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Symplectic group .

-

Let Vbe a vector space of olim N over

a field K . A bilinear form 5,7 : Vx V-2 K .

is said to be symplectic if eye > =Ot seEV.

( this implies Ex,y2= - Cy, for x.y C- V -7 We

say that c
,
> is non - degenerate if cxyy- O

* y ⇒ x -o j ( x,y7=0 Tx ⇒ 9=0 . Assume

that on V we are given a fixed non - degenerate
symplectic form 47 . ThenN = 2n. . Let

Sp = Lg EC441 Sgx,gy7= (xy> stay in
V}
,

the symplectic group .
for a subspace r 'of V we set

v
't = @ C- VI ayy 7=0,

t y E V
'} . Then

dim V 't dim V 't = 2h . A complete Floy
Vo er,

e
. .
even in V is said to be isI¥ if

rid = Vani for i so,. ., 2n . It follows that
Vic VE for iso, - -in so that s

,
> : Vinh. -7 Kiso)

het 53is be the set of isotropic flags in V.

Now spy) nets on Bis by
g :(roar, c. . cvzn )→fgrocgr, c. - Cg kn) .



V. This action is transitive
:
we describe

the Spa) - orbits on Bisx Bis . For ¥=&c..- ckn ),
r 't = 46C. . . ctfu ) in Bis, the permutation or
of {1,2, - . . 2n } is defined by

Voy - r n v! s Vai, n VI. for ish, - -, 2n .

We claim that or satisfies or@htt- i)= anti- ok)
for is 1 , - - - 2n . In other words we have

Venti
- rfi) -y
l VIntl - i s Vanti- gig n V'znte- i

for is a ,- -, 2h ,
that is

roti n r'if > vii. n viii.
that is

*I Vofil + Vii > Voci, -at Vii .

Recall that there are lines Lg ...,Lzn such that

7- = L , -0. -⑦ Li, VI - Loy, -0--⑦ Loti) .

Then roti t VI , = (ht . . + Loti) ) +(L t- t Lili
- 9 ) )

contains Loei) and

Vogt , -14.- y =Ht. - t Lok -e)+ (Loy, t. - t Lrt- e) )
does not contain Lo fi) . Thus CA) holds .



3)
We see that pas (VA , V'a) E S

'

for two

isotropic flags belongs to the subgroup
Sis =@ c- SI o nth -D= 2mi- rfi) , t

i }
of S . for any or C- Sis we demote by Gis

,
@

the set of all Yet , Vf ) C- Bis is such that

posy,VI)-- r. one can show that Ois
,
or

too sis ) are precisely the orbits of
Sp on Bisx Bis .


