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Coxeter groups .
rnywLLet5 be a finite set and let Mss ' Ks,s' >esxs
be a matrix with entries in IN us such that

Mss = 1 t s and Ms s
' i Ms 's 22 for Sfs !

CA Coxeter matrix) .
Let were the group defined by

the generators s (s c- S) and relations @ syms's y
for any r r'in S such that mu, so . We say

that W,S is a Coxeter group . In Wwe have

ski for 45 .
There is a unique homomorphism

sgn : Wy # t} such that sign = -1 for ses .

for WGN let lwl be the smallest integerof 0
such that wise --- Sz with Sy , . ., sq in

S
. We then

say that
wi Sr--- S2 is a reduced expression and Iwl

is the length of w. Now hko
,
61=1 . (we have spy

since sgn s - h .)
Let wow, se S . We have either

(Swt - Hel or Is wt- Iwl- L . fuse Is w/ #Iwl since

rgnswfsgnw and Iws - is lswl E (with )
.
We have

either lust -44-11 or Ivs= @fr .

c



1-A)
The exchange condition in a Coxeter

group : Let new
,
SES be such that

( Swt Iwl- 1 . Let me Sy . . - sq be a reduced

eepr . Then there exists j EY ,- -, E3 such that
SSr - . . Sj- y = Sr Sz . . Sj -

( see Bourbaki , ch . II ) .

Lemme Let w E W , lets,# in S be such that

(Swt I -7W I , lswflwt) . Then suewt .

Proofs . Let w= St - e - sq be a red.ua/expr . Assume

first that Intl -g-11 . Then sa . . . Sgt is a red - exp .

for wt . Now (Swt1=1WEI-1 hence by the exch . cord .
*here exists i Ef , - --E} with 55£52 -- sit - sik .- Si or
else Ssg .. - Sgt s, . . . Sgt . In the last case we are done

.

In the first case , Sw= Sg --- Si-pity - -
-

Sz hence IsWISE- 1,
contradicting lswtfwtl . Next assume Yt) = q- I .
Let w ' e wt - Then Is w't1=1w 't , Isw 't+w't) . we
have Ihr 'tf = Iw 't-11 hence the first part of the
proof applies. and s w 's w 't so that s w e-wt,



2) The reflection representation . Let E be
R - vector space with basis { es ; sees} .

For

s e5 define a linear map o
,
i E -7 C- by

% leg ' ) = es , t 2 cos(m÷, . ) es
t s

'
ES

.

There is a unique homomorphism 6 : W-7 GUE)
such that also = Ig for any SES .

(Easy to prove .)
Theorem fits ) . o is injective .

Examples of Coxeter groups .

1) W = group of permutation of 4,2 ,. . ., n}

S.fi/i--r , . -, n - i} , E - transposition ( i, its) .

we have ri -- e, Coi g.) 3=1 if Li -j 1=1 ,
Rio;) 2=1 if Ii- j 122 . Let w

' be the Coxeter

group with generators S and relations above .

one can check that the image of W
'
in

↳LIE) (refl - repp is W. Using Ties theorem > we

deduce W
'
= W.

2) for ht 2 define Mei 2-72 by a -72 -1k .

Let n 12 . Let it be the group of all

permutations or : 2-72 such that sign-on d .



3) Define X: hi -72 by X = E EN-K)
K C- Xwhere X is a set of representatives for the

residue classes mod n in 2 .
Note that xp)

does not depend on the choice of X and is a

group homomorphism with image m2 . Let
F '
z her X. Ihen I

' is generated by
Em Em C- 2h23 where Sm : 2-72 is defined
by smh iftar if

-2 --mmodn

if Z -- Mtl modn
otherwise

we have sin -- I
,
(Sm Smi)3=1 if { m- m

' Eth⑧
n73

(msm')"-- 1 if I m -m'511 (n)↳3
✓
'
is a Coxeter group defined by { Sm } and these

relations . (same proof as for symmetric group,
using reflection reposes.eutahon

and Tito theorem
.)

We call ht ' the affine symmetric groupe-
Let CW,51 be a Coxeter group
let X be the set of all sequences
(Sy , . . -, s g ) in s such that Isn - - - sz I = E .

We regard X as the vertices of a graph in which



94) (Sr , - . - sq ) , ( Sh, - - s
'

@
' I are joined if one

is obtained from the other by replacing m

consecutive entries of form s
,
sis
,
s ! . . . by the

m entries s ! sis
,
's , - - where guys

' ai S are

such that M- Msg . so . Khun EE' and s, . .. Sg-- si -- s'd
theorem ( Matsumoto, Tib) Let H , - . . Se KK

(Sf . . . Sg ) ER . Assume s
, Sz - - Sg = s

'

e
- - s

'

g .

Then (Sa , -. . Sq) , @
'
e,
- - -is'q) are in the same

connected component of the graph above -

Proof see : Bourbaki
,
Chiu

Let A -_2h
,

i
']
, r an

indeterminate .

Let Ll be the A- algebra defined by the
generators { Ts , SES } and the relations
(Ts - V) (Tst v

-7=0 for s c- S

Tg Tg ' Tg - - - -

- Tg itsTgi - - -

(both products with Msg
' factors) for any

s f-s
' in s such that Mss ' es

se is called the Iwxhori- Hecke algebra
mum



S )
for weW we define Twc- H by

Tw 5 Ts
,
Tsz - - Tsz where w

-

- Sy - . . sz is a

reduced expression This is independent of
the choice of reduced expression ,by Matsumoto
- Tib e we have for SES, wow:

Tg Tw -- Tsw if I SWI -- Iw Itt{ Tsw te- iytw if lswl -Iwl -r.
In particular the A- submodule of Fl generated
by {Tw , w EW} is a left ideal . It contains

Iste hence it is =D . Thus Ew; new}

generate Teas A- -module .

P.u.tn. LTW ; wow} is an A- basis of Tl

Proof. Let E bethe freeA- module with

basis few; w C-W's. For SES we define
A- linear maps Ps , Ag : Er E by
Ps few) = esw if ( Swt a- Iwl -11{

eswt @ -i
') if lsw) -

- XI- L

Qs @WE ews em
if yours 1=1 w

Ith

{ ews t ( v- v -Yew -

gyms) -- INI
-t

.



6) we shall continue the proof assuming
that

µ Ps Qr. = Qzps for s
, t in S .

Let It be the A- subalgebra with 1 of
Errol@) generated by P&g , se S } . The map
U -79 given by it → IT(en ) is surjective .
Indeed if wut i Sr - - - Sz is a reduced expression
in W then ew= Psy --- Psg e, . Assume now
that I C- U satisfies it Cen) -- O. Let
IT
'
= Qsg --- Qq . By ft, we have IT IT!- IT

'
IT

hence o = IT @a) = IF IT
'@g) = IT (Qsj- - Qs, teal)= it leur )

.
Since w is arbitrary

,
it follows

that te -- o . Thus, U → he is injective ,
hence an isomorphism og f- modules .
Using this isomorphism ,

we transport
the algebra structure of U to an algebra
structure on E with unit element er .
For this algebra structure we have

Ps ler )I @a) = Pg ( Tle n )) for SES,TEN.
Hence es ew = Ps leur) for SES, WE W.



7- I F- follows that

esewieswiglswl-lwlt1Leswt@iiyewrflswH-ul-l.tIn particular
, if u = Sy . -- Sz is a real . - eepr . then

•
w = es

,
- -- egg . Thus if s # s - in 5 are

such that me Ms
, ,

,
so then

es es ' g - - . - esse, e si . . . C bath products have
M factors )

,
i.e . egg :$ . . .

- es 's . . . L we use that

Sss!- -
, s 'ss! - - with m factors are reduced

expressions , see HH) below .) we have

e 5=1-1 f- r - 'les for ses .
Thus there is a

unique algebra homomorphism TIME preserving
1 such that Ts-les , # s e- S

.

It takes Tw to
ew for any w GW. It follows

that (Tw } is an

A - basis
.

We now prove ft) . Let wtW . We have

six cases

1) swt
,
SW
,
wt

,
W have length q -12, 9th, qtr, q .

Then Ps Qe (e w ) = Qt Pg @w) = eswt .
2) w, SW, wt, s wt home length 9+2,91-1,91-1,9 .



8)
Then

pause w = QtPsew= eswt + ( r-i
') e su t

t y- rt) ewtt (r-New
.

3) wt
,
Swt, w, Sw have length q -12,91-1,91-1,2

Then

Ps Qtew-Qtpsew-eswetf.it/ewt
4) Sw, Swt, w, wt have length q -12,941,91-1,q
Then
Ps Qeeni Qt Bene es wt T C -EY esw
5)
Swt
,
W
,
WE,sw have length Etl, EH,qq.

Then

Ps Qt @wk eswt-lv-iyesw.tv-512 em
9- Ps @wt es wt # e- ryewt e k -i'Tew

6) Sw
,
wt

,
w
,
Swt have length girl ,Eth, 9,q .

Then

Ps Qt @w)-egwttd-iyewtaepsewl-e.sut t Cr-r
'

) es w .

[horses 51, 6) wehave sw=wt , by an
earlier lemma

. El



g)
Let Sf s

' in S' be such that M- Msg , sis.
Then s s

' has order m. ( This follows
by showing thot the image of ss

'
in the

reflection repres . has order me. .) we show

YA) Ss 's.. . 4nfaetors)isareducedexp-mssion
Let su = Ss's - - Ck factors) s

'

g- s 's s
'
. . .

Ck facts)
since s s

'

has order m, the elements

so , Si , - -fm , Sf,. .., s'm are distinct except for
so - do

,
Sm -- S 'm . Assume that Spf Ss's - - is

a red . exp but spit, = s 's - n - is not Kfor some
k Tim ) . By the exchange condition we have

sky, i s s
!
-

th
. . .

with two factors omitted .

¥
But the s£+ , is equal

ta some se or St
with es k-s .

This is absurd . we see that

Sh red. exp. 27 Sky , red
. exp . for

Ksm) .

Similarly , shred up. ⇒ speared -up .for km) .
From this we see by induction that
each Sk , Sf, is a red up. for KSM .

This proves (AA) .



107
Let - : A -7A be the ring involution

such that vT= in for n c- Z .

for SES, Ts ex is invertible :

Tsui Ts - Cr- iy . It follows that for any
NEW

, *w Eze is invertible : if we sa - - - Sy
is a reduced up . then TI 's Tsj? -- Tsi .
Lemuria There is a unique ring homomorphism
-

i H→H such that ATT = a- Tj' for anyI Iss:: zizoaanmw.it
Proof We have
-

Its '- ri ') Goi 't v) z o for se s
is
' TI

'

Tj' .- -TI't 'TI
''
- -

- (both

products have M factors, for any sett ai s
such that me Ms

,
es w . This implies the

first sentence
. Let yes . Applying

-

to Ts TJ = r we obtain TJ e- 1 . We have
also Is Ts -- n hence Fgs Tg . Hence the square of
-

is 1 . If wi Sy .. . soy is a red exp . then

Fw = Ts
,
- - - Tsf Tsf ?.Tsj=fTsj -- TSI! Tini

-

a



^^) for any WEN we write uniquelyFws I otyw Ty , finite sum ; Nyw EA
'

y

Lemmy for any of z in W we have

E NI y ryz = Sse Z
Y
- -

Proof Metz = E otyzty = { ryzty
y y

= E ryz Fry Tac . a
y, X

we define a partial order E on Tv by
year if either y = war 4154 .

Lemmy@ If rqyw 40
then y Ew.

(b) Ew
,
with . I

Proud Tre prove @ by induction on fuel .
If He 0 then Fw -- In - th and the result
is clear . Now assume that I w/ > I .
We can write w= w'

w
' ' where

Iwl =/w't -11W" I , twisty, y
' 'KH .



12 ) we have
-

-Fwiw.TT . . -- yqwryiwiyilrynw.it ' '.
We have

b'fwm

Ty , Fyi , = tin comb - of Ty
,
HEH't@ " I .

If y
'

*w
'

,

or y
'' f w

"
then ly ' Is y ' ) or

IS
' ' l -H' '/ and 131 slur't n'

'

l -- pl .

If y 's w
'
and y

' '
' w

" then Ty ,Ty ,, I Fw
Thus Fw is a lui - comb . of Tw and of

Fy with Kgw) . This proves (as.

The same argument shows that
in -

mm

^W
,
W i rw

'
w
' hw" Wh which by

induction is 2 . This proves (b) .



13) Let Aso -- 247CA, Aso -- i'267 .
Let Ll go = two AgoTw , 240=+0Aso Tw.

W

Inna) Let w E W - There is a unique
element Cw G-Llfo such that Tw = Cw
and cw=Tw moot Heo .
Lcwl NEW} is an A-gjbasis of Nso
and an rt - basis of H .

-

we construct for any se such that se f w

an element ↳ G Ago such that

(c) Uw =L

(d) use C-Ago , Tex - use = E r x.guy for ocean
Y
"Cy f w

We argue by induction on grrrl-µ - If
flux =O then x-w andwe set hue 1 .

Assumenowthat IMI- 1×120 . Then the right
hand side of the equality is ④ is defined .

We

denote by ax C- A - we have

aset T.ci E ray Uy t E rixy Ty
y y

key em x cy f w



14)
= E ray Uy + Em tiny (ay c-[ ryz U2 )Y y

E w 3

say xsy EM yezgw

= E ra, U2 t E T.cz 42 t Tm Exyrya "ZZ
z

+ szsuw Xszgur ET se ezE w
y; xsycz

-
-

- ro
- L ay ryz

"2 ( using orgy =L)2; Xszfw
Y; kfy EE

= E Soyuz =o . fusing an earlier lemma)
Zjxszftv
Since any Ex IO we have aset Ernvn

" Ez
finite

sum) where qezsatbfytntk.no and in
particular 80=0. We set uae ngo KT c-Aco
so that UI - un I 0k - This completes the
inductive definition of use .
We set cw= E uyty E Lego . Clearlyy

Cw - Tw modHq . YEW Wehave

twig?w%%=y§w%¥⇒5xyTe= .:{45%411uxfyfur
= 5Th, Tx = Cw . The existence of Cw is proved .
Kew



15) To prove uniqueness it is enough to verify :
(e) If h G Heo satisfies h-=hg then h=0 .

We can write uniquely h= YE TyTy , LyaAso.
Assume that not all fy are o . We canfind
lo EN such that
Yo = { y EW; Ly fo, lyle to }-49
{ y EW; Ey-70 , Lys > lo } =P

Now EJ fyty = EEy Ty implies
y

{fyty = Eff Ty moot E. A- Ty
Y C- Yo y

Yo-Yo I yl < lo .

hence fJ=fy for y c- Yo . Since fy tAso it

follows that fy=O for ya Yo , contradiction
. . Thus

e ) holds a(
Thus part ca) of the Theorem holds .

Now the elements cw are related to Tw

by a triangular matrix with 1 on diagonal .
Hence the Cw form an A- basis . El .

Finny weW we set Cw =YET pgumty
where py , w C- A E o .

we have
Sm

Py y =L , Py,w
C- A- so if yaw.



16)
one can show that for year :

paint'M C- 2147 -

y,w
Py,w


