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Representations of the symmetric guy-
Let I= {1,2, - . - in } .

Let

5. be the group of all bi
-ections

6 i II I . Let Z'
n fuse?-n) be the set of

all

sequences D= (un ssh,-.-Ong fresp.ir#dysvzf .. . Eun ) ) of
integers Zo with Vytvzt. - - tone =n -

¥7 Z.in we set H: *Cdt. .- 'Celta,
{ list 2×21; is j , 3C one of :

(Aj: 4,2;- -s his , {nil in ,th-MHM}, {n,then, -→n, things
i .
.
.. Set P = Eben;- -PG] , xiindieterminatis; a

G- vector space , D= Pr , Pr = polynomials of degree
for any WEEK we set ri
% = Ifi - air ) t P ,ol

to

Define a linear repres . g : S
-76 lol ) H

s = [ frfr , . >my→ f ( xd ,p
-- -Moe

for TES . .



#reposition. Let veznt . '

Let Au be the subspace of P, ul

spanned by#(%) ; d Es } . This
is an irreducible stubrepresentation
of P.io/
Proof . Clearly dimAf ar and

Au is S - stable .

Let ① : A
,
-7A,

be a linear map

commuting with the S - action .

Let so ⇒A. S K¥HmMswsetseah*F)
Let e : s→⇐13 be the
sign homomorphism . If d C-So then
f of Ed)4u . Hence

'

Scot @K¥44044 .



3) tf EE %, satisfies get-2=442 for
It so

,
then I must vanish whenever we

set Xi - kg (Lij) e⇒ , soo that E. is
divisible by such x; -xj hence also by

fT¥Xi) = 9
,
. Thus 8*1%1 is

divisible by Leo . since fed, %
are both in Pµ

,
we

must have ①fqu)=c9u , c- constant .
It follows that 41440) =
= g = Ks)@ 41=4418 , Tots .
Thus a c. I on Ad

.
We see that

dim 15597=1 and

Au is irreducible .



4) Lemmy.Let u,uh in En be such that

Az , Aj are isomorphic as
reports. of g .

Then A NA i fo
u u

Proof
.
Let ⑦ : A →A ,

i be an
v u

isomorphism commuting with action of
S -

.

As in the proof of the previous
result

,
we see that flu) is

divisible by Qu . Your ⑦%) t Buy .

Hence 6113121 .
<

Reversing the roles
of V.v

'
we see that 4131v 't hence 101=44 .

We also see

that ①(8)= che for
some scalar c -2/0. Thus Yue A- vi. We see

that AunAoi to (it contains Yu ) .



⑤Lemme Let v.v
'
in 2-n be

-

t.ch that Ayn Ag # o . Then 0=0
'

M -

r

Irony . Let V=(qsvzf. . -fun) ,
v
'
-

-thesis . . - Eun) .

.

Now 42 is a product of
vanderMonde determinants .

Hence Got E where E is the subspace of
Pwl spanned by the monomials
Xi ' x'22. . . x n'n where

(G, Ca, - - yen) is a permutation of
( O, 1,2,- y U,-1, O, 1,2,- - Vz-ng - - - 191,2, . .;Dn-2) .
Hence Au CE . Similarly , Arce

'

Aure
E
' is the subspace of Ppl spanned by the

monomials ai#Exits where

⇐, eh,- - you ) is a permutation of
GAR , . -, Of-I, o, 1,2, - - , 82-1, - - -, 0,112, - "s D'm -D .



6) Since A NA i ¥0 we have tutti b
U V

E n E
'
IO hence

f) 10,1 , - - i 07,0 , b- --, K
- 1
, - - g 0,1,- - - ion - n)

is a permutation of
@Mi - -s Df- I, 91,- - -n'2- 1, - -y 0,1,- -Tv's') .
It is enough to show that Cv, ,vz . . . ,I
can be reconstructed from # or

equivalently , from

(
the unordered collection :
**) ( 1,2, - -if , 1,2, . . . Oz ,

- - r

, 1,2, -- -, .

Let M = Max CAN . It appears in#H
say dm times

.
The largest number in D

is also M and it appears there fy
times

.
We remove from XD the entries

spy .., Vi for any i sit. V i =M . The resulting
sequence is #A)

'

; let ME Max CHAY; it
appears in **) ' em , times; m

' - is also the -largest
number in N from which all M are removed
and it appears there em , times . We continue and



7)see that all numbers in 0
can be reconstructed scorn #* I - El

.

Lemme Let V,d
' in Zn be

such that Au
,
A-o ' . are isomorphic as

S - modules
. Then U= V '

e
-

Proof.

Followsby combiningthe previous
tf

.

Consider the map

Zn → { irked . reps. of S f
up to isomorphism

u→ Au



⑤
Theorem . This map is a bijection .

-

1¥. We already know that this map
is a well defined injective map .
It is enough the show that it is a

map between two finite sets with the
same # of elements . We know that
#( wir rep . og s up to iso.} =
* (conj - classes in S )

and this is equal to # Zn .

(Two
elements of S are conjugate# they have
the same cycle type .)

Example . If 0=4,1 , - n) then

A-o= constant polynomials - unit rep
(2) if 0=4,0- - yo, n) then
Au is spanned by a single element
Hi -Xj ) , and it is the sign represent .

(3) If 0=4,1 . .?, 2) , it ft . . .tt -12-7 , then
A-
o
is spanned by Xi

- x; i fir .



⑨
Thus A { qqt . . .ee#/eytezt...teF0}
of dimension n- L.

4) If u = (o, 0,221 , n=4 , then
A
,
is spanned by
Cx ,
- Xd Cx}

- xgl , ¥3)kik), 4)kind
11

11 11
a

g 8

with a -St 8=0 .

This is a 2- dimensional vector space .

÷

Lemme Let u v
'
in En ki

>

such that Auf Su contains a line

on?.hich So acts by Eo = also (e-sign

retires
. of S .) '

Then either u = U

or lull lull .



④PS. By assumption there exists
E E Aj , E fo such that gls)-2=432
for any s es . As in the proof of an

u

earlier lemmas this shows that E is
divisible by 4

,
. Now E E Muy g9pt%.

It follows that 10112171 .

' Assume now that D '#l
.

Then s mustbe a constant multiple of %
see that E is a non -zero element of Az ok
This implies V=v ' by an earlier lemma

.

D

Lemmy . Let u be a partition of I.
Then Ind{fed Aj ④ M C#

where M is a direct sum of various Au '
with ( v 't > lol .

Probe for u ,@zn
we
have

%; induced - Leu; Hulst
and this is zero unless a- v

'

or lull > IN (by
previous lemma ) and is I- dimensional if 0=0

'

. D



no

1811
.

The elements { Inolsguceu) to c- Zn}
'

form a ⇐basis of
the Grothendieck group B .

PY The previous lemma shows that
the collection of these elements is related
to the standard basis of Rfs) by a
triangular matrix with integer entries
and with one on diagonal . D
Eor .2 . The elements {Ind full ) l U C- 2-n }

\ go

^

where 1 is the unit

repres . of form a basis of the Grothendieck
group Rls).



'd
Proof . If X is an irreol - character of
S
, then 7?s→X EM is again amlined . char . off' ; here Ecs)= sign . Hence
there is a well defined isom .

Ti Rls) → 5361 which carries each basis

element X to the basis element X
'
. It is

enough to show that T carries

XIhd§§u) to #no! .
This follows

from the equality

Ihdsgceu ) ⑦ E -
- Indi
,

G.⑧ elsuf-tnds.tn ) .
We use us

,

= Eu and Eo Eu
= I

.

-
-

I

-



B)Examples 6=37
0=4,1, a) , 7=(1/2,3)
Au = thots

. .

- Indes?!D- Indgsoulhttndgo.lt
0=10121, 4=(0/2,4)
Avi Ihotgo,za ) - Indigo,
U = @ 031, X -40, 1,5)
Au= Ind 50%4)

Aother approaches to rep . theory of S .

-

The oldest result in the theory is due to

Frobenius (n 1880) .

Let u G Zn . We set

^ £611 - - -, ink (4,02-11,0*-12,.- , Ont n - t) .

We have

Ao -- § signify Ind ja, * 4) E Rls)
where k runs over the permutations of
{0,1 , . - in- i} such that ai - ki Zo for all I .



"4)
a.Young ( 1927) Gives explicit constr .
of israel . rep - of S . Shows that

dim And = # tableaux 7¥11
with rows of length :
largest Bi

,
meet two largest Ui, - - -

in which the numbers 1,2 , - . n are

inserted so that they increase from
left tonight and from up to down .

For example if m=4 :

111213141.72€ UTE 43142
4 3 Lf

17¥ HE

t¥④ " standard tableaux
"
.



if
Specht ( v 1932) - these lectures
Ii

follow essentially his approach .

Springer(297b Let N be a

nilpotent nxn matrix with Jordan
blocks of sizes az f a z E - - E ah .

Consider the set

Bn of all sequences Vocya . . CVN
of subspaces of V such that dim Vi zi,

N Vic Vi for alli . This is a

topological space . It Hi (Bn ) the

homology group of Bn in degree i with

coefficients in E . Then Hi (Br) -- O for i odd
-

Springer shows that S acts on Hi (Bn)
for any i , and if i is maximum so that

Hi CBN) then the S -action on Hi n) is
irreducible and each irred . rep - of S
is obtained exactly once .


