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Let nzn .
Lket 'S be the group of all

bijection, d -I-II, 5=1,2, - - in} . .
Let G-GIV )be the group of all linear
isomorphisms VTV where -vis ann-dim vector
spaceHq ,

a finite field with q elements .
Let IT be the set of all sequences 0=41,02, - - - in)
of integers Zo with sum = n - cptfets C-ZE
Let Xo be the set of all sequences of subsets

IRIE- -

C In I where
#4=4 , # Iz to

,
. . .

,
#In -- 4+4-1. - then .

Then s acts transitively on Xu by
o : tic Iz e - - - c In I → ( o coldc.Eden) ) .
Let Xyq be the set of sequences of subspaces
V
, cvzc . .e$n= V where

dimVeh
,
dim ra.- o,+vz, . .., dim KE

U
, -1kt. . .t0n=n .

Then G acts transitively on Xyq by
S : Herzen .. Cvn) → ( sci ) , SH ), - -- i Sdn )) ,



I
Hence the permutation representation
[ X
,
] of S and C Xu

,
of G are defined.

Recall that En ins the set of all u -44 , -- - un) EZ 'm
such that 2, EEE . . . Eun -

i e
the call that for u E Zn we have

~

Au = E-cui Hoi in Rls)- a
H C-Zn

where Cui
,
u are uniquely defined

integers . We define
Ayq= F- coly o;D in Rch

C- En

Theokemlsteinberg7.mil)for any 8 EZ '

n ,

Ayy is I aimed - rep
- of G .\ ED for

. ?Tony
'oyjmn.E.nl#-yeIA4e are

non

The proof is bases on
the following

Lemming for u , u
in Z n ,

the number of
G- orbits on Xu

,qxxuyq equals the number of\ s - orbits on xuxxv .



I
We prove the theorem assuming the lemma

.

For o ; z" in Z n we have

( XAu , l XAzn) =
, E ,

E

=afg. 'n'v ' cu ' 'o " - ⑦Kei od t Y Xi:o)
Ifpi, cm;u ca"u" #fo -orbits on an;qxXu';D

=µ§j.. cu;o' em"u
"
# Cs-orbits on Xii x Xun)

=

" anycnn.ve#ixLxmD--CXauKAv)--4ooitifIIIin
.

The theorem follows.
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We now prove the Lemma -

we write o = fun , y, - -Nn ) , b'fu ; it , . ., U 'm).
Let Sz be the group of all OES which
have stable each of the subsets

{ 1120 - -143 , 20 , -17,0, -12, - - -s 41-22) ,
{ so
, -102-11,4-1021-2, - - -20, -122+23}, - - -

Let Sui be the group of all rts which
leave stable each ofthe following subesets
{1,2, - -Ni }

, 2441,4+2, -⇒Viti z } ,
{ Vitug -11,4't uh -12, . . ., 4*4+43 ,- - -

We can identify Xo = 5/8 , Xj
-
- 5) Sul

hence ##u xx =#fasho) .
Let 4=44 Ckc. - - Cvn) C- Xu,q
vi. Merle . - cry

,
ex.iq

.

We can find a complete flag V* in V and

a complete flag VI in T such that any Tri
- Vlis one of the subspaces which form * and

a ,

any vi. is one of the subspaces which form V* .



⑤
Let o' =post's. . hi

') e s . Now ¥
'

,
hi '

are not necessarily unique - If Val , VI ' is

another choice for VI , VE ' we set .

o 's posy: , VI) e si . We show :

⑨ So o
o
'
si

.

. .

Let Thespis ')be the set of all i Ef, . ., n - 1 }
such that ri C- So Crests . oh- G s w. ) . With
an earlier notation we have SES

,
soF Sj .

From the definition we Love

Titus (¥2, E so -- S
,
-E-Pos (v 't, ma

') c- Swiss!
and for appears with f- O coefficient
in Ty * Tor *Te , fproduct in Hq ) .
From an earlier result , we see that
HE S
,
f Sg-1 and Ca ) follows . Thus

(v't, v't) → s, post
'

, VI
') Ssl is a well

defined map Xygx Xu
'
q -7 Sol 5/5ul -



¢
This map is obviously constant on G-orbits
hence it induces a map
all?yes × Xu; g)⇒ Sulks. '. such

that Gy By -5 Tse
the s

obvious diagram (above) is commutative . We

define S → GI Hu
,
y x Xo

'

,
g) as 8 S

.

From the definitions this is constant on the

( Su, Su ') double covets hence it induces

L
'
: Sol 51so , → GIL Xu

,
q x
Xu
,

'
q ) .

from the definitions I 2
,
d
'
are inverse to

each other
. Thus ,

# KI Xu
,
ex Xi

,
g) = # (Sul Hsi) .

a
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If we assume Frobenius 's theorem about
the irr rips. of 5 we could deduce as before i

r

Let Au
,
q= E. scgnfk) a- K, g) c-RIG)

K runs over all permutations of { 0, t, . -, R-I }
such that Ai - Ki 70 t i .

Then

I Ayg is an irreducible repres of G .

Moreover the various I Ao
,
q are distinct.

i-Th

In fact, Steinberg shows that I
is t -



⑤
Example . ( n -

-3)

Eilema:Onoon Gordin v , dim i }
This decomposes as M

, Mz⑦M3④M4
where

Mi - fl s gf, ok)( / Y?q,

=°
,
t k

I II.flick)=o,
tr}

ME {ftp.f.crkk-opindgepgndnt/M3--
{ftp.qffyorz)-0 , sin degraded}

Me
, =p ) constant } . irr

We have MzEM3 as replies . ofohimghtq .

My irr rep -of dim q3
M4 'l l ' Ii si L

Note : gftfgi-eytlgkg7-t-fe-DCE.iq-1¥#Xun,q


