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Let V be a vector space ofdim rover Fg , or finite field .
A complete flag in V isa sequence V*Hock . . . Cvn )
of subspaces g r, dimVEIYi- LetB--set of complete flags . for
Va ,

V'* =Hoo . . .N'n ) inBwe define a permutation of
{ 1,2, . ..pig . Let it IB . - in} . The intersections

von rink?? He aka# c. bnHic
. .
-

c Vanya
have dimensions starting with O, ending with i

'

and at each step they increase by 1 or remain
An same .

So there are exactly i places
where the dimension increases by AI . of these
i - n places are oftimed from H, H,. .,VI- n.

"

we denote the new place by of is . It is

different mm ohh, . . . o(i-a) . This defines the

permutation d.=p#* , VE) , therednessitem of
V*, VE . From definitions we have
hold - in ri's vying

.

i n ,
Mr

-for it, - - -in . We can find angie Li
such that

vrcisnrir = (Voxtank) ⑦
Li

for i = a , . . ., n -

.



Y
-

Ashen we have also - ~

*A) Yin VEX, = -n nvotyg ,)⑦ LEYH .

for j-n, . . -in .

-

- .

From ft# wehave LI' C Vj , Loy.Dc Vjycrj
- ~

~
~

- -
- i tog) ch Crj hence Loi Lff,)t. . . they,
is contained in Vj . We show that thissenis direct -for -size

. by induction on j . If j- n thisInformative jZ2
. By the induction~ vhypothesis Vj-E Lynge, . . ⑦ LEH . It is

enough to show that ~

RT'd) ¢ Vjs . . If Li 'd) Cr;-n
.

then
~the Lori c v;-an r£yy contradicting# .

This proves : n

-
n

Vj? Li
' Lf '→ ④ . - -

④ LI ' '

Kj
- v y n ~

In horticulture L ,⑦Lz⑦ . . . @Ln =
V is a direct sum .

From # we have Tier; , LI, chick , - - - Ichi
hence V'i = Th④ T2 ④ --. ④ Ei

. .Set ki -Toti . Then
Vj = Kg'D.. . ④Lj , V!- = to to hop, . --④ Lox) .



It k¥44 . . -evil
,
vitric. -crit a. crit ,

JI -- Fic . . - CTI ) be in B and let
0

E-pox hi, I , r
'
-
-post if ) .

Lemuria we had) 60=0
"

if and only if
we have stiffvk.sc#=IIfor.somegtGProof-

.
(2) Edt) is immediate from definition

.

Assume now that
E-I 6

We can find Times Li, . .; his and
<

lines L 'T , . - - Hn such that for any i
-

.

✓
°
. = Lito. . .#Li. he 4¥. . LE .

i s i 7
~ o
Vibe Er to. .-④Lr (it )

TY. = Many -0 . - ④L''old -

e
In particular v=L9⑦ . . . ① in = LITO .- ① Ldn .

wew can find s EG such that ~ ,
s 1=44 for all i - Then ski)_- VE for
all i am.! S! Vjotvjl for all j . Thus 12)

holds . D



Y
for any ores let

%={ Ya , VE IEBXBI post, 1=63.
. This set is

non -empty : we can find lines

Ln , . . - inn in V such that V=4⑦ . . .@ In .
We define V*= ( Vic . - CVN ) by
Vik, ⑦ . .

- ⑦ Li .
We define

rI=4k. . crh ) by V' = ④ . -⑦ Lo,
then pasta , V'a) = r .

i hop, ly

Eff;z
.

or is a single E -orbit on

This ,

{ G-orbits on BxB} # S
'

This is called Bruhat decomposition .

Tyrrhenian

first stated in this form by R . Steinberg
9511, Gelfand - Nainrark @950) and in
a somewhat less precise form by C. Ehresmann

4935) .
-



5)we choose a basis { en , - - - en} of V. Any .

s EG can be written as a matrix (sij,
where s e ' = [ sij e i . We identifyt

d with the element of G given by
ore; = e rej ) . We set Va -(KokVy?! Vn)
where Vg :O, ↳ = span (en ), Vz -- span fee, ed,etc

.

We have V* E B .

I

/

We show = .

ft) post V* , of# D= r.
Let Li = span @is. Let Vf = NA )
✓i =L gt. . -+Li

Vj = Lout .. -1 Loti)
hence ft) holds -

-

Leanne Let ↳ froe. . .ch/,v'afvfc. - ch) be
in B ,

or = posts, v's) . Then posy's¥ )-5!
Proof . Can fend lines La, . , Ln with Vi -- 401. hi

, vii.Left. .Pff,set L'
i=L . Then V!- LIT. ..tl

'
i
, Vi- Igi "'④LL-kg . El

.



G- )
consider VECHE . .- Cvn) , VI -Chic . . .

,V¥=(V"oC
. .

- Cmn ) In B . Let 6 =poster
,
Vt) ,rfisn, Miss olim) , riposte

,
VE) ,

4. = pas 4¥ , V't), where di .- i -ziti
,
its-7i, j-2J for

jfk, it2

Lehrman T = O Ji

↳ we have vii. Nj for jfi, 4¥ rt .
It is enough to show : # vooicjynnvj's Voight's
for all j . When j Fi

,
it
, ft) follows from

Voy) -in YR Voy, nVI . If j=it1, ft) follows from
Voci) - innit , s Voci, nv.fi ,

which is known -from
the construction og r. It remains to prove # for
j- i . Assume it is not true, that is,

⇐*4th? VI
'
= Vocitiynri" .

We have Au C Bu , where A- = Vo¢+ , g.in
Viti

C TeD

u V
B= rotiti) n Vfx r

e C F C -
- VrCiti)- in V

'!
D= Voting n V'

'

i

[= Voci +D n VI- e
-
r

F = Voci, y n VI.



Let La , . . . ,Ln be lines such that His Lyle. . -④Li, (F)
Vsi -- Loy . .-⑦ Lpg, , tj . We honk

"

A = ⑦ fog, ; jsiei , Melita)
-is

D= ⑦ {Log) ; j Sita ,
Nj ) forcing }

⇐ = ④ { Log) , j.si- n , ofj)
skits)- I}

+ = ④ { Log) ; j si- n , ofj) eolith)} .
' " A we must have jfits, and j=

i appears in A

( assumption 6 softly
,
not in E. Thus dimAlE) =L

In 8 both ji is it appear , not
in F. Thus climb1ft 2.

We have dim (BlA)=L by definition of 0. we have

E - F . ( If j fit, ok) soli ti) then Nj) skite)
since jfitn ) . We have dim 1311751 dim DA s z
since dim Vi't, IVY. -

-
1
, dim V'i'/VI , =L . seria

dim Blt-- 2, it follows that chin BID = dim DIF =L
Thus DIE. Since C=D, E

-

-F, we have C f- E . since

climate) it , ECC CA , it follows that C -- A .

Since Lrfi, CA , it follows that Lo c- C hence

Lofi) C Vi. We have also to ,
- -, Lox ..) C v 't . since

they are in H. . Thus VI's Lout. . .t Lox. -e) thot 1=4;
contradiction . D



We state or converse of the lemma above .
(81

Consider V
,#c . ..vn/,r.I=fvjc...criilinB'h

that Pos ( V* , VIf r q. , with o, i.si as before .

temhai There is a unique V£=¢! C. . - ch 'm ) C- B
such that pros ( re,r⇒=r, post's, r HE.

Proof . We set vj - V's
'

for jf i . We define
A
,
B
,
E , F M in the previous lemma .

We have

dim (Bl A- 7=1 , dim(AlE1=1 , olim ( 131ft
-2 , E

-F .

Now VI. can be
,

viewed as a line
.

in the

plane Vita/VI , = BlF
,

' in fact it is the
line Alf C B1 f . El

.

Let H={f : BxB -71C fete Instants %3xB}
•

there G acts on BxB by silk
,
VE )-744*1,5441)

,for any sores let Tsd : BxB -71C be the
function (Va

,
rt ) -71 if @*

,
htt) C- Oo

cark) -70 if IV.
,
VE) 4- Or.

Then {To ; o ES} is a E- basis of H .



191
For T, T

'
in H we define Test

'
: BxB-71C

by CTA#Che, r
' '

*1=274, flight).
We have TAT E N. tiebreakersan associative algebra structure
5.)for' d, o' in 5 we have

H with unit

Tox Tri = [ c.% Ton
o
' 'Es

where

Coo: = # { rt c- Bl H, V'He 0$ Kk, e-§
for fixed @*y

''

a) E Oji . Ihis is an integer
independent of the choice of ( VA, V 't) . )
The algebra Tre is called the sleeking - It

was introduced by Iwahori 4965) ..
We describe the multiplication * more explicitly.
For o t S we set

IHqe.si ' ii.÷;-in: you#KID
(length function ) .
For it 4 , . --n-n} define di ES by
it ite, it -2 i , j→j for j fi



19 For re T we have poi 1=14-11 if delsokn)
( Exercise .) ↳I- n it re) >ray.
Lemme . If 1801=41-11, then It Troi.
Proof . We use that if I

,
V's ) # g ,# V''

* I too.
then (V*, V 't ) e Goi and for y*, v't ) C-Urn.
there is a unique tf EB such that (VA, V!) c-Or,
ft , V't) E Ooo. .
Lemmen we have To? = (g-D Tq. -191T.
Phoolan. Let µ , VI I EOri , y '*, r"* ) c- Ooi. .

We have

y = v; = try for jfi . If Vishnu then It, Vt ) C- 6g ;
if v; #Vi;then (Va, V

'! I C- Ori . Thus frf-ofq.td.fi
for some c

, ol in CT . Assume that C* , V''* y c-Osi .
Then #ft tBl (KY's IGOoi ,# off c-Or;}
= # Lvg . I vi.c V'is vitro Vieri, rip ri

"

}
= H [ lines in a 2- dim n vectorspace] - 2 q-I

Assumethat He, V'* I C- On - Then

# Et t B l H , rt) euro. , ④kurt
'll-Gi}

= # {Vil ri. , c ni a Vita , r
'
i Fri }

= # ( lines in a 2-dim vector space]- i = q
- D

Lemmon . If Kid Holt 1 then To#TE Trio



at
Proof . We have a vector space isomorphism

⑦in → H given by THE,r¥tT¥R*)
.It clearly satisfies -0 (T # I = (TY IT) .

It
.

also

.

satisfies
.

④ ( I)= Tea for sees .
From loin =/ 01+1 we have

I @in
" I = K

-

4th (see below) hence I d- Liftoff
using the previous lemma we have

(Ti 're. ) = (Tra) hence

T T Tdis i si r . hi -

It remains to show that for any of S

we have to
-

Y = or.

We had Irs { Ii,j) I isj , Ki) >Kj) }
E- I = { giggly g i'sj

'

,
oil >EYJY}

Now we have a bijection Ig -7 Is '
Lij ) -7 fisjy where i

'
-

- oljl , j '= oeil .
Thus la -' I = lol .



#
For

any
RES

, oft, we
-

can find
c
' EM , . . , n- i} such -that Ni) >Rite) .

otherwise we have sci) cotta) for iii.→ n - I
then Oci) Cry '

) for all isj hence 6=1 .

It follows that
(a) Any of S is of the form 644; - - dip,
for\
p= , or, .

"

I
'" - - "s

.

in 4 ,"?
-B with

we use induction on lol . If Yoko then
0=1 and Cta) is obvious . Assume now that

10121 . As we have seen we can find
icy,. -n-a} such that foil l . get
a' =poil . Then E- a' our and the inducting
hypothesis applies to r

'
.
I

Tconversely,if a = oi
,
. . - oik with is , - -sik in

21, - n, n-n } then 1015k . Indeed let o 's ri
,
.-- tiny .

Then

by ind . Io 'Ifk - l . We have 161=410%1510 ' Itt h .
LT .

we show : if o
,
o
'
are in s then 160 ' l E Irl-Ho 't .

Indeed , can write or = Oi
,

- - - Tin , 101 -- K and
•
'
= 5; . . . tie , 164>e . Then or '= ri

,

. - - Tigers; - --Fl
hence fo 't f late =p -110 't .



't
Let T

, J
'
be two subsets off, . . . , n-n} .

Let Ss (resp . Sss ) be the subgroup of S
generated by z si ; i EJ} (resp . { si; IET '}

A

Lemmy
.
Let o E S, T t SJ, T

' EST . Then
Treat *Try , is a linear combination of
elements To , with o

'

E S
,
- d Sg-1 .

Prout
. Let k=4Ef, fatty't. We argue byinduction on h+hi . If kik! o then I = E'it

and there is nothing to prove . Assume now
that ktk 'LL . Then either 2ft or I¥2 .

Assume first that TfL . We can find
iEf, - r , n-i} such that Eli)> th) . We have

necessarily i c- J
' and K'di Is III.hence

Ty #Totty ,- Ty * To * Trudi * Tq. = comb . of
Tr ' * Toi. , 6' E SjsSjs , i c-J

'
.

Similarly if 271 we have that Ty# To* Tel
is a tin. com . of Tq. It To ' , o 'E -5yd Sgt,
i C-J

.



ay
Thus we are reduced to the esse where

4) 7=1 , z 's Ki Ci C-J ' ) Md) T -

- di CETI
, n

..
.

In case 4)
, if Kool >14 then

To *Tri - Troy. Is required - If 104/44
then setting E = sq. we have II oil >Fl and
To A T Tf *To

,

* Tgi = bin . comb - of

TEATS
;
= To and T p =Toq. as required.

come ⑦ is similar
.
El .
2-

We show :

If o, o
'
E S satisfy too ' I = lot + fo't then{To #To ' = Too ' .

Induction on Ir ' l . If Ir'ko then o's y and result

is clear. Assume Ir ' 171 . Then can find i EE, - -
-in-n}

such that r
'
= r
"
ri
,
lo 't -40

"It 1
.
Assume that

that Iro
' I = for

' '/- I .
Then too ' l slot -1164-1=61-114-2

contradiction
. Thus 1804=40

'

oil th and

Tor ' = Too . . * Too. = ( in .at.hyp .) -- To * In *Too. -- To * Tj,
a



is
It follows that i

If 1¥ VEI t BxB satisfy It, r
'#t ooo ,

with K o ' I= lol tho
'

lII::#¥ : :
¥: FEET:O..


