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1 Introduction
As the algebraic study of symmetries, group theory includes groups, sub-
groups, cosets, and much more. In this paper, we explore wallpaper groups,
which is a part of group theory. We begin by discussing the basic terminol-
ogy and transformations used in wallpaper groups, including isometries and
fundamental regions. Next, we look over the existing combinations of wallpa-
per groups through some of their transformations. We proceed to introduce
the Orbifold Notation and the "Cost" of groups with examples. Finally, we
discuss some theorems, including the Magic Theorem, and branch out to
related groups. As a topic, wallpaper groups are generally less focused on
proofs and more focused on visuals and symmetric beauty. There are many
artists, including Maurits Cornelis Escher, who are fascinated by these con-
cepts of wallpaper groups and spend a lot of their time creating diagrams that
represent the symmetries and transformations of these wallpaper groups.

2 Wallpaper Groups
Definition 2.1 A binary operation µ on a set G is a function

µ : G × G → G.

Definition 2.2 A group is (G, ∗) where G is a set and ∗ is a binary operation
on G with the conditions:

(i) Associativity: For all elements a, b, c ∈ G, a group has to satisfy that

(a ∗ b) ∗ c = a ∗ (b ∗ c).

(ii) Identity: For all elements a ∈ G, there exists an identity element e in
G such that

a ∗ e = e ∗ a = a.

(iii) Inverse: There exists an element a−1 ∈ G such that

a ∗ a−1 = a−1 ∗ a = e

where all elements a ∈ G.
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Before moving on, we can briefly look at some common groups that appear
in group theory.

Example 1 A big category in groups are cyclic groups. A group G is cylic if
there is some element x ∈ G such that G = {xn|n ∈ Z}, when the operation
is multiplication.

Figure 1. A cyclic group under multiplication.

Example 2 Another category in groups are dihedral groups. A dihedral
group is a group of symmetries of a regular polygon.

Figure 2. Dihedral groups for D2, D3, D4, D6

Definition 2.3 The distance d(x1, y1) in R2 is
√

(x2 − x1)2 + (y2 − y1)2

where x and y are the coordinates of a point.

Definition 2.4 An isometry of n is a distance-preserving transformation of
dimensional-space Rn. For wallpaper groups, there are four possible isome-
tries of the plane.
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Definition 2.5 A translation is defined as ta : R2 → R2 and x 7→ x+a where
x ∈ X. Notice that d(ta(x), ta(y)) = d(x, y), meaning that ta is distance-
preserving.

Figure 3. Example of a translation

Definition 2.6 A reflection over a line through the origin is defined as

Refl (v) = 2v·l
l·l l − v

where v denotes a vector, l denotes a vector in the direction of the line
through the origin where the transformation is performed, and the · denotes
the dot product. Note that a reflection is its own inverse and these lines are
called mirror lines.

Figure 4. Example of a mirror line

Definition 2.7 A rotation is a change of angle around a center point. In
terms of a matrix R, rotations are points that rotate counterclockwise around
an angle θ where

R =
[
cos θ − sin θ
sin θ cos θ

]

3



Figure 5. Example of a rotation

Definition 2.8 A glide reflection is a combined transformation of a reflec-
tion followed by a translation.

Figure 6. Example of a glide reflection

Remark 1 Geometrically, it is intuitive that reflections, rotations, and glide
reflections are isometries. With some manipulations, it can also be shown
algebraically. Since this paper does not cover these calculations, the readers
can attempt this as an exercise.

Definition 2.9 A fundemental region is a region that can be infinitely re-
peated to fill up the R2 plane.

Definition 2.10 A Wallpaper Group is a plane of symmetries with a fun-
damental region and a combination of isometries being the elements.

A wallpaper group is a group because it fits into the conditions:
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• Associativity: The elements of a wallpaper group are the different
isometries. The order in which the transformations are performed does
not matter. A glide reflection is the perfect example since reflecting
and then translating is the same as translating and then reflecting.

• Identity: For a wallpaper group, since the elements are transformations,
the identity is just the group itself with no transformations.

• Inverse: All transformations have inverses. Wallpaper groups are made
of their transformations, so they naturally have inverses as well.

Definition 2.11 Orbifold Notation is a way to represent these transforma-
tions.

• First write down an integer n for a gyration point—rotation point with-
out reflections—of order n. Refer to Figure 7 for an example of 333.

• Next, write down a * for any mirror lines.

• On the right of the *, write down an integer m for a transformation of
2m that includes a reflection line on a rotation point. Figure 8 shows
an example of *2222.

• If there is a glide reflection, put x. Figure 9 has an example of a glide
reflection XX.

• If more than one mirror line doesn’t intersect, put down * for each line.
However, if the mirror lines do intersect, only put down one *. Figure
10 is ** with two parallel mirror lines.

• Write down an O if there are no other symmetries outside of transla-
tions.
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Figure 7. Notation 333 contains 3 gyration points
Figure 8. Notation *2222 contains 2 mirror lines and 4 rotation points

Figure 9. Notation XX contains 2 glide reflections
Figure 10. Notation ** contains 2 parallel mirror lines

Definition 2.12 For different transformations, there are different costs. We
will use costs later in the theorems.

• An O costs 2

• A glide reflection x costs 1

• A * costs 1

• A gyration point n costs n−1
n

• A point n on the right of the * costs n−1
2n
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3 Theorems
Theorem 1 The Magic Theorem Every wallpaper group’s total cost should
be 2.

Proof. This proof can be found in [1]. As the proof includes many con-
cepts related to spherical maps, the Euler Characteristic, and other ideas
outside the scope of this paper, we will not be including this proof. For more
information, readers can go to Chapter 7 of [1].

Theorem 2 There are exactly 17 wallpaper groups.

Proof. Using the costs from above and the Magic Theorem, we can show
that there are only 17 wallpaper groups with casework.

(i) There are no mirror lines. This would include cases with only rotations,
translations, and glide reflections: 2222, 333, 442, 632, and O, xx, 22x.

(ii) One mirror line with rotations and glide reflections: 22*, 4*2, 3*3, and
*x.

(iii) There is more than one mirror line: **, *2222, *333, *442, *632, and
2*22.

Thus, in total there are 7 + 4 + 6 = 17 types of wallpaper groups.

Theorem 3 Without rotations, there are only four types of wallpaper groups.

Proof. Following the same method as Theorem 3, we can find all of these
through casework. Since there are no rotations, these can only contain O, *,
and X. Using the Magic Theorem, we know the only four possible types are:

• Only translations: O

• Two parallel lines: **

• A reflection line and a glide reflection in the same direction: *x

• Two glide reflections: xx
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Theorem 4 If there are only rotations and no glide reflections or mirror
lines, then

k∑
i=1

ni − 1
ni

= 2.

where n1n2n3...nk describes the rotations.

Proof. Without mirror lines and glide reflections implies that there are
no ∗ or X in orbifold notation. In other words, we know that all the rotations
are gyrations. Referring back to the cost of a gyration point, the formula
makes sense intuitively. From this, we can also find the four possible groups:
2222, 442, 333, and 632.

4 Extension
Wallpaper groups are a geometric, visual representation part of group theory.
Related to wallpaper groups, Escher’s Tessellations are pretty well-known in
the field. Some of the figures covered in this paper are part of Escher’s
collection. Branching out from wallpaper groups, there are other groups
such as the Frieze groups, and hyperbolic geometry with related properties.

Figure 11. Example of Frieze groups
Figure 12. Example of Hyperbolic geometry
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