3.2. As mentioned earlier, the presentation of the dihedral group is D,, = (s,r|s? = e,r" =
-1
e,rs = srt).

10



Definition 3.12. A group G is finitely generated if there is a presentation (S | R) such that S is
a finite set.

Definition 3.13. Then, G is finitely presented if R is also a finite set. [7]
Proposition 3.4. All groups have presentations that are finite if the group is finite.

Theorem 3.5 (Adian-Rabin Theorem). There does not exist an algorithm that takes in a group
presentation and determines whether or not the group defined by this presentation has a specific
property. [10]

Group presentations are surprisingly limiting in the amount of information they carry about a
group. As the theorem states, we are unable to determine even finiteness or if it is the identity

group.

4 Coxeter Groups and Diagrams

In the second half of the paper, we will focus on a special type of groups—the Coxeter group. From
the Adian-Rabin Theorem, we know that we can’t determine many properties of most groups solely
from their presentation. However, Coxeter groups are defined in a way such that we can identify
finite Coxeter groups purely from their presentation. We will discuss more on these finite groups
when we classify them later. Moreover, Coxeter groups represent an interesting intersection between
algebra and geometry. Namely, Coxeter groups can be viewed as reflection groups on vector spaces.

4.1 Definitions

Definition 4.1. Let W be a group generated by set S. For generators s;, s; in .S, let m;; denote
the order of the product s;s;. W is a Cozeter group if it has the presentation

(51, 82,...8n, €S| (s;8;)™1 =e),

where m;; =1, m;; = mj;, and m;; > 1 for i # j. [§]
That is, the square of every generator is the identity, and for any two distinct generators, the order
of their product is greater than 1 and depends only on the pair, not the way they are arranged.

Definition 4.2. A Cozeter matriz is an n x n matrix M = (mj;)1<i j<n With natural number
entries such that m; = 1 and m;; = my; is greater than 1 for all ¢ # j. Thus, we can view each
entry as the order of a product of generators of the Coxeter group.

The Coxeter group together with its generating set, (W, .S), is called the Coxeter system of type M.
Claim 4.1. The dihedral group is a Coxeter Group.

The dihedral group D,, has a presentation
(r,s | =s2=e, rs=sr ).
Let a = s and b = sr. Then the condition rs = sr~! becomes

s(rs)r = s(sr—H)r

11



(sr)?=e
b =e,

2 2 2

and the condition s = e becomes a® = e. We can see that ab = (s)(sr) = s
r™ = e as (ab)” = e. Therefore, the new presentation becomes

r =17, SO we can write

D, = {a,b|a*=b*= (ab)" =e).
Here, D,, is a Coxeter group because a and b are defined such that a? = b?

of the two generators (i.e. ab and ba) have the same order n > 1:

= e, and the products

ba = (sr)(s) = (rts)s=r""!
(rfl)n —_ (rn)fl — 671 —e
Thus, ba has order n. Since the product ab is defined to have order n, ab and ba have the same
order.
4.2 Diagrams

Coxeter groups are represented through Cozeter diagrams with generators represented as vertices
and edges between generators s;, s; formed by the following rules:

1. If m;; = 2, no edge is drawn
2. If m;; = 3, an unlabeled edge is drawn
3. If m;; > 3, an edge is drawn and labeled with the value of m;; (9]

For example, let a Coxeter group be (s1, 52,53 | 87 = e, (s152)* = e, (5253)% = ¢, (5153)% = €). Then
the Coxeter diagram would have 3 vertices, s1, s2, and s3. Since mi2 = 4, an edge would be drawn
between vertices s; and s, and labeled with 4. Then, mo3 = 3, so an unlabeled edge would be
drawn between s, and s3. Finally, m13 = 2, so no edge would be drawn. The resulting Coxeter
diagram looks like the following:

This group is called B3 and represents the symmetry group of the cube. We will discuss similar
groups in greater detail when we classify finite Coxeter groups.
Some other examples of Coxeter diagrams are as follows:

Ani. @ o ()
Hy 5
@ L L4 L
E7I
@ @ L 4 @ L J

12



4.3 Connected Components
Now, we can define connected components for the Coxeter system (W, .S) of type M.

Definition 4.3. Let W be a Coxeter group generated by set S = {s1, $2, ..., }. Then, let J be the
largest possible subset of [n] = {1,2,3,...n} that satisfies m;; = 2 for all j € J and k € [n]\ J.
Then, a connected component is the set C' = {s; | j € J}. |9

Graphically, this means that in the Coxeter diagram of W, there are no edges connecting the
diagram of C' with any other vertices, as shown below.

If a diagram has a single connected component, it is called connected or irreducible. Likewise, the
Coxeter group would be called irreducible if its diagram is connected. The examples given in the
previous section are all connected diagrams.

Definition 4.4. The direct product Gy X Go x --+- X G, of groups Gy, Gs, - -G, with operations
01, 09, ...0, Tespectively is defined as the group with elements of form (g1, go, ..., gn) where g; belongs
in G;. |5] For two elements (g1,g2,...,9n) and (hy,ha,...,h,) in G1 X G3 X -+- X G, the group
operation is defined as:

(91,92, s gn)(h1, ha, -+ hy) = (g1 01 hi,92 02 hay -, Gn On hn)
For example, the direct product of Dy with Dj is
Dy x D3 ={(g,h) | g € Dz and h € D3}.
Then, the result of (s,72)(sr,e) would be (s - sr,72-e) = (r,7?).

Claim 4.2. Let W be a Cozeter group generated by set S, and let S1,S3,...S; be connected com-
ponents of the Coxeter diagram of W such that

S=5USU---USj.
Let W; = (S;) fori=1,2,..k. Then,

W§W1 XWQ X Wk
19/
In words, for any Coxeter group W with S the set of its generators, let Sy, 52, ...Sx be pairwise
disjoint sets such that every generator is contained in exactly one of these sets. Additionally, assume
that generators in different sets commute, i.e., for s; an element of S; and s; and element of S;
where ¢ # j, sis; = sjs;. Next, define W; as the subgroup of W generated by the elements in
S;. Then, we claim that W is isomorphic to the direct product of Wy, Ws,...W). That is, each

element w in W corresponds to a unique k—tuple (wq,ws,...wg) where w; is an element of W; for
1€1,2,...k.
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Proof. We will prove this theorem by first defining a map between W and W7 x Wy x - - - Wy, proving
that the map is bijective and a homomorphism between W and W7 x Wy x - - - Wy, and finally using
that to conclude that W is isomorphic to Wy x Wy x - - - W.

For two connected components S; and S; where 4, j are values in [1,2,...k] and ¢ # j, let s, € S;

and s; € S;. Then, by the definition of connected components, (s;s;)? = e. Also, s? = s? = e since

i J
s4,8; are generators of the Coxeter group W. So we have s; = si_1 and s; = sj_l. Then,

(5i5;)% = si8j8i8; = €

-1 _-1
S, =€

$i8j8iS; = Si85S; j

8§i85 = S554.

Hence, any two generators from different connected components of the Coxeter diagram of W com-
mute. Consequently, for any word a in W, we can repeatedly swap adjacent commuting generators
until all generators in .S; are grouped together. Thus, we will be able to write a as ajas...ax where
a; contains the generators from S; that is contained in the word a for i = 1,2, ...k. Finally, we will
define a map 7 : W — Wy x Wy x - - - W}, such that for the word a = aqas...ax in W, it will map to
(al,ag, ...ak) eWy x Wy x -« W

Now, we claim that 7 is bijective. First, let a,b be elements of W such that w(a) = 7(b). Since
w(a) = (a1,as,...a) and w(b) = (by,bs,...bg), then we have a1 = by,as = bs...ap = by. Then,
a = a1as...a;, = b1by...b, = b, so a must equal b. Therefore, 7 is injective. Now, let (wq, ws, ... wy)
contained in W7 x Wy x --- Wj. Since each of the connected components is a subgroup of W, all
of their generators are contained in W. Hence, let w be in W such that w = wiws...wg. Then,
m(w) = (w1, wa, ...wy ), so 7 is surjective. Since 7 is both surjective and injective, it is bijective.

In our next step, we will show that the map 7 is a group homomorphism. Our goal is to prove that
7(ab) = w(a)7w(b) for elements a,b of W. First, let a = ajas...ar and b = bybs...bg. So

m(a)m(b) = (a1, az,...ax) - (b1, ba, ...bg)

= (albl,agbg, akbk)

Then, ab = (ajasg...ax)(b1ba...b). Since generators from different connected components commute

pairwise, we can rearrange ab such that a; is next to b;, i.e., ab = arbiasbs...apbr. Then, w(ab) =

(a1b1, asbs, ...apby), which is equal to the value we found for p(a)p(b). From this, we can conclude

that 7 is a homomorphism.

Hence, 7 is bijective and a homomorphism, so it is an isomorphism. That is, W = W x Wy x - - - W.
O

5 Linear Algebra

Up to this point, Coxeter groups have been described through generators, relations, and diagrams.
We now shift to linear algebra in order to explain why these groups are also geometric objects. The
goal of the next several sections is to build a bridge from Coxeter presentations to reflections on
vector spaces.

First, we introduce vector spaces and linear transformations, which give us a setting where group
elements can act as geometric motions. Next, we define bilinear forms and orthogonality, which allow
us to describe angles, perpendicularity, and reflections algebraically. Then, we use representations to
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realize abstract Coxeter generators as actual linear reflections. Finally, this geometric interpretation
will let us distinguish finite Coxeter groups using the associated bilinear form and lead into the
classification of finite Coxeter groups.

5.1 Vector Spaces

In this section, we will work with real vector spaces.

Definition 5.1. A real vector space is a set V whose elements are called vectors, together with two
operations: vector addition and multiplication by real numbers. [5| That is, for any v, w vectors in
V and ¢ € R, we have

v+weV and cvelV.

These operations satisfy the following rules for all vectors u,v,w in V and ¢,d € R:

ut+v=v+u commutativity of vector addition,
(u+v)+w=u+ (v+w) associativity of vector addition,
v+0=v existence of a zero vector,
v+ (—v) =0 existence of additive inverses,
c(u+v) =cu+cv distributivity over vector addition,
(c+dv=cv+dv distributivity over scalar addition,
c(dv) = (cd)v compatibility of scalar multiplication,
lv=w multiplication by 1.

Example. The space R" is a real vector space. Its vectors are ordered lists
(x1,22,...,2n),
where each z; € R. Addition and scalar multiplication are defined component-wise:

vector addition: (@1, Zn) + Wiy yn) = (@1 + Y1y s Tro + Yn)

scalar multiplication: (1, ) = (c1,. .., cxy).
Definition 5.2. A basis of a real vector space V is a list of vectors
V1, V2, -, Up
such that every vector v in V' can be written uniquely as a linear combination of them:
V=101 + CU2 + - -+ CrU,
for some ¢y, c,...,¢, € R.

Definition 5.3. If V has a finitely-sized basis, then the dimension of V', written as dim V, is the
number of vectors in a basis for V.

15



Example. R? = {(z,y,2) | z,y,2 € R} has dimension 3. A standard basis for R? is
i=(1,0,0), 7 =(0,1,0), k= (0,0,1).
That is, any vector v = (a, b, c) in R? can be written as a linear combination of i 3, and k:
v =ai+ b;+ ck.

To describe symmetries algebraically, we need to view them as functions that move vectors while
preserving the structure of the vector space.

Definition 5.4. Let V and W be real vector spaces. A function T : V. — W is called a linear
transformation if it preserves vector addition and scalar multiplication. That is, for all vectors v, w
in V and c € R,
T(v+w)=T(v)+T(w)
and
T(cv) = cT'(v).

Remark 5.1. Linear transformations are a type of homomorphisms; they are homomorphisms be-
tween two vector spaces.

Definition 5.5. The general linear group GL(V) consists of all invertible linear transformations
T :V — V, with composition as the group operation.

Claim 5.1. Given a real vector space V, GL(V') must be a group.

Proof. First, the identity element of this group is the identity transformation, which maps every v
to itself—this could be thought of as the “do nothing” transformation. Next, GL(V') by definition
only consists of invertible transformations, so every element in GL(V') must have an inverse. Finally,
composition is associative, so GL(V') satisfies associativity. Hence GL(V') satisfies the group axioms.

O

5.2 Bilinear Forms and Orthogonality

Vector spaces come equipped with bilinear forms that allow us to turn geometric ideas into algebraic
ones. They give us a way to measure the relationship between two vectors, which will let us define
notions such as orthogonality and reflection in a more general setting.

Definition 5.6. A bilinear form B on a real vector space V is a function B : V x V — R that is
linear in each input [6]. In other words, the bilinear form has to satisfy

vy, w) + B(vg, w) Yui,v9,w €V

Superposition for the 1st element:  B(vy + v, w) = B( )

= B(v,wy) + B(v,ws) Yo, wy, we €V
)
)

Superposition for the 2nd element: B(v,w; + wo
Yo,weV, ceR
Vo,w eV, ceR

Homogeneity for the 1st element: B(ev,w

Homogeneity for the 2nd element: B(v, cw

16



Example. The standard “dot product” on R" is a bilinear form, taking two vectors and returning
a real number:
VW =vV1W1 + -+ UV Wy,

Geometrically, the dot product in R™ is related to the angle 6 between v, w # 0 by
v-w = ||v]| ||w]| cos

Thus the dot product encodes geometric information about the angle between them. In particular,
v-w = 0 exactly when cosf = 0, i.e. the two vectors are perpendicular. The dot product gives
the usual notion of perpendicularity: two vectors v and w are perpendicular when v - w = 0. This
motivates more general definition.

Definition 5.7. Two vectors v, w in V are said to be orthogonal (written as “v L w”) with respect
to a given bilinear form (,) when

(v,w) = 0.

Definition 5.8. The orthogonal space to a subspace W of V is the subspace of vectors v that are
orthogonal to every vector in W. In other words,

Wt={veV|{ww =0 YweW}
1]
Such a vector v in V' that is orthogonal to all other vectors in V is called a null vector.

Definition 5.9. The set of all null vectors is called the nullspace, or the orthogonal space to V', N
of the form. In other words,
N={v|vlV}i=Vi

The notion of orthogonality will be integral in defining nondegeneracy for bilinear forms. Apart
from that, we will define other classifications of bilinear forms that will help us understand the
differences between finite and infinite Coxeter groups.

Definition 5.10. A bilinear form is symmetric when (v, w) = (w, v) for all v,w in V.

Lemma 5.2. If a symmetric form is not identically zero, then there exists a vector v in V' such
that (v,v) # 0.

Proof. By contradiction, assume that there does not exist a vector v in V such that (v, v) # 0. Then,
since the form is not identically zero, there exist vectors x,y in V where (x,y) # 0. Moreover, since
the form is symmetric, (x,y) = (y, x).
Now,

(zt+yzt+y) =(@+yz)+(@+yy)

= <‘T7$> + <y7$> + <1:ay> + <y7y>
= (z,2) + (y,9) + 2 (z,)

By our choice of z and y, (x,y) # 0. Then, from our assumption it follows that neither of
(x+y,x+y),(z,z), or {y,y) is nonzero. Hence, our equation simplifies to

0=0+4+0+2(x,y)
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0= (z,y)

This is a contradiction to our initial choice of x and y. Thus, there exists at least one vector v in
{z,y,x + y} such that (v,v) # 0. O

Definition 5.11. The bilinear form B is positive definite if B(v,v) > 0 for all v # 0 and B(v,v) =0
only for v =0. [2]

Definition 5.12. The bilinear form B is positive semidefinite if B(v,v) > 0 for all vectors v in V

Definition 5.13. The bilinear form on V is nondegenerate if its nullspace is {0}. This means that
there is no nonzero vector that is orthogonal to the entire space. On the contrary, a form that has
a nonzero vector orthogonal to the entire space is called degenerate.

Moreover, orthogonality gives us a precise way to describe reflections. Geometrically, a reflection
has two main parts: a mirror, which stays fixed, and a perpendicular direction, which gets reversed.
In linear algebra, the mirror is a hyperplane, and the perpendicular direction is described using the
orthogonality coming from our bilinear form (, ).

Definition 5.14. A reflection on a vector space V is a linear transformation that fixes a hyperplane
and reverses one direction orthogonal to that hyperplane. Here, a hyperplane is a subspace whose
dimension is one less than the dimension of V.

The fixed hyperplane is called the mirror of the reflection, and the direction that gets sent to its
negative is called a root direction.

5.3 Representations

So far, we have studied groups in terms of their elements and how those elements compose. A
representation lets us make a group more concrete by realizing its elements as linear transformations.

Definition 5.15. Let G be a group and V' a real vector space. A representation of G on V is a group
homomorphism p : G — GL(V'), where GL(V) is the group of invertible linear transformations from
V to itself.

In other words, a representation assigns each group element g of G to an invertible linear transfor-
mation p(g) € GL(V). Representations are homomorphisms, meaning this mapping respects the
group operation:

p(gh) = p(g)p(h).
Thus, multiplying two group elements g, h of G corresponds to composing their corresponding linear
transformations (p(g) and p(h)).
Example. The dihedral group D,, has a very natural representation on R?. Place a regular n-gon
in the plane with its center at the origin and vertex 1 on the positive z-axis. Any symmetry of the
polygon moves points in the plane by either rotation or reflection, and both rotations and reflections
are invertible linear transformations of R2.
Therefore, each element of D,, can be mapped to a corresponding element of GL(R?). This gives
a representation p : D, — GL(R?). Here, r corresponds to a clockwise rotation by 27—? about the
origin, i.e., p(r) is a transformation via

cos(2m/n)  sin(27/n)
—sin(27/n) cos(27/n)|’
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and s corresponds to a reflection across the z-axis, i.e. p(s) is a transformation via

b 4

5.4 Representations of a Coxeter Group

We have already defined a Coxeter group abstractly using generators and relations. Now we want
to realize those abstract generators as actual reflections on a vector space.
Let

W = {(s1,...,8n | (5i8;)" =e)

be a Coxeter group. We will construct a representation of W by assigning each generator s; to a
linear reflection p;.

Let V be a real vector space with basis e, es,...,e,, where each basis vector e; corresponds to a
generator s;. Define a bilinear form (,) on V by setting

7r
i, €5) = -2
(€i,e;) cos (mij)

for basis vectors e;, e; then extending it bilinearly to all of V.. [9]
For each i, define a linear transformation p; : V- — V by

pi(z) =x — (x,¢e;) e;.

pi 1s a linear transformation since (,) is linear in the first input (where = goes).
Since m;; = 1, we have (e;, e;) = —2cosm = 2. Therefore,

pile:) =e; — (e;,€;) e, = €; — 2e; = —e;.

Thus, p; sends the root direction e; to its negative.
More generally, for a basis vector e;,

Now we generalize this to any vector x in V. Let

n
xr = E ajej.
j=1
Since p; is linear,
n n
pix) =pi | Y aje; | = ajpile;).
j=1 Jj=1

Using the formula for p;(e;), we obtain

pi(z) = zn:aj (ej +2cos <njj> e> .

Jj=1
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Thus,

n
pi(r) =2+ jE 1 aj cos (m”> e

6 Classifying Finite Coxeter Groups

Now, we are ready to define and classify all of the finite Coxeter groups. As mentioned earlier,
Coxeter groups are interesting in that we can determine if a given Coxeter group is finite just
through its representation. This is because there are a limited amount of types of finite Coxeter
groups which we can recognize from their group presentation. In this way, if our given Coxeter
group does not fall within one of these finite Coxeter groups, we can determine that it is infinite.

6.1 Finiteness and the associated Bilinear Form

First, we begin by defining the three types of Coxeter groups. This can be done in two ways: by
viewing the groups through their bilinear form or by the space on which they act as reflection
groups.

Theorem 6.1. A Cozeter group is finite if and only if the associated bilinear form is positive
definite. [9].

Finite Coxeter groups can be viewed as the reflection group on Euclidean space.

Remark 6.1. Given W a finite Coxeter group, the representation = : W — GL(V) of the Coxeter
group on a vector space V is a group generated by reflections 7 (s;), each with root e;-.

Definition 6.1. An Affine Coxeter Group is a Coxeter Group where the associated bilinear form
B(v,w) is positive semi-definite but not positive definite (B(v,v) > 0 for all vectors v in V, yet
there exists v # 0 such that B(v,v) = 0).

6.2 The Diagrams of all Finite Coxeter Groups

Now, we will focus on the finite Coxeter groups. In 1935, H.S.M. Coxeter proved that the only finite
Coxeter groups are the groups of type A, B,C, D, E, F,G, H,I. This is due to the requirement that
the bilinear form of finite Coxeter groups need to be positive definite.

We have listed all of the finite Coxeter groups and their diagrams below. [3]

Name Diagram
o——o “ e [ — ]
A, (TL > 1) S1 So Sp—1 Sn
4
B,=0C, (n>3) o > - @ ¢ ®
" mAT= 51 2 Sp—2 Sp—1 Sn
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Sp—1

D, (n>4)
o———©O @
S1 52 Sp—3 Sn—2
52
Eg
® L4 L
S1 S3 Sa S5
52
E7
@ L L4
S1 S3 S4 S5
52
Eg
® L4 L L
S1 S3 Sa S5 Se
4
F, [ ® ®
S1 S92 S3
6
G ¢ o
S1 S92
5
H [ ® °
S1 S92 S3
)
H, ° 3 3
S1 S92 S3
(m) .__lﬁ;__.
m
]é On/> 3) S1 S9
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