
"¥tr.
If A = @ij) is

'

an nx a -matrix with
a c- f its tree is

tr A = E aii .

It satisfies
"

tr# B)=tr BA) .
/

gr
- .

( If A- = @ is)
.

, D= Cbc'D , this is : -

E aijbji = E bke Aek : clear ) .

If in addition C is invertible then
tr ( CBC tr IB) .

Indeed tr (C BEY -- tr (ECB7=-4131
Let V be a vector space of dim - n .

For T i V→V linear we set

tr trial where A is the matrix
of T with respect to a basis of V

. If
we choose a different basis, A is changed
into CAC '' where C is an invertible
matrix , so tht) is indep . of basis -



Iet
g : G-7644 be a tin .

rep . for sea let

XIs)=XgH = TRISH) .
The function s→Xb) , G → E

is called the.ch#er of p .

Lemay) Xd)= dim V
H X (51) - Xist fomplex conj . )
③ X Its EY= XX , it SgtProof 47 , (3) are immediate . We prove(2).

For a matrix A , trot) is the sum of
eigenvalues of A , tr.fi

') is the sum of
inverses of eigenvalues of A . Enough to
show : Ifa is an cigar. of SCS) then
I'-5. Enough to show . III for
some bill . Enough to show: g Is for
some K2 1 . Follows from s

#G=L
.

Example : 4*61=415^1 . I use that
for a bin - map T : r→r, we ane tht

transp)# th)



③
If s ' : G → G Lk , ) , S2 : G-7GHz )
are bun . rep . then

%
, toss

= Xs
,
-142 , Xs

,
FXS, Xsz -

follows from definition .

schwislemma.lt 51,5 be as above .
Assume they are irreducible . Let
f : V,→ Vz be a bin - map such that

s If = S g
'

: Y-7Vz its E G .

(1) If 51,5are not Isomorphic then
L=O .

(2) If Vik , 51=52 then there exists
led such that f = XX y

t KEK

Pref . If 1=0 , result is obvious . Now
assume SFO . Let W= { x Eth If to} .

If xEW, s EG then off ' x) -- s2 & K¥0
sothat s ' x EW . Thus W is invariant .

By irreducibility of V
,

we have W = O or



¥
since f to

.

we haveW -- Vr..
WHY so that W=0 and f is

injective .

Let W ' = fth) . If xE4 , SEK, we
have 54$ =L x) EW ' . Thus
I W'c w ' and W

' is invariant .

By irreducibility of Vz we have
W 's 0 oh W'= Va. . Since SF owe

Kate W 'fo so that W'zwz and f
is surjective hence an Isomorphism.
This proves .

We prove (2) . By linear algebra, there

exists Jfk such that

0=2 x c- Val L = 7×3 f- O .

If XEU , secreting@⑨ x)= g
' L =

= x and I x EV . Thus,
U is

invariant . By irreducibility, we have
V=o or 0=4 . But Ugo so that U=Vz . El



Is
.

Let h : K→ Vz be a bin - map . Let

h° =L[syst h s
'

: Vy→Vz .
#G
S c- G

4) If 575are not isomorphic then tiko .

(2) If 4=4,515 then hx=X× for all xfm
where 7 = 1- trek) -

dim V

Proof . We have 5*4 )h°= h°§⑨ :

SHH =¥z SEE jest
' ' ) h s

'
=

' ¥7 FEI Hu
-Ths
'Cust hosts ) .

Oy Schur's lemma ,
in we have h°=o ;

in case wehave h° = A 1 for some

X EG
.

Also

tr Kol = ¥a[k Is
'

ing = tech)

= X dim V SEG

hence 121 holds .



0
Now pick a basis (e! ) for Vy and a basis
(e} ) for Vz .

for s c- G we have

s
'
@ ee! = § a :c. . e? , a:#'ed,
is, e3. . = g a} , , e} ,

a? c-E -

jg
Let h : V,→ Vz be the tin a map :

h teal = Earney , brute -

We have

hole ¥o §, a'insists't end. =
= 1

⇐ ¥a a'ink ariete
,
i

i'
* Ea aids, oils

-Tavi e's
v
,
i ,j
In case (e) , this is 0 for

MY hun hence { dials) algal
5^1=0

SEG
if i
,
j , u,V-



7) In case (2) , taking else: :

Fafara ? a
,
Yhuiej =

Yin
'

=# arr du
,
ln=dimV)

n r

¥a§e
,
aids' air hui -- Sju Erhrrln

V
, i

= Sju §. Sui hui In V-J,U , -Vhvi

Hence ¥z Eadie anjali)
= Sjusviln trivia .

=

{ rn if j=u,v=i
° otherwise .

"



8)
we compute If § Xg , YE

' )
in
G

=

#to Ea a'iiss ajs) :
is j

Ih case as this is zero . In case(2) this
is IE §, a:c. a?;i. =

=

i, Sii ' si ifn = ft - I .

Thus I = {0 in case (1)
1 in case(2) .

Ftw functions f , g : G-7cL
define Cfl g) = #Z E f get = @ If)

SEG
bar = complex conjugation



g
EI If X is the character of our

isreal . rep . of G then (XI = Mf .
(2) If X, X '

are the characters of
two non isomorphic representations of
G then ( XIX ') = 0

Proof .
We test =x¢-D .

Let s :# all) be a bin . rep ,
K Wile. - - ④ Wn

wi irr . rep . ofG .
Let g

' : G→ GLCW) beA) an erred - rep . Then A- {iEa?], Wi fisoowm
' }

= I Xp)
Proof. Let Xi be the char. of Wi - Then
I XpD= E @if Xp ) and it remains

to use

the previous corollary .
Claim . Two tin repres of G with the same
character are isomorphic . (Follows from
Let Xi

,
... Xh be the distinct irred . char . The char

of any rep . is of the form 9= mix,t. - +my Xg
and (4/4) = Emf - Hence 4 is erred .

141=1 .



④
If Vg: Gt GLO, g

' :b -76244 are
linear representations let

list- stash'sshine:*
We show :
dim (gig ') = (Xg I Xp) .

Prot . writing K, t
'

m direct sums of
irreol . reprg .

S f
'

,
we are reduced to the case

where s and g
- a're irreducible .

If S, g ' are isomorphic , then
( Xg

, Xp )
= 1 = dim ( g; g ')
( can assumeg=g

'
; use Schur 's lemma )

II 9 , s
'
are not isomorphic then

( Xs
,
Xs ' l = o = dim (s is) .

I



1)The char . of the regular rep is re : G-74
I = # G

, ra 67=0 if Sfl . we have

TGIXi ) = X,
- Home any irr . rep . is

contained in the rag. rep . with multiplicity X!).
We have

rig = X; X, -Cs ) - Hence
E Xi ⑨I # G

.

A function f: G-n Cl is a Instructor
if L HSE

'

kffsl
,
t s

,

t in G ( equivalently
f@b) =flba) t a,b in G ) . Two elements

s
,s
' in G are conjugate g s

'

= tsE
'

for
some t EG . This is an equivalence relation
on G . Equivalence classes called conjugacy
classes

.
A function f : a→ E is a class

function it is constant on each

conjugacy class .



'4
For exarnmpk the character of a bin - rep .

of G is a
'

class function .

Let f :L→ a be a class function -

foe any tin . rep . g :L> V define a tin .map

tf : my V by Tf = E ft xd .
SEG.

for tf G we have staff = Tfse) : VTV.
Indeed

,

-

-

TI set = gets)slstxxs ffs't'tSfts ') =
= Effs ') g Its

') = s tfpg .

If S is ironed , then Tf = 4.1 , BEE (Schur) .
We have

2gdimV-trfTf1-sEzfTDXgHCHL@a.A
assume that f :c→ E is a class functionsuch that I Xg )=0 for any irked . rep .g .

Then (a) TI' =D for any bin rep . s
'
: G→Guy

(2) f= 0 .

Proof. Using #we see that Tf=O if g : G-7644
is irreducible -



'd
.

-
-

T

- Taking direct seems, we deduce
that T¥=O for any bin - rep . g of ?
In particular Tf : kN is zero where

9 '

.
G -76kV) is the regular reposes . of G

(with basis {et Itt G } ) .We have
0 = Tf le , ) = Ea#Den
= [ pts . Hence fH=o t SEG.

S EG

El .

theorem Let Xi ,Xz,-- -Xn be the characters

of the various itched . repro - of G . They
form a basis of H

,
the vector space of class

functions on G .



"Ioof .

Assume-

& cixi = o ,
cite . Take C l Xj) .

i= ,

we get Cj - O , hence {Xi} are linearly
independent . Let H'be the subspace of H
spanned by { Xi} . Define a linear map

H ' .

S :H -7 H
't
, I → [ in'→ £1513 .

If ff ther (s) , then (fl x ;) -o for any i
so, by an earlier result , f=o . Thus
her (5) = 0 that is S is injective , so
dim H s dim H'* = dim H '. It follows
that H'=H .

El

(or . The number of irred . rep . of G
( up to isomorphism) is equal to the
number of conjugacy classes of G .



is
The Gpothinolieck group R can be

identified with the subgroup of the
vector space of class functions G-74 with

Z- basis given by the characters of irreducible
representions Eirered . characters) -
Now ( H ) can be viewed as a bilinear

pairing NGK R → Z such that

(Xix
' ) = I it

. xix
'

.ge ivied .

e.for;X=x
'

, XIX
'
.

Legume . Let u ER be such that

Gulu) =L . Then µ=IX where X is

an irreducible character . If in addition
u 70 then the sight is t .

Purees . Let Xi , . .., Xu be the various (distinct
irred. char -of G . We have f- Ee

,
Miki

where Mi ER. From #1=1 we deduce
Emf =L .

It follows that mi -71

for [ =io and mj=o f-orifice (some id.
If my >o then ± Kjv) > 0 . But Xiu)>

0

hence -1=-7 . a



④
Is otypic components of a repres . of G
-

Let g : Gnr GLX) be a tin - remus . for

any sirree
- character X of 6 we set

KEITH II"} where [ XIsSH : V →V .
A-G

.

SEG

Tx commutes with anygft) , EEG.

{ Isis set =

?
[ Tess#Ksi ⇒
S

-

g. xtsygls ') I g. XIE's'll ;
use Xfs 't

'') = XIE's') -

If E is an irreol . snbrep . of V then Ty le =L
if X-- XE , Tide - O if XFXE (Xe : char . of E ) .
Indeed Tx le = X.1 , 7 E C and

tr txte) = IIIa EXIST Xe =#Sx,xEX t
Hence V= ⑦ Vx X runs over the irred - char . ofG)

X
and Vx is the sum of all isreal. subrep - of V

with character X
.

The subspaces Vx are called
the isotypic components of V.


