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Modular representations - ( Esther
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In the definition of a representation
g
.

. G -7 GL (E) we now replace E /E by
a vector space E over a fixed algebraically
closed field Iff characteristic pyo . one obtains

the notion of modular representation . It is no
longer true that a G-stable subspace of E
has a G- stable complement . The character of
E- as a junction G-7 K can be defined but
it is not very useful , it does not determine
the isomorphism class of the representation .

We want to study modular representations
of G- GLU) where V is an n- dins . vector
space over Fy, a finite field with g

elements
, z or power of p . As before B is the

set of complete flags ht =@ CYC- - Cvn ) in V

with transitive action of G
.
Let F be the

K- vector space of functions B→K .
It is a

modular rep . of G : If g EG, f E F them

(gf)Yo C - - - Crn) = f ( g-
'fro), --25 'this ) .
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As before BxB is a disjoint union
U Cf of G- orbits ( r runs through 5
the symmetric group) . As before , the Hecke
algebra H is the vector space of allk

functions T : 53×53-7 K which are constant

on G- orbits . It has a K - basis fr ) res}
where Tg : BxB-7K is 1 on U

,
and ⑥ on

% . ,
r
'

fo. Now Hk has an algebra structure
1-* T

' defined just as for Tele: We hax.ve

again To * To ' = Too ' if Iro
' l = loft lol) ,

Tq. (Tq .

-11) = 0
, for i C-4, -yn-13 .

(As in 2e , we have ( Tq - E) ToitD= 0, but
q= 0 as an element of K . )
we define an algebra homomorphism

Jeff Enolate ) by T : [ f -7 Tf)
where f EE

,
Tf =P are related by

Ff) # = E TCH
,
V'
*I LIVE ) -

V'
* C-B

Here EndGE) is the Geetha of linear maps
F-→ F which commute with the G - action on F.



I .

Let Wo be the element of S given by

7→ n, 2 -7N-1, - - n, N-71 . For any isj

in 21, - ., n} we have won) >woljl . Hence

two 1=42 ) . we show : a

[f. YES
.

then 104/0 wok two I
Recall :

Io = sj) / oci) >Nj )} .

Igi'wo=yisj) I a- ' (anti - i)> E'cntr -j )}
= { i ' >ji ) oil @ 'I > i'(j

' ) }
TE TE

sans

= { I' ' ' i'
' l oh so#' I} .

lol tf
'

wok # Iot # Jew = #Icij) -
- two !

O

↳TJ c 4,2, . . , n - e! . Recall that Sj is the
subgroup of S generated by L dit ie J} .
There is a unique element wodges, such that

playoff for any d C- Ss , 0-fwofjwehaver.FI.
any d C- Wy we haveFor lawful = KIT YI wot . -

or equivalently two l - I wz o
-' le Int Hot -HII

or equivalently graft = ywfgoih It lol .
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This follows from # I applied to a product
of symmetric groups instead of S .

We define
c-H

T
-
K④

,
= E Tor r

,
w
,

= [ Too,-w• .

ore gag Q TES
me show :

# Tj g-
= { 0 if i C- J

i
- ④J

.
if i 4-J.

Assume that i C-J . Then S, can be partitioned
into pairs ( or, Rio} , 161=1401 - I . For
each such pair we hate tq.fr -1 Trio ) =
= To

,.LT?iTgtTo)=TqlTq.tDTg=0 .
This

Moves it, when i c- J. Now assume that
i#J.

It is enough to show ifor o C-Es :

Tq. Too,w③ = -Too,w④
. This would hold

provided that yoioojwg@Igsfojwjo1ore2uir.that
first > Host . But for any r

' ES
, s

i 4J
we have ki d

' I > yo 't . This proves (A) ,



%
Conversely

,
we prove :

I Let }=¥g, cat e Ha , czfk be such that

Isis - II, Is Et .

Then B is a scalar times Ots
.

Assume that IEJ . We partition S into

pairs { 2, or} with Kl f Kil . .

We have

Tq. (Cz Tz -1 Coiztoiz ) = cztq.ae#oCq.zTq.z=0
Thus Cz = Coin for any i c- I . It follows

that Cy is constant for re in any coset

5-IS .
Assume now that Cz fo

- for some
i4J such that find >KI . Weise

- -

Toi (CETI T Cq.zTo.-e) = cretic - Coit Tonic
= - Cz Ty - coir Toit
so that Cz = 0, contradiction . Thus cry ¥0

implies fit Is# for any III. so Hnat
142 wot > knot for any ifs . By the foist part



6)a we can assume that I has maximal

length in its s
,
wut so that Kir El stet

for any i
'
EJ
,
hence ( Oi- Two I > IT wet for any

i
'

EJ
.

But they log z wot > IT wet for any f
.

and this dimples two =L and I= Wo .
We

see that } = E To Wo
.

I J. H
O ESj

Let E = image ( E : 5-→ F )
.

Since ①
, commutes with the action of

G on

F, we see that F- is a G-stable subspace off.
We fix Bo EB .

Clem - with all eigenvalues1.) Let 9 EF be the function
B -7 K whose value at Bo is 1 and whose

value at any point F Bo is 1 . Since the G

action on 53 is transitive , the elements

{ g 41 g EG} span E - Hence the elements

{89671 SE G)span Fs. The Bo- orbits on B are

0£43 EB) 43,00) E Oo} , SES .
Now me : B → K

,
-9=1 on OJ

(res)
{o on,-of

are Bo - invariant



I
elements of F; they form a basis for the vector

space { f- EFI boy =p , F bot
B 3--500 .

We have To 4 = TY for any 6 C- S . Hence

{To 9 I o c- £3 is a basis of FY . We show :

The vector space of Bo- invariant elements in⇒ JJ isg. the one dimensional space spanned by

for any FEEwe have I f = { ° % it J Hahne)
.T -f if i4J

.

In particular this holds for f- +0,6. since 9 is
Vo - invariant and Ott

, commutes with the
G- action, we see that egg is B - invariant .

0
Now any 13o- invariant element in Fg is of
the form f- E c, To 9 where Cr E K and

or

Tis -- Leg is ÷÷? hence Tik cotrkf-sgtjtyifg.IS .
Hence Scot - c , for some CEK ( see above ) .
This proves .

Thmhrwmwnwmhh-

Let Vo be the set of elements g c- Bo such that y has

all eigenvalues=L .
It is a subgroup of order power

of g .
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Let MC I

,
be a non -zero G

-stable

subspace . Then there must exist a non - zero

Uo- invariant vector } C-A-
. See Lemmy below . Also

5 is necessarily Bo- invariant ('Edmund ⇒k¥4 for some cek. Since
§ 9 I g EG} span Fg and are all inA

,
we see

that F- EM hence F
,
-
-M .

Thus F- is irredag.gg
a

Lemming . Let g : U → GYM) be a his
representation of a finite group Uof order power
of p , where M is a K- vector space of finite
dim . Then there exists x EM -O such that

Scu) x = X for any u C-V-

y⇒
Proofs . Let Mo be the Fg -vector of M generated
by CUH l U EV} . It has p

" >1 elements .
.

It is a union of V- orbits ' Each orbit has cardinal
1 or a multiple of p. Let N be the number of orbits
with a single element . Then Nt multiple of p=p?
Hence N is divisible by p. Hence - TN? 2 . Hence we
can choose X 40 . D



⑨
Lemma_ Any Vo - invariant function in F
-

is automatically Go - invariant .

Proof . Enough toproof
: the obvious surjective

map Vol GlBo -7 Bo G /Bo is a bijection ,
that is, if g , y

' in G satisfy y
'
E BogBo , then

g
'

e Vo g. Bo . We have gC-BodBo , y
't Boo Bo

for some O E S
.

( we identify Bo with upper

triangular matrices in G ,
S with permutation

matrices in G
, Vo with upper trinny . matrices with

1 on diagonal .) we have Bo = Vo - J
,
where J are

the diagonal matrices
,
so that T r = o T . Thus

g E Vod J Bo
-

- Vod Bo , g
'
e Vo OT Boi Vod Bo and

y
'
e Vo g Bo . a

Proposition . Any irreducible G-stable subspace of
F is isomorphic to F, Gor some J) as a representation
of G .

[ one can show that the
' words

" is isomorphic to " in the Prop . can be replaced by
" is equal to" ; the words

"
for some J

"
com be

replaced by ' 'for a unique J
"
.]
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Proof Let M be an irreducible G- stable subspace
of F- The set & ES; Tg MFO} is non- empty . Ft

¢

contains for example 1.) Hence we can select d

in this set with lol maximum possible . We

show that if i EG , . ., n- is then I M is contained

in { f C- 5-I Tq. f-03 or in {f- C- 5- I Tq.f= - f } . Assume
first that pin >lot . Then Tq.To M= Tq. orM = 0 by

the maximnlity of lol; thus Tom c { AEFIt..f-03
.

Assume next that Kirk lol . Then E- dir
'

. HEY
' Ith

and for MGM we have Tq .Tom = Tq . Tq.To - m =

= - Tq. Trim = - Tom ; thus ToMe Lf E Fs Tgif = -f },
as claimed . . Since M is irreducible , the map

Mr Tom given by To is an isomorphism of

representations . Thus we can assume that M is

contained in the kernel of Fri or in the kernel of

Tq. t 1 ( for any it . As before ,M contains some

nonzero Vo - invariant (hence Bo - invariant vector ) which

by an earthier result mustbe a multiple of some 9 .

Fleece M = Fg . I


