
1) Abelian groups .
-

If a is a (finite) abelian group then
any irred - rep . g : G-7644 has dim . I

.

Indeed from Schur 's lemma g is a

scalar times for any se G. Hence any line

L in V is invariant so that Kir.

Conversely if G is a finite group
such that any irked . rep . of G is t-dimensional
then G is abelian .

Indeed
,
the regular represent .

g : a →aLH) can be written as

V =L ,-0 --
⑦Ln where 2; are

invariant

and isreal . as reposes . of G ,hence
Aim LEI

for s,t is G , glad, Kt) act on Li as
{ colors hence commute . It follows
that SH SH -7K)SH

-

- V-7 V .

Applying this to the basis element eyeV
we obtain estates hence St= ts ,

a



2)Direct product of two groupsti
Let C

,
G
' be finite groups- Then

Gx G ' is a finite ) group with operation
(s , s ') Lt, t

') -- Cst, s't
') . If

g : a→ GUY , GM : a'→a LCVY are repress .

of G , G',thenshag ! GxG'→ GH V ')
Cs
,
SH) : [vav

'
→ g ( s) vis v

'] is a

lin -rep - of ↳xd.with character

*) X
, ,

Cs
,
s
') = Xg Is , ( s

') .

.

Let Xi , Xz ,- . . , Xn be a iplete list of
the characters of irreol . reps . of G .

Let Xi
,
X 's. . .,Xin , be a complete list

of the characters of erred . reps . of G
'
.

Lemmy . A complete list of the characters
of irred . reps . of GX G

'

is
- in Cs ,s 't-7 Xist Xits

') ( 1 fish
,
Isi 'sn').¥ '

proof from # we see that Xi
,
i
' is the

char . of a lin . rep . ofGXG! for i, j in a ,n] ,
i'
, j
' in din') we have
*i.ir/Xjji)--fxilXglfXiilKjY--8ij8iljr.



§
It follows that each Xii

' is the char . of an
irreal . rep . of GxG

' and that the various

Xjjr one distinct . Jo show that they
exhaust all ivied. - reps . it is enough to

show 2

i. Xi,iii. D = #Exo'D
But the left hand side is §, Xin)2XiHT=
=
# G .# G

'
- D

CI
. Any in- rep of GXG

' is as the form
S S

' where g is an
irr - rep . of G and g

'

is on irr -rep . og G
'
; also g, g

'
are well

defined up to isomorphism . conversely
if s, s' me as above, then g g ' is irreducible.



%
Inclinations .

Let H be

a subgroup of a finite group
G
,

and let g : H → GUV) be a tin
-

reports . - n

Let T = {f : G →Y; fight⇒th)f⑨)
HgEG ,HEH

Define J : G-> Gif) by
5$ ) (f) .-f ' , f ET ,

f
'

@1)=p@
'
g
')

we must cheek that f
'
c- T that is

f- (g-
'g'h ) =g fl gig

') for HEH .

This is clear . We show that

5%92747=59,5%7 for any
FEI
, G , ,gzinG

,
that is

t@igz5ngy-56zHffg-igD-fCgzngjngil.Th is is clear .



Thus ,g is a tin . rep .
called induced repress :D

F = Ind¥g) . Let-TEset
ofrepresentation for the equivrel . grg

' if gleg H.
Let To = Lfo : Z→ V} .
The map F E

, Jo , f-→ plz is
a.n isomorphism of vector spaces . Its
inverse VIET takes foe To to f : G-7T
where f(g) = gfhjffz, for f- Z.hn .

42
, htt . (we have Tyger ')=g(hh ')fo A

= s@ '5's '

fo -

g
' 'ftp.sothotfEF.)

for g EG we consider the linear map
s → To

, to→ I fax#o) )
we have S =f⑨Jfo))#= Jffo) ( g''z)[write g-'z : zih

,
z'ez
, heh] =

g@iDfofzY.wehareFo-utgzvo.v:#evil t.fr#oJ



6)If foEff then

(Sfo)#qq.to#--sY8HfdHHzi.eztgzeyotherwise
Hence try

, Tok Z tr#
'

ga) : kN)
ETZ

E'getH
"¥

*

teens:r*r ) .

We use : trfhzgzh : V→Y=tr(i'gz :kN)I 1

for h , EH

we have tr I
,
f) = -66,8)

since I
,
J are inverse toeach other .

theorem Xj⑨=¥I€G
"axe,

4¥94
forge G .



⑦ Frobenius reciprocity .
mm

Let H be a subgroup of G, let g : H→ GLO,
y
'
: G→ GL V Y be tin . reposes . Then

Hit:D:
" it six;

"
, iii.tents

Here g
' 1H : HTGH ') is the restriction

of s
'
.

Proofs .

We must show :

#Z set ¥, Eez xttst
' ') x
, ,
157

TSE
'

EH
= Et Et, Has xs.ca

-Y .

In the left hand side we change variable

{ (s
,
t) C- GXG ItsE

'
EH }#4h,t) EHXG }

h -- ts t
-1

. The lefthand side becomes

¥a#tT Egg Xglh) Xp ( E
'si't)

and this equals the right hand side
since Xs ' LE't't1=4, (h- ' l - El



thestriction of an induced representation to a
-

swgroup.mn .

Let H
,
k be subgroups of G, let

j : H→ CL be a tin. repres .
Let

5, be the restriction of Imd#g) to k .
Let r be a set of representatives for

the double coats IKIGIH ( equivalence classes
for the relation gorge is y

'

E kg H on G ) .

For each w er let the WH w-ink ,
a

subgroup of K . Define a linear rep. of Hw

by Sw : Hw → GLIM , Sw = shikw) .

¥t¥Fphi to wear Ind ii. Isu ) .

It is enough to verify the equality of tharaders
at sek :

ETH Eeexeltst-Y-E.ee#*wEEswksk7tSE'
EH ¢ bestieHu

€r¥HwZ Xg (oinks ti
'
w)

KEK
ksbi' C-WHwit



⑨
In the left hand side we can write
E- h w-

'k for a unique wEr

and with HEH ,
KEK . The left hand side

becomes
- 1

1- L X
, Chai 't

Shi
'wht )-

#H HEH
# Hw

KEK
W E R

hw'ksti'wh - 'e H
= I Xp Ii 'ksk"a)

I

KEK
#Hw

wer

w

- 'ksktwttt

and.¥his is equal to the right hand
Seide . a



④Let H , K c o ,
hCG be as above .

Let
g : Ht644 , s

'
: K-7GW ') be

bin - repens . By Frobenius and Mackey :

din fol HH) i Ind Els 'D--dinknd't, Ik j s ' )*
= [dim find , Sw) ; sit =

WEr

= Ferdinando i stay ) **

where gw : Hw →Guy is × → g fi'xw)

Sfg : Hw →GLY
') is x→ JK) .

Assume now that He k , V =V; s⇒
'
are

irreducible
.
The condition that thot ) is

irreducible is that # equals L , that .is,
*f) equals 1 . Out in #x) we have

dim j slug ) 70 for
w er , wet H

= diving ; g)⇒ for wer, WEH .



u
Thus , for s : H -7GW) irreducible :
Ind: is irreducible ⇐

for any se G - H the representations
p

SH 5
'
n H → Cllr) , h-7515

'
hs)

SH 5'n H → GUV) , ht Sch)
have no common irreducible direct
summand -

2-

Let g : H→GUY , j : a →GLI)
be tin . rep . Tve show :

Indy ④5 ± India ( s ⑦HIM .

Enough : it sEG

¥7.ge#sCtsE7YD--Iqq,jsltstYxgftsEYmy
Xgcs)



I 0
He

Let X be a finite set with G- action
that is ; we are given GXX-7 X, (g;D>gx
with SH = s#xD for sit in G, 2x - X .
Assume that G acts on X transitively
that is for x, Y E X J SEE such

that

Sx -
-y. let be the E- vector space

with dos's {xlscex} . Define a tin rep .
G-7 GLEB by s -7g : x -7 Ssc .

Let no EX and let H = { SEG; Saeko} .
We have a line . map
T: Ind HG → HI

,
4--unit rep .of HI

to a function f : G-7 E such that

L (Sh) = f-(s) t s EG, he H , it associates

Tf=E A Is ko ) . Then Tfgf ) =§f(5's ) CsKokStG
= sq ffsyfgslxo ) = g Tff) so that

T commutes with the G- actions . It is an

isomorphism of representations .
We say that H) is a permutation representation .



①
Let X ' be another ¥4 finite set with
G - action

. The the bin
.repress'

: G-> [X
'] is defined . We have :

# (CHA; D= #K- orbits on Xxx ')
where G acts on Xxx

'
by s :@yd)-fsa, sad)

.
Proof. From the definition we have
to = # {KEX; sx=x3
Er 'X) = #{ x

'
C- X 'j Sx = x} .

Hence

( Lx] ; * '3) ⇒ gets thesis =
#G G

=#1a§I # a
' ) c-Xxx ' I sx=x , sa'=x ' }

(GI
tf sEG" Ffa ,¥yeT×g { Is"⇒e. satay =

i#a Eugenia t-#Corbit of @ xD)
= # (orbits of G onXxx

'

) LT .

This could be also deduced from the Mackey formula
.


