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Definition
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generating function takes the form F(z) =Y, < fnr.



Exponential Generating Functions

Definition

» Let f,, n>0 be a sequence of real numbers, then its exponential
generating function takes the form F(z) =Y, < fnr.

n

When f, =1, F(z) =}, 5057 = €.
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Exponential Generating Functions

Product Formula

» Let a; and b, be two sequences with exponential generating
. 7 k
respectively.

Then the terms of A(x)B(x) take the form
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Exponential Generating Functions

Product Formula

» Let a; and b, be two sequences with exponential generating
. 7 k
respectively.

Then the terms of A(x)B(x) take the form

L ) ot (i) ritI (z —I—j)

WG = T = T G T A G

il

and are of degree n when ¢ + j = n, where

abﬂ i_l_j _ (" a:b ﬁ
4 g)! A A 1



Exponential Generating Functions

Product Formula

> Therefore, the coefficients of L1 in A(x)B(x) terms are
(") aibn—; for all real i, 0 < i < n, so we obtain the coefficient

5 (o

1>0



Exponential Generating Functions

Product Formula

> Therefore, the coefficients of L1 in A(x)B(x) terms are
(") aibn—; for all real i, 0 < i < n, so we obtain the coefficient

5 (o

1>0

Let C(x) be the exponential generating function of
Cry, = 2?20 (?)azbn_z Then
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Exponential Generating Functions

Product Formula

» Let a,, be the numbers of ways to build a certain structure on
an n-element set, and b,, be the number of ways to build
another structure on an n-element set.

Let c,, be the number of ways to separate a set of n elements
into disjoint subsets S and T, and then build a structure of
the first kind on S and the second kind on T.

Then there are (") ways to choose S, a; ways to build the

first structure on S and b,,_; ways to build the second
structure on T, for all 0 <7 < n. Therefore

Cn — zn: (?)azbn_z
1=0



Exponential Generating Functions

Product Formula

» Let A(x), B(x), and C(x) be the exponential generating
functions of the sequences a,, b, and c,, respectively. Then it
follows from previously that



Exponential Generating Functions
Application on Stirling Numbers of the Second Kind

» Stirling numbers of the second kind, S(n, k) describes the
number of partitions of n elements into k nonempty,
non-ordered subsets, where k is a fixed positive integer.
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Exponential Generating Functions
Application on Stirling Numbers of the Second Kind

> Let Sk(z) =), SN, k)Lt be the exponential generating
function of S(n, k).

S(n, k) requires a partition of n elements into k nonempty
disjoint subsets, and nothing is to be done on each subset.

As there is one way to do nothing on a nonempty subset, each
task has exponential generating function



Exponential Generating Functions
Application on Stirling Numbers of the Second Kind

» Using the product formula, we obtain the generating function
(A(z))* for the combined task of partitioning n elements into
k ordered subsets.



Exponential Generating Functions
Application on Stirling Numbers of the Second Kind

» Using the product formula, we obtain the generating function
(A(z))* for the combined task of partitioning n elements into
k ordered subsets.

But as the order does not matter, our task has generating
function



Exponential Generating Functions
Application on Stirling Numbers of the Second Kind

» To obtain an explicit formula for S(n, k), we need to find the

coefficient of 2% in Si(z).
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The Catalan Numbers

Definition

» Catalan numbers form a sequence of natural numbers that
occur in various counting problems.



The Catalan Numbers

Example

» A student moves into a new room and upon his arrival, he
puts an empty jar on his kitchen counter. From then on, every
day he either puts a dollar coin in the jar, or takes a dollar
coin out of the jar. After 2n days, the jar is empty again.

In how many different ways could this happen?



The Catalan Numbers

Example

» Let p = put in a coin = +1, t = take out a coin = -1

» The sequence must start with a p and end with a t, and the
sum of the terms from day 0 to day 7, 0 < 5 < 2n must never

be negative.



The Catalan Numbers

Example
» n=0..... 2n =0 ......... Ways: 1
> n=1.... 2n=2 ... Ways: 1 (pt)
> n=2..... 2n =4 ......... Ways: 2 (ptpt, pptt)
> n=23..... 2n =06 ......... Ways: 5 (ptptpt, ppttpt, ptpptt,
pptptt, pppttt)
> .
» Let ¢, be the number of ways to put in or take out coins for

2n days, then we have
C()Zl, 6121, 0222, 6325



The Catalan Numbers

Example

» A sequence of length 2n:
P 1...... Tgenenns 2......

Let ¢, be on the (2i + 2)** day that the jar is empty again for
the first time,

1: a sequence of length 27, 0 < <n—1
2: a sequence of length 2n — 2; — 2



The Catalan Numbers

Example

P...... 1...... Deenans

Sequences 1 and 2 both have to start with a p and end with a t,
and are never negative,

1: a sequence of length 2, 0 <7 <n —1, ¢; ways
2: a sequence of length 2n —2¢—2, ¢,,_;_1 ways, for 0 < <n-—1

1
Then we have ¢, = > " cicn—i—1.



The Catalan Numbers

Example

—1
€n = D o Cilr—i—1
For n = 4, 2n = 8 days, we obtain ¢4 = Z?:o c;c3—; = 14.

We can check this by listing the ways in order of i, where sequence
1 corresponding to ¢; is bold and sequence 2 corresponding to
Cn—i—1 IS underlined:

@ = 0: ptopppttt, ptopptptt, pt.ppttpt, pt,ptpptt, pt,ptptpt

v = 1: pptt,pptt, pptt,ptpt

i = 2: pppttt,pt, pptptt,pt

© = 3. pppptttt,, pptppttt,, ppptpttt,, pptptptt,, pppttptt,



The Catalan Numbers

Finding the Generating Function

» Let ¢, be the Catalan numbers which are defined by the
previous terms.

Cn = C0Cp—1 + C1Cp—2 + C2Cp—3 + ... + Cp—1Cp

n—1
— E CiCn—i—1
1=0



The Catalan Numbers

Finding the Generating Function

Let C'(z) = >~y cna™ be the ordinary generating function of the
sequence of the numbers c¢,.

according to

n—1
Cn = E CiCn—i—1
72=0

C(z) =co+ 1z + cox? + ...
=1+ 1z +22% + 52> + ...

— g cn’

n>0



The Catalan Numbers

Finding the Generating Function

C(z) =co+ crx + cox’ + ...
=141z + 22> + 527 + ...

— E cnZ”

n>0

C(m)2 = c% + (coc1 + creo)T + (coeg + c1e1 + CQCQ).CBQ + ...

= C| + Cox + 03:152 + ...

-~ 5 Cni1T"

n>0



The Catalan Numbers

Finding the Generating Function

C(ac)2 = cg + (coc1 + c1c9)x + (coeo + cre1 + 6002)332 + ..

2
=C1 + Ccox + c3xr” + ...

= E Cn—i—lxn

n>0

a:C(a:)Q — c%a: + (cocr + clco)x2 + (coco + c1e1 + 6002)963 + ...

= Cc1x + 02:1:2 + 03:133 + ...

_ E :Cn+137n+1

n>0



The Catalan Numbers

Finding the Generating Function

Cx) =14 crx + cox’ + ...
p

2O (x)? = c1x + cox® + c32° + ...



The Catalan Numbers

Finding the Generating Function

rC(x)? — C(x) +1=0



The Catalan Numbers

Finding the Generating Function

B 14+ +v1—4x
- 2%
1 —+v1—4x




The Catalan Numbers

Finding the Generating Function

Recall:

v 1 — 4x is the unique power series whose square is 1 — 4z and
whose constant coefficient is 1.

By using the binomial thereom,
m
1 m — n
+am =3 ()er,
n>0

then

N[~

Vi—dow=(1-4z)z =) (i) (—4x)™.

n>0



The Catalan Numbers

Finding the Generating Function

N | =

V1—4dz = (1 —4x) ::}Ej(i)(—4xyl

To simplify this expression,

1 -1 -3 —2n+3
% R :(_1)n—1(2”_3)”
n! 2n .l

then we have

2m(2n — 3!
VI-dr=1-2c-Y @n =3 .

21 .l
n>2




The Catalan Numbers

Finding the Generating Function

27 (2, — 3!
VIi-dr=1-22-Y Cidnt N

2" - nl
n>2
and
2"(2n —3)!!  2"@2n-3)!! (n—-1)!  _ (2n—2)!
n! B n! (n—1)! n!(n— 1)
then



The Catalan Numbers

Finding the Generating Function

Going back to the two solutions of the quadratic equation,
substituting

VI-dr=1-2c-2) ~ (2”_ > n

n—1
n>2

Into them, we obtain

and

11422 42), 0+ ()"
2 '



The Catalan Numbers

Finding the Generating Function

Taking the valid solution C(x)2, we have

— 2z + 2 Zn22 %(27?—_12) "

Cl(x >
T
1/2n—2
:1 _ n—1
Zn(n—l)aj
n>2
1 2n
=1 n
+;n+1(n>x




The Catalan Numbers

Finding the Generating Function

As
0w =Y e =Y
n>0 n>0
therefore
1
O
n-+ 1
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The Snake Oil Method

Background

o0 n _ 1
> Zn:Oaj 1=z
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Background

1
’Z 02" =13

~1_ _ 1
> > gnaT = (1—2)2
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Background

1
’Z 02" =13

~1_ _1
> it = (1—2)
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The Snake Oil Method

The Question

__1\k
> an =) 150 (ﬂ?igk) (39 (ki)l




The Snake Oil Method

The Solution Part 1

_1\k
> an = Seso (TR (Y

_ a3k
> ™ =>4 (i) (7) (k:—ll—)l z"




The Snake Oil Method

The Solution Part 1

_1\k

» a, = Zkzo <n§bj—_§k> (Qk:k)%

. n n+k \ (2k\ (=% n
an®™ =Y 150 (maze) (5 ) oL

_ Fk Y (2K (—1)F
> > 00T = Y50 D k50 (o) (k) o "




The Snake Oil Method

The Solution Part 1

1k
» a, = Zkzo <n:i_§k> (Qkk)(le)l
k
> ™ =>4 (i) (7) (k:—ll—)l z"
> D 50T = D50 2 k>0 (n?igk) (%)%

> ano anx" Zk>o (%) k:—|—1 Zn>0 (

m—|—2k



The Snake Oil Method

The Solution Part 2

> Zn>0 ana’ = Zk>0 <2k) k:+1 Zn>0 (rgigk)xn



The Snake Oil Method

The Solution Part 2

2k\ (—1)F +k
> ano ana’ = Zkzo (k:) (k:+)1 ano (n?+2k)xn

> > >0 (nﬁrgk) "



The Snake Oil Method

The Solution Part 2

__1\k
> ano ana’ = Zkzo <2kk> % ano (n?igk) "
> > >0 (n?—tgk)xn

- Zn2m+k (ng:gk) "



The Snake Oil Method

The Solution Part 2

__1\k
> ano ant" = Zkzo <2k:k> % ano (n?igk) "
> > >0 (n?—tgk)xn
= Zn2m+k (T:j:gk)xn

2k k
> > >0 (an—2k: )xmrmt



The Snake Oil Method

The Solution Part 2

__1\k
ano ant" = Zkzo <2k:k> % ano (n?igk) "
ZnZO (n?;—_:gk) "
Znszrk: (T:Zi_gk)xn

Yoo (“iz et

+m+2k
xR ano (an—2k )xn

vV vy VY



The Snake Oil Method

The Solution Part 2

__1\k
ano ant" = Zkzo <2kk) % ano (n?j—_gk) "
ZnZO (n?;—_:gk) "
Zn2m+k (Tgigk)xn

Yoo (“iz et

+m+2k
xR ano (anQk )xn

Recall: 00 ("fM)a" = —2

n=0 T (1—x)kFT

vV v vy V VY



The Snake Oil Method

The Solution Part 2

__1\k
ano ant" = Zkzo <2kk) % ano (n?j—_gk) "
ZnZO (n?;—_:gk) "
Zn2m+k (Tgigk)xn

Yoo (“iz et

+m+2k
xR ano (anQk )xn

Recall: 00 ("fM)a" = —2

n=0 T (1—x)kFT

vV vvy VvV V VY

wm—i—k
(1 _w)m—i—ka—I—l




The Snake Oil Method

The Solution Part 3

2k\ (=1)F m+k
o ZRZO apx" = Zk;zo (k:) (k+)1 (1_§)m—|—2k+1



The Snake Oil Method

The Solution Part 3

2k\ (—1)* m+k
o ZRZO apx" = Zk;z() (k:) (k:+)1 (1_§)m—|—2k+1

k

i 2k\ (—1)*
> ano apt" = (1_ﬁ)m+1 Zkzo (k: ) (k:+)1 (1_:Ux)2k



The Snake Oil Method

The Solution Part 3

2k\ (—1)% m+k
o ZRZO apx" = Zk;z() (k:) (k:+)1 (1_§)m—|—2k+1
m 2k\ (—1)% k
> ZnZO Apt" = (1—§)m+1 Zkzo (k: ) (k:+)1 (1_:69;)%

L m 2\ 1 —x \k
> ano anpx’ = u_ﬁw Zk‘ZO ( k ) k+1 ( (1—2)2)
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The Snake Oil Method

Catalan numbers

> Zk>0( )% k:%

> Yo () m (i)
1— /14142

— )
- Zk>0( )k+1<(1 a;)Q)k - =

(1—z)?




The Snake Oil Method

The Solution Part 4

X

4x
(1—x)2

—
_|_

/N

n
> ano Qp X (I—z)m¥1

><1

—2x
(1—z)?




The Snake Oil Method

The Solution Part 4

—r m-+1 —2x
) (1—x)?

o (Y —
> D nz0 " = (g7 )( - )

N ZnZO n " = (2(1 :B)m ' < \/1+ (1- a:>2>



The Snake Oil Method

The Solution Part 4

> ano anx" = ((1_9;;1m+1) <

m—1

> 20wt = (gagymt

m—1

o ano anx" = (z(ffx)m—1

)(1-
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The Solution Part 4




The Snake Oil Method

The Solution Part 4

—r m-+1 —2x
) (1—x)?

o (Y —
> D nz0 " = (g7 )( - )

> o nt" = (e ( \/1+ (1- a:>2>

> Zn>0 anx" = <2(1 :Jc)m r)(1 - 1L

> ano anx" = W

n— n —1)*
> a, = (m_ll) = Zkzo (migk) (Qk:k) (lﬁl—)l




The Snake Oil Method

Background On Final step

—

o0 n
< ZTLZO L l—x
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The Snake Oil Method

Background On Final step

> Z?LO>OZE — 1ia;
n+k 1
> Zn>0( k )xn (1—z)F+1
n+m—1 _ _am
> Zn>0( )z (1fm)m




