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The Steinberg representation .-
Let 6=644 where V is run n - olim vector space

Hq . Let Bbe the set of complete flags in V. Then G
acts transitively on B and the orbits ofG on BxB
are 0g , o E G ,

the group ofpermutations of
{1,2,. ., ng . Let 3h

be the Hecke algebra ( algebra

of functions on BxB constant on G- orbits ) . It

has basis { To l r C- S } . Let F be the vector space
of functions B -76. We have an algebra
homomorphism Cod fact isomorphism)
Le -7 Enola ,

T -7 [f- →Tf] ,
( Tf) (BY = E T@, 8) f@ 's for TEN , f E F -

B'GB

Enolate) is the algebra of linear maps F -7 F

commuting with the G - action on F :

g if -7f ' , f
'@= HEEB)) .

Let Z = # C-Fl Hq.tn) #=o for isn, . . -in } .

This is clearly a G - stable subspace of ¥
called the Steinberg reports - of G .



We write Lo, 04: r instead of Yay

We fix Boo C- B
.
Let B*={8GB; (B, Bo) : we}

Here w
,
E S' is defined by ten, ↳n-1, .. .,

"Th. Let E* be the vector space of functions

B+
.
-7 E

.

We show LEMMA-
The restriction f -7ft,z* is an isomorphismHE -7 Ea. .

-

IFor any f, E Ea we define f C- F by

A

LIB) = EB EITI f*(BY
o '
; @ 'o) :woo"

where 43, Bo) :O, e
, = f- glow! Note that

each o
' in the sum is automatically in B* .

For i e fi , -yn -is, we show
#i a) t L Con) - O for any On with

Equivalently : (B, Yo ) :c
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Coy Tl : ri fo; Oe) : Woi
'

'
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, o ) : Wo T
where

(F ,
Wo ) : T we must show

that if
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(E, Oo) : Erie

Ca) B)
E- eat E er tho, T.no:L} -2-0~ .

G o

6,9) : Oi ←#→ ( O, Eliot
O ' F Oo O ' F Oo
- y u -

WoE' wore 'q.
Ti T

We denote by C the unique F such that B! Cuz
Bo

wool
and by c

'
the unique on such that Oj du Bo'

Wow' Ji



④
We must show

" lie. "il: :c::÷:
+ so

, µ In Fda} =o .
In case 2 we have C = By and c

'
is such that

@ 1
,
on) : Oi . The required equality is
O E

o
,

t I Ect t Eq = o ; it is clear .

Assume we are in case 2
.

We have Cf Ba since
O
'

, boy : wot
'

Oi , ( O
'

,
et .- Wo E

'

. we have c'tBr since

Bn , Bo : I , C's: Bo : Giz . Moreover we have
.

I

(C, C
' l : Oi . If @y , c) : oi then using

f , c
') : oi , B

, -7C
'

,
we deduce @ , I C

') : di . Similarly

if @, , c
'

) : Oi then @n f) : oi . Thus

(oh,
e ) : oi⇒ @, , cy : ri

If both ( Bpg ) -- ri , fo, c 's .- ri , the required identity
is Ect e or -O which is clear - If both (Byc )#oil
(B, c 's zoo

are Sabre, the required identity is

O -10=0 . I



so
From the Lemma we have linear neaps

R : E-7 E
, f -7 f le * , R? s → E , 8*78 as inA A

Lemma . clearly , RR ' =L .
Hence R is surjective .

We show that R is injective .
Let f ER be such

that LIE * = o . for BEB such that (B Bo) :O

we show that f (B) by descending induction on161 .
when Kl is maximal

,

this hvlobby our assumption .

Now assume that of Wo . We can find i tf ;- ish-i}
such that (o

'

,
B) : oi implies 18

'

; Bo ) : Gio

Kirt ⇒Hts . The sum of values of J over all suck

B' is equal to -f @) . But f (04=0 by the

viol . hypothesis , so that f (B)=o . This prover the

infectivity of M . We see that R is an

isomorphism with inverse R!

Lemuria The representation of G on E is

irreducible

Proof We have E fo seria 2*1=0 . Assume
that E = E'⑦E" where E

'

, E
"
are nonzeroG - stable

subspaces . We can find A c- EndGIF) such that
X =L on El, 7=0 on E

' '
. since Endoff) --Tl
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we see that some element 3.CH acts as I on E
'

and as 0 on E" . By definition Ti c-H acts on

E as - L for all i. It follows
that any element

of K (and in particular g acts on E as a scalar
.

This is a conto adichon - The lemma is

proved .


