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E =10 
F = 5  

V+F = E+2  

7 + 5 = 10 + 2  

Euler’s 
Forumla V = 7 



V=10 
E=15 
F=7 

V+F = E+2 

10+7=15+2 



How can we prove the formula? 

• By induction on E 
 

• E = 0 

V+F = E+2 

V = 1 
E = 0 
F = 1 



V = 1 +1 
E = 0 +1 
F = 1 

V+F = E+2 



V = 2 +1 
E = 1 +1 
F = 1 

V+F = E+2 



V = 3 
E = 2 +1 
F = 1 +1 

V+F = E+2 



V = 3 +1 
E = 3 +1 
F = 2 

V+F = E+2 



V = 4 +1 
E = 4 +1 
F = 2 

V+F = E+2 



V = 5 
E = 5 +1 
F = 2 +1 

V+F = E+2 



V = 5 +1 
E = 6 +1 
F = 3 

V+F = E+2 



V = 10 
E = 14 
F = 6 

V+F = E+2 







V = 6 
E = ? 
F = ? 



V = 6 
E = 3 +  
F = ? 



V = 6 
E = 3 + 3 +  
F = ? 



V = 6 
E = 3 + 3 +3 = 9 
F = ? 



V = 6 
E = 3 + 3 +3 = 9 
F = 5 

V+F = E+2 



 

V = 6 
E = 9 
F = ? 

But, are there really 5 faces? 



But, are there really 5 faces? 

 

V = 6 
E = 9 
F = ? 



 

V = 6 
E = 9 
F = ? 

But, are there really 5 faces? 



V = 6 
E = 9 
F = ? 



2 Marks per Edge 

4 Marks per Face 

1 E = 2 F 

5 Faces => 10 Edges 

V = 6 
E = 9 
F = 5 

V+F = E+2 





The houses and 
wells problem is a 
K3,3 – Graph 

The K3,3 – Graph 
is not planar 



Is the K5 – Graph 
planar? 



Is the K4 – Graph 
planar? 

It is! 



V = 5 
E = ? 
F = ? 



V = 5 
E = 4 + 
F = ? 



V = 5 
E = 4 + 3 + 
F = ? 



V = 5 
E = 4 + 3 + 2 
F = ? 



V = 5 
E = 4 + 3 + 2 + 1 = 10 
F = ? 

V+F = E+2 



V = 5 
E = 10 
F = 7 

V+F = E+2 



V = 5 
E = 10 
F = ? 







#Δ = 5
3 =

5!
3!·2!

= 10 

 
F is at least 10 

V+F = E+2 

V = 5 
E = 10 
F = 7 



The K5 – Graph is not planar 







𝑉𝑉 + 𝐹𝐹 = 𝐸𝐸 + 2 ? 
𝑉𝑉 = 4 
𝐹𝐹 = 4 
𝐸𝐸 = 6 

4 + 4 = 6 + 2 









𝑉𝑉 + 𝐹𝐹 = 𝐸𝐸 + 2 



𝑑𝑑 ≥ 3 
𝑙𝑙 ≥ 3 



𝑑𝑑 ≥ 3 
𝑙𝑙 ≥ 3 

𝐹𝐹 ⋅ 𝑙𝑙 = 2𝐸𝐸 
3𝐹𝐹 ≤ 2𝐸𝐸 



𝑑𝑑 ≥ 3 
𝑙𝑙 ≥ 3 

𝐹𝐹 ⋅ 𝑙𝑙 = 2𝐸𝐸 
3𝐹𝐹 ≤ 2𝐸𝐸 

𝑉𝑉 ⋅ 𝑑𝑑 = 2𝐸𝐸 

3𝑉𝑉 ≤ 2𝐸𝐸 



𝐹𝐹 ⋅ 𝑙𝑙 = 2𝐸𝐸 

3𝐹𝐹 ≤ 2𝐸𝐸 

𝑉𝑉 ⋅ 𝑑𝑑 = 2𝐸𝐸 

3𝑉𝑉 ≤ 2𝐸𝐸 
𝑬𝑬 + 𝟐𝟐 = 𝑽𝑽 + 𝑭𝑭 



𝑭𝑭 ⋅ 𝒍𝒍 = 𝟐𝟐𝑬𝑬 

𝟑𝟑𝑭𝑭 ≤ 𝟐𝟐𝑬𝑬 

𝑽𝑽 ⋅ 𝒅𝒅 = 𝟐𝟐𝑬𝑬 

𝟑𝟑𝑽𝑽 ≤ 𝟐𝟐𝑬𝑬 
𝑬𝑬 + 𝟐𝟐 = 𝑽𝑽 + 𝑭𝑭 

𝐹𝐹 ≤
2𝐸𝐸
3

 

𝐸𝐸 + 2 ≤
2𝐸𝐸
3

+ 𝑉𝑉 

𝑬𝑬 ≤ 𝟑𝟑𝑽𝑽 − 𝟔𝟔 

3𝐸𝐸 + 6 ≤ 2𝐸𝐸 + 3𝑉𝑉 

𝑉𝑉 ≤
2𝐸𝐸
3

 

𝐸𝐸 + 2 ≤
2𝐸𝐸
3

+ 𝐹𝐹 

3𝐸𝐸 + 6 ≤ 2𝐸𝐸 + 3𝐹𝐹 

𝑬𝑬 ≤ 𝟑𝟑𝑭𝑭 − 𝟔𝟔 

𝑬𝑬 + 𝟐𝟐 = 𝑽𝑽 + 𝑭𝑭 𝑬𝑬 + 𝟐𝟐 = 𝑽𝑽 + 𝑭𝑭 



𝑭𝑭 ⋅ 𝒍𝒍 = 𝟐𝟐𝑬𝑬 𝑽𝑽 ⋅ 𝒅𝒅 = 𝟐𝟐𝑬𝑬 

𝑬𝑬 ≤ 𝟑𝟑𝑽𝑽 − 𝟔𝟔 𝑬𝑬 ≤ 𝟑𝟑𝑭𝑭 − 𝟔𝟔 

𝐸𝐸 =
𝐹𝐹 ⋅ 𝑙𝑙

2
≤ 3𝐹𝐹 − 6 



𝑭𝑭 ⋅ 𝒍𝒍 = 𝟐𝟐𝑬𝑬 𝑽𝑽 ⋅ 𝒅𝒅 = 𝟐𝟐𝑬𝑬 

𝑬𝑬 ≤ 𝟑𝟑𝑽𝑽 − 𝟔𝟔 𝑬𝑬 ≤ 𝟑𝟑𝑭𝑭 − 𝟔𝟔 

𝐸𝐸 =
𝐹𝐹 ⋅ 6

2
≤ 3𝐹𝐹 − 6 

E = 3𝐹𝐹 ≤ 3𝐹𝐹 − 6 

𝒍𝒍 ≤ 𝟓𝟓 

𝐸𝐸 =
𝑉𝑉 ⋅ 𝑑𝑑

2
≤ 3𝑉𝑉 − 6 



𝑭𝑭 ⋅ 𝒍𝒍 = 𝟐𝟐𝑬𝑬 𝑽𝑽 ⋅ 𝒅𝒅 = 𝟐𝟐𝑬𝑬 

𝑬𝑬 ≤ 𝟑𝟑𝑽𝑽 − 𝟔𝟔 𝑬𝑬 ≤ 𝟑𝟑𝑭𝑭 − 𝟔𝟔 

𝐸𝐸 =
𝐹𝐹 ⋅ 6

2
≤ 3𝐹𝐹 − 6 

E = 3𝐹𝐹 ≤ 3𝐹𝐹 − 6 

𝒍𝒍 ≤ 𝟓𝟓 

𝐸𝐸 =
𝑉𝑉 ⋅ 6

2
≤ 3𝑉𝑉 − 6 

𝐸𝐸 = 3𝑉𝑉 ≤ 3𝑉𝑉 − 6 

𝒅𝒅 ≤ 𝟓𝟓 

𝑑𝑑 = 3,4,5 
𝑙𝑙 = 3,4,5 



𝑭𝑭 ⋅ 𝒍𝒍 = 𝟐𝟐𝑬𝑬 
𝑽𝑽 ⋅ 𝒅𝒅 = 𝟐𝟐𝑬𝑬 

𝑉𝑉 + 𝐹𝐹 = 𝐸𝐸 + 2 

Case 1 

𝑑𝑑 = 3 
2𝐸𝐸 = 3𝑉𝑉 

𝑉𝑉 =
2𝐸𝐸
3

 

3𝐹𝐹 − 6 = 𝐸𝐸 
6𝐹𝐹 − 12 = 𝐹𝐹 ⋅ l 
𝑭𝑭 𝟔𝟔 − 𝒍𝒍 = 𝟏𝟏𝟏𝟏 

𝑽𝑽 + 𝑭𝑭 = 𝑬𝑬 − 𝟐𝟐 



𝑭𝑭 ⋅ 𝒍𝒍 = 𝟐𝟐𝑬𝑬 
𝑽𝑽 ⋅ 𝒅𝒅 = 𝟐𝟐𝑬𝑬 

𝑉𝑉 + 𝐹𝐹 = 𝐸𝐸 + 2 

Case 1 

𝑑𝑑 = 3 
3𝐹𝐹 − 6 = 𝐸𝐸 
𝑭𝑭 𝟔𝟔 − 𝒍𝒍 = 𝟏𝟏𝟏𝟏 

for l = 3 for l = 4 for l = 5 
𝐹𝐹 6 − 3 = 12 → 𝑭𝑭 = 𝟒𝟒 
𝐸𝐸 = 3𝐹𝐹 − 6 → 𝑬𝑬 = 𝟔𝟔 
𝑉𝑉 = 𝐸𝐸 + 2 − 𝐹𝐹 → 𝑽𝑽 = 𝟒𝟒  

𝐹𝐹 6 − 4 = 12 → 𝑭𝑭 = 𝟔𝟔 
𝐸𝐸 = 3𝐹𝐹 − 6 → 𝑬𝑬 = 𝟏𝟏𝟏𝟏 

𝑉𝑉 = 𝐸𝐸 + 2 − 𝐹𝐹 → 𝑽𝑽 = 𝟖𝟖 

𝐹𝐹 6 − 5 = 12 → 𝑭𝑭 = 𝟏𝟏𝟏𝟏 
𝐸𝐸 = 3𝐹𝐹 − 6 → 𝑬𝑬 = 𝟑𝟑𝟑𝟑 
𝑉𝑉 = 𝐸𝐸 + 2 − 𝐹𝐹 → 𝑽𝑽 = 𝟐𝟐𝟐𝟐 



𝑭𝑭 ⋅ 𝒍𝒍 = 𝟐𝟐𝑬𝑬 
𝑽𝑽 ⋅ 𝒅𝒅 = 𝟐𝟐𝑬𝑬 

𝑉𝑉 + 𝐹𝐹 = 𝐸𝐸 + 2 

Case 2 

𝑑𝑑 = 4 
2𝐸𝐸 = 4𝑉𝑉 

𝑉𝑉 =
𝐸𝐸
2

 

2𝐹𝐹 − 4 = 𝐸𝐸 
4𝐹𝐹 − 8 = 𝐹𝐹 ⋅ l 
𝑭𝑭 𝟒𝟒 − 𝒍𝒍 = 𝟖𝟖 

𝑽𝑽 + 𝑭𝑭 = 𝑬𝑬 + 𝟐𝟐 



𝑭𝑭 ⋅ 𝒍𝒍 = 𝟐𝟐𝑬𝑬 
𝑽𝑽 ⋅ 𝒅𝒅 = 𝟐𝟐𝑬𝑬 

𝑉𝑉 + 𝐹𝐹 = 𝐸𝐸 + 2 

Case 2 

𝑑𝑑 = 4 
2𝐹𝐹 − 4 = 𝐸𝐸 
𝑭𝑭 𝟒𝟒 − 𝒍𝒍 = 𝟖𝟖 

for l = 3 

𝑭𝑭 = 𝟖𝟖 
𝑬𝑬 = 𝟏𝟏𝟏𝟏 
𝑽𝑽 = 𝟔𝟔 



𝑭𝑭 ⋅ 𝒍𝒍 = 𝟐𝟐𝑬𝑬 
𝑽𝑽 ⋅ 𝒅𝒅 = 𝟐𝟐𝑬𝑬 

𝑉𝑉 + 𝐹𝐹 = 𝐸𝐸 + 2 

Case 3 

𝑑𝑑 = 5 
5𝐹𝐹 −  10 = 3𝐸𝐸 
𝑭𝑭 𝟏𝟏𝟏𝟏 − 𝟑𝟑𝒍𝒍 = 𝟐𝟐𝟐𝟐 

for l = 3 

𝑭𝑭 = 𝟐𝟐𝟐𝟐 
𝑬𝑬 = 𝟑𝟑𝟑𝟑 
𝑽𝑽 = 𝟏𝟏𝟏𝟏 
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