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Abstract

Combinatorics is often called the mathematics of counting, but it is really
about finding patterns and structure in complex systems. Instead of only
asking how many possibilities exist, combinatorics studies how choices and
arrangements work together to create order. In this paper, we explore
permutations and combinations, probability, the Binomial Theorem, and
Pascal’s Triangle to show that combinatorics is not just about counting
outcomes, but also about understanding the patterns behind them.

Introduction

At first glance, combinatorics seems to ask only simple questions: how
many ways can objects be arranged, and how many ways can they be se-
lected? But in contests and math-circle problems, those simple questions
often hide the real challenge. The difficulty is usually not the arithmetic.
The difficulty is recognizing which objects are being counted, whether
order matters, and how to reorganize a messy problem into something
composited. From probability and algebra to computer science and cryp-
tography, combinatorial thinking appears whenever large systems are built
from simple decisions. By analyzing how individual choices combine, com-
binatorics reveals that many problems that appear random or overwhelm-
ing actually follow simple and predictable orders.

This is why combinatorics is deeper than it first appears. A good
counting solution often feels like a trick, but it is really a change of per-
spective. Once the correct viewpoint is found, a complicated problem
can generate into a clean formula or a short argument. In this sense,
combinatorics is not only a collection of formulas; it is a way of thinking.

This paper develops that point of view in four stages. Section I intro-
duces Permutations and Combinations, the first tools for deciding what
kind of counting problem we are facing. Section II shows how these ideas
lead naturally to probability. Section III studies the Binomial Theorem,
where algebra and counting meet. Section IV explains Pascal’s Triangle,
which packages many of these ideas into one simple diagram. (This pa-
per begins with permutations and combinations, the most basic tools of
counting. It then turns to probability, where counting is used to measure
likelihood. Next, it studies the Binomial Theorem, where combinations
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appear in algebraic expansions. Finally, it concludes with Pascal’s Tri-
angle, which organizes binomial coefficients into a visual and recursive
pattern.) repeated?

I. Permutations and Combinations

Permutations and combinations are among the first ideas students meet
in combinatorics, and for good reason. Many counting problems become
manageable as soon as we answer one question: does the order matter?
If the order matters, we are counting permutations. If the order does
not matter, we are counting combinations. Permutations and combina-
tions are two fundamental counting techniques in combinatorics, used to
determine the number of ways to arrange or select objects.

Definitions

For a positive integer n, the n factorial is

n! = n(n− 1)(n− 2) · · · 2 · 1

[Permutation] A permutation of r objects chosen from n distinct objects is
an ordered arrangement of those objects.

[Combination] A combination of r objects chosen from n distinct objects is
an unordered selection of those objects.

The Main Decision: Does Order Matter?
For many competition-style counting problems, this is the first question to

ask:

• A permutation is about arrangement, so the order matters.

• A combination is about selection, so the order does not matter.

Formulas are given by

P (n, r) =
n!

(n− r)!
and

(
n

r

)
=

n!

r!(n− r)!
.

In both formulas, n is the total number of available objects and r is the
number being chosen. The extra factor of r! in the combination formula removes
the overcounting caused by rearranging the same chosen objects in different
orders. In other words, combinations are what remain after we forget the order
inside a permutation.

Example 1. How many ways can we arrange 3 students from 5 students? Since
the order in this problem does not matter, we apply the permutation formula

P (5, 3) =
5!

(5− 3)!
= 60

2



Example 2. How many ways can we choose 3 students from 5 students? Since
the order in this problem matters, we use combination(

5

3

)
=

5!

3!(5− 3)!
= 10

Example 3. How many ways can three students, Nick, Tom, and Jay, stand in
a line?

There are 3 choices for the first spot, 2 choices for the second spot, and 1
choice for the last spot. So

3! = 3× 2× 1 = 6.

Therefore, there are 6 different arrangements.

Example 4. A pizza shop has 5 toppings. How many ways can you choose 2
toppings?

Here, choosing pepperoni and mushrooms is the same as choosing mush-
rooms and pepperoni, so the order does not matter. We use combinations:(

5

2

)
=

5!

2!(5− 2)!
= 10.

Therefore, there are 10 possible choices.
Two Fundamental Theorems

Theorem 1. For positive integers n and r with r ≤ n, the number of permuta-
tions of r objects chosen from n distinct objects is

P (n, r) = n(n− 1)(n− 2) · · · (n− r + 1) =
n!

(n− r)!

Example 5. How many ways can gold, silver, and bronze medals be awarded
to 3 students chosen from 8 students?

P (8, 3) =
8!

(8− 3)!
= 8 · 7 · 6 = 336.

So there are 336 possible outcomes.

Proof. To fill r ordered positions, there are n choices for the first position, n−1
choices for the second position, n − 2 choices for the third position, and so
on. Continuing in this way, the r-th position has n − r + 1) choices. By the
multiplication principle,

P (n, r) = n(n− 1)(n− 2) · · · (n− r + 1).
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Since Using factorial notation,

n! = n(n− 1)(n− 2) · · · (n− r + 1)(n− r)!,

Thus,

P (n, r) =
n!

(n− r)!
.

Theorem 2 (Combination Formula). For positive integers n and r with r ≤ n,
the number of combinations of r objects chosen from n distinct objects is(

n

r

)
=

n!

r!(n− r)!
.

Proof. By Theorem 1, first count the ordered selections of r objects from n,
which gives

n!

(n− r)!
.

However, each unordered selection of r objects is counted r! times, once for
every ordering of those same r objects. Dividing by r! removes this overcounting:(

n

r

)
=

1

r!
· n!

(n− r)!
=

n!

r!(n− r)!
.

Applications of Permutations and Combinations

The point of these formulas is not just to solve classroom exercises. They
teach us how to classify problems. Once we know whether order matters, many
questions become much easier. Combinatorics appears everywhere in real life
because many systems involve arranging or selecting objects efficiently.

Permutations: Order Matters

Passwords and Security. A password changes if the order of its symbols
changes: Used when arrangement or sequence is important.

ABCD ̸= DCBA.
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This is the kind of situation where a permutation is the natural model.
Race Rankings. In a race, first place, second place, and third place are

different outcomes. For example, Cybersecurity systems use permutations to
estimate the number of possible passwords.

Nick–Jay–Tom ̸= Tom–Nick–Jay.

Again, changing the order changes the outcome, so order must be considered.

Combinations: Order Does Not Matter

Used when selecting groups or sets.
Medical Research. Choosing 50 participants from 500 volunteers is a

combination problem, since order does not matter:(
500

50

)
=

500!

50!(500− 50)!
.

Sports Teams. Selecting 5 basketball players from 12 athletes gives(
12

5

)
=

12!

5!(12− 5)!
= 792.

Here the order of selection does not matter, so combinations are the correct
tool. So there are 792 ways to choose the teams.

This distinction between “order matters” and “order does not matter” ap-
pears constantly in contest problems. It is often the first useful observation,
and if not the whole problem.

Permutations and combinations do not only count arrangements and selec-
tions. They also form the foundation of probability theory, since probabilities
are often computed by comparing favorable outcomes to total possible outcomes.

II. Probability

Probability is closely connected to combinatorics because many probability
questions are really counting questions in disguise. By counting possible ar-
rangements and outcomes, combinatorics provides the foundation for calculating
probabilities.

Probability is a measure of how likely an event is to occur. To understand
this idea mathematically, we begin with the most basic definition of probability.
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The Basic Idea

Fundamental Idea of Probability

In elementary settings, probability compares the number of favorable outcomes
with the total number of possible outcomes. If (A) is an event in a sample space
(S), then probability compares the number of favorable outcomes to the total
number of possible outcomes.

Basic Formula

P (A) =
favorable outcomes

total outcomes
=

|A|
|S|

.

Here,

• A sample space is the set of all possible outcomes of an experiment or
event. It is usually denoted by S.

• P (A) is the probability of the event A,

• |A| is the number of favorable outcomes and

• |S| is the total number of possible outcomes.

Introductory Examples

Coin Toss

Example 6 (Coin Toss). What is the probability of getting heads when flipping
a fair coin?

The possible outcomes, or sample space, are

S = {Heads,Tails}.

Only one outcome is favorable: for our event, A=Heads. Therefore,

P (Heads) =
|A|
|S|

=
1

2
.

Example 7 (Rolling a Die). What is the probability of rolling an even number
on a six-sided die? The possible outcomes are

{1,2,3,4,5,6}, and the favorable outcomes are (the even numbers){2,4,6}.
There are 3 favorable outcomes out of 6 total outcomes, so

P (even) =
|A|
|S|

=
3

6
=

1

2
.

“‘latex
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Important Rules in Probability

1. Probability Range

Every probability satisfies
0 ≤ P (A) ≤ 1.

The value 0 represents an impossible event, while the value 1 represents a
certain event.

2. Complement Rule

For any event A,
P (Ac) = 1− P (A).

The complement of an event means the event does not occur.
Probability of not rolling a 6 on a fair die:

P (not 6) = 1− 1

6
=

5

6
.

Repeated Independent Events

Probability of Repeating the Same Outcome

If an event has probability (p) and happens over (n) independent trials, we
multiply the probabilities. Independent trials mean the result of one trial does
not affect the others. For example, each coin flip is independent. So, the
probability that the event happens in all (n) trials is found by multiplying (p)
repeatedly.

P (same outcome for n trials) = pn.

Example 8. What is the probability of getting heads 3 times in a row?
Each toss has probability

P (H) =
1

2
,

And the tosses are independent because the outcome of one coin flip does not
affect the next flip. Each flip still has the same probability of heads.

So (
1

2

)3

=
1

8
.

Example 9. What is the probability of rolling a 6 four times in a row?
Each roll has a probability

P (6) =
1

6
,

and the rolls are independent because one roll does not influence any other roll.
Every roll still has the same chance of being a 6.
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Thus (
1

6

)4

=
1

1296
.

A major theme in olympiad-style combinatorics is solving a problem for a
general value of n instead of only for a small example.

Example Problem

Question. We choose a sequence of length n, where each position is filled
by a number from 1, 2, . . . , n. What is the probability that this sequence is a
permutation, meaning it contains each number 1, 2, . . . , n exactly once with
no repetitions?

In other words, we are asking: if we randomly arrange the numbers 1 through
n, how likely is it that we end up using every number exactly once?

Each position has n choices. For a sequence of length n,

nn.

possible sequences exist.
A permutation uses every number exactly once, so the number of favorable

outcomes is
n!.

Therefore,

P (random sequence is a permutation) =
n!

nn
.

As (n) becomes large, (nn)growsmuchfasterthan(n!), sothisprobabilitybecomesverysmall.Thismakessensebecausetherearemanymorepossiblerandomsequencesthantherearevalidpermutations.Inapermutation, everynumbermustappearexactlyoncewithnorepeats, whichisaverystrictconditioncomparedtothetotalnumberofunrestrictedsequences.
A completely random sequence is therefore unlikely to form a perfect permu-

tation, since most sequences will contain repeated numbers or missing values.
This example is simple, but the habit behind it is important: count the total

space, count the special cases, and compare them.

The same combinatorial ideas used in counting problems also appear in alge-
bra. In particular, combinations arise naturally in the expansion of powers of
binomials.

III. Binomial Theorem

In middle school, we learn how to expand expressions such as

(x+ y)2 = x2 + 2xy + y2 and (x+ y)3 = x3 + 3x2y + 3xy2 + y3.

However, when the exponent becomes large, such as (x+ y)100, expanding step
by step becomes impractical.
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The Binomial Theorem provides a shortcut. But more importantly for com-
binatorics, it shows that algebraic coefficients can often be understood by count-
ing choices. Moreover, it gives a general formula for any power of a binomial.
It shows that every term in the expansion follows a clear pattern based on
combinations.

Theorem 3 (Binomial Theorem). For every integer n ≥ 0, For every integer
n ≥ 0,

(x+ y)n =

n∑
i=0

(
n

i

)
xiy n−i.

Here, x and y represent any two quantities (such as numbers, variables, or
expressions) that are being added and raised to a power.

Proof. We expand

(x+ y)n = (x+ y)(x+ y) · · · (x+ y),

where there are n identical factors. To create any term in the expansion, we
choose either x or y from each factor. To form any term, we pick either x or y
from each bracket.

To obtain the term xiyn−i, we must choose x from exactly i of the n factors,
while the remaining n − i factors automatically contribute y. The number of
ways to choose the positions of the x’s is(

n

i

)
.

We do not need to separately count choices for y because once the i positions
for x are chosen, the remaining positions are forced to be y. Each selection of
x-positions uniquely determines the placement of all y’s, so counting both would
double-count the same arrangement.

Therefore the coefficient of xiyn−i is
(
n
i

)
, and summing over all possible

values of i gives

(x+ y)n =

n∑
i=0

(
n

i

)
xiy n−i.

A First Consequence: (1 + 1)n

Substitute x = 1 and y = 1 into the Binomial Theorem: Start with the Binomial
Theorem:

2n = (1 + 1)n =

n∑
i=0

(
n

i

)
(1)i(1)n−i.

Since both powers of 1 equal 1, we obtain
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Now substitute x = 1 and y = 1:

2n =

n∑
i=0

(
n

i

)
.(1 + 1)n =

n∑
i=0

(
n

i

)
(1)i(1)n−i

Every subset of an n-element set either includes or excludes each element,
so there are 2n subsets in total. But how can we interpret the summation?

n∑
i=0

(
n

i

)
?

This sum counts all subsets by grouping them according to size. Each term(
n
i

)
represents the number of subsets that contain exactly i elements. Instead

of counting all subsets at once, we count how many subsets have 0 elements, 1
element, 2 elements, and so on up to n elements.

Adding these cases together counts every possible subset exactly once, which
explains why

n∑
i=0

(
n

i

)
= 2n.

A Second Consequence: (1− 1)n

By the Binomial Theorem:

(x+ y)n =

n∑
i=0

(
n

i

)
xiy n−i

Substitute x = 1 and y = −1: Now substitute x = 1 and y = −1:

0 = (1− 1)n =

n∑
i=0

(
n

i

)
(1)i(−1)n−i.

For n ≥ 1, the left side is 0, so
Since (1)i = 1, this simplifies to

0n =

n∑
i=0

(
n

i

)
(−1)n−i.

Meaning: The binomial coefficients cancel in an alternating pattern.
This means that when the binomial coefficients are added with alternating

signs (positive and negative), many terms offset each other. Contributions from
even and odd indices partially cancel, leaving a result that reflects symmetry
rather than a simple sum.

In other words, instead of all the
(
n
i

)
adding up directly, the alternating

signs cause pairs of terms to balance out, producing a much smaller value or
even zero depending on the expression.
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To see why Binomial coefficient is a shortcut consider the
problem of calculating the Coefficient of x3y6 in (3x− y)9

Using the Binomial Theorem,

(3x− y)9 =

9∑
i=0

(
9

i

)
(3x)i(−y)9−i.

To obtain the term x3y6, we choose i = 3. Then(
9

3

)
= 84, (3x)3 = 27x3, (−y)6 = y6.

Therefore, the coefficient of x3y6 is

84 · 27 = 2268.

The Binomial Theorem in Probability

The Binomial Theorem leads directly to the binomial distribution in probability.
If the probability of success is p and the probability of failure is 1− p, then the
probability of getting exactly k successes in n independent trials is

Theorem 4 (Binomial Probability Formula). Suppose we perform n indepen-
dent trials, where each trial results in a success with probability p and a failure
with probability 1− p. Then the probability of obtaining exactly k successes is

P (k successes) =

(
n

k

)
pk(1− p)n−k.

Proof. We assume the following probability rules:

• Independent trials: probabilities multiply across trials.

• Each trial has constant success probability p.

• Each failure has probability 1− p.

First, consider one specific arrangement of k successes and n−k failures (for
example, SSSF... pattern). Since trials are independent, the probability of this
exact sequence is

pk(1− p)n−k.

Now, we count how many such sequences exist. We must choose which k of
the n trials are successes, which can be done in(

n

k

)
ways.
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Since each arrangement has the same probability, we multiply:

P (k successes) =

(
n

k

)
pk(1− p)n−k.

Example 10. A fair coin is flipped 4 times. What is the probability of getting
exactly 2 heads?

Here, we define a success as obtaining a head on a coin flip.

n = 4, k = 2, p =
1

2
.

Applying the formula gives

P (2 heads) =

(
4

2

)(
1

2

)2 (
1

2

)2

=
3

8
.

This probability comes from counting all patterns with exactly two heads.
The coefficient

(
4
2

)
counts how many such patterns exist.

IV. Pascal’s Triangle

Pascal’s Triangle is a triangular arrangement of numbers in which each entry
is a binomial coefficient. Although it is named after Blaise Pascal, versions of
the triangle were studied much earlier in China, India, and Persia. For problem
solvers, it is valuable because it turns many algebraic and counting identities
into something visual. (x+ y)n.

Pascal’s Triangle was studied long before Blaise Pascal by mathematicians
in China, India, and Persia. Pascal later studied its mathematical properties
systematically in the 17th century. The diagram below is Pascal’s

1
1 1

1 2 1
1 3 3 1

1 4 6 4 1
1 5 10 10 5 1

Starting from row 0, each row corresponds to increasing values of n.

2. Binomial Coefficient Interpretation

Each entry in row n is (
n

k

)
.
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So the triangle can be interpreted as

Row n Coefficients

0
(
0
0

)
1

(
1
0

)
,
(
1
1

)
2

(
2
0

)
,
(
2
1

)
,
(
2
2

)
3

(
3
0

)
,
(
3
1

)
,
(
3
2

)
,
(
3
3

)
4

(
4
0

)
,
(
4
1

)
,
(
4
2

)
,
(
4
3

)
,
(
4
4

)
5

(
5
0

)
,
(
5
1

)
,
(
5
2

)
,
(
5
3

)
,
(
5
4

)
,
(
5
5

)
These two descriptions match entry by entry. The top entry is

(
0
0

)
= 1. The

boundary entries are all 1 for all n, since
(
n
0

)
=

(
n
n

)
= 1. Every interior entry is

formed by adding the two entries above it, and the binomial coefficients satisfy
the same identity (

n

k

)
=

(
n− 1

k

)
+

(
n− 1

k − 1

)
.

Therefore, the numerical triangle and the binomial-coefficient triangle are the
same object.

From the Binomial Theorem, we know that the sum of each row is a power
of 2: Each row sums to a power of 2:

n∑
k=0

(
n

k

)
= 2n.

For example,
Example (row 4):

1 + 4 + 6 + 4 + 1 = 16 = 24.

Meaning. Each row counts all subsets of an n-element set.

3. Construction Rule (Core Identity)

Each entry is formed by adding the two entries above it:

Theorem 5 (Pascal’s Identity). For integers n ≥ 1 and 1 ≤ k ≤ n− 1,(
n

k

)
=

(
n− 1

k

)
+

(
n− 1

k − 1

)
.

Proof. To choose k elements from an n-element set, fix one particular element.
There are two cases.

• Case 1: Exclude the fixed element. Then all k chosen elements come
from the remaining n− 1, which gives

(
n−1
k

)
possibilities.

• Case 2: Include the fixed element. Then the remaining k − 1 elements
must be chosen from the other n− 1, which gives

(
n−1
k−1

)
possibilities.
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Adding these two disjoint cases gives To choose k elements from an n-element
set, fix one particular element.

If we do not choose that element, then all k chosen elements must come from
the remaining n− 1, which can be done in(

n− 1

k

)
If we do choose that element, then we must choose the remaining k − 1

elements from the other n− 1, which can be done in(
n− 1

k − 1

)
Adding the two disjoint cases gives(

n

k

)
=

(
n− 1

k

)
+

(
n− 1

k − 1

)
.

Meaning: We fix one specific element in an n-element set. Every k-element
subset either excludes this element or includes it. These two cases are disjoint
and cover all possibilities, which leads to the identity above.

Pascal’s Triangle reveals the recursive structure of combinatorics. Many
good counting arguments work by splitting a problem into smaller cases, and
this identity is one of the clearest examples of that habit of thought. Pascal’s
Triangle also reveals recursive structure in combinatorics. Each counting prob-
lem can often be broken into smaller subproblems, and this recursive thinking
appears frequently in computer science and algorithm design.

Conclusion

Combinatorics shows how complicated patterns can emerge from simple choices.
Through permutations, combinations, probability, the Binomial Theorem, and
Pascal’s Triangle, we see that counting is more than arithmetic: it is a way of
spotting structure, simplifying a problem, and choosing the right viewpoint.

This is why combinatorics plays such a central role in math circles and
competitions. A successful solution often comes not from calculation alone,
but from recognizing the hidden structure of the problem. In that sense, the
deeper meaning of combinatorics is not merely that it counts, but that it teaches
us how to think. Combinatorial reasoning helps explain how vast numbers of
possibilities can still follow elegant mathematical patterns.
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