
Rational rupees. of Glen#(after Chandley)performers

↳ t k bean algebraically cloud field of characteristic pyo
Let fi Gln (K)-7 Ke be a junction .

We

say that f is radar if j is a polynomial
in

the entries xij and -in 4×15
' where x= detfx;)

A homomorphism Erhnlk) -57 Ghmlk) is said to be

rational if for any i.j in a , . . , m the function
g.→ sigh; is in Reg@Inks), the space of regularLas . Eirik.
Lemaire The rational humour

. 4 : K*→ K 't

are precisely the maps x→ kn ,
n ER .

Proof Let 4 : k# K
't be a rat - hour . We have

4 r qui , di Ek - We have GM-7 hence
§ (finitesum)

{ dish . are have 9%7=461441, E. aixiyi =
= E aiajxiyi hence aE- ai , aix,

-

so for its
'

Thus ai ELO, 13
and not more than one do. is 1 .

Since sq. =p , we
see that exactly one Li is s.LT

Lemma The rational humour . E. K£-7 Glmfk)
Efren-rely the maps t → E ti q.

i
(finite sum ) where Yi C-Matmmk) satisfy



2)
E. 4. = 1, 419=0 for isj , 97=9;
Remark . Set 4. = Let Kmt q. ex} . Then

km -- tf. Vi and ceil Vi = ti .

Lemmon Let 9 : K → GLm.lk) be a humour - of
the form t-74#= { 4. ti ffinite sum ) where eachtoGi is in Mm×nfk) '

II p=0 then 4ft) - etA for some gnxm matrix
A- with Am= o

Ef p 70 then y#= e
#Ale tap et

"
"

Ap?
. .

where Aji = O , Api Apj - Api Api
Proof since 419--1 , we have 9=1 .

We have
0

94--17=94-195 , E gifts)
"
= E q. ti E g.ti

hence 4i4j = cij.is?jIn9i+j . This proves the result

when p- O j we have q =A , 9n= AYN !
Assume now p >0 . Let 4pi= Api . Clearly Aping?
= Api Api , (Gpi)' = ftp./4zpi--4/4zpi=24zpi ,
Hpi )3 = 29pi4zpi= 24ps Kfz, 2.343pi

and in general
Yagi =L, @pi)

"

for D= on,.., p- I
.
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Also
y for
tot diptap't. . .

- Yao 42 , p
- i - 42

,pi
' ' '

ai in {0,1, . -, p-t } . This follows from

( do T 9 , P t da p't . - -
" tenets.pt ..

I = (g)(g) (%) . - - mod p
fer oSaif pm ,

which follows from

ye, y )
doth Pt 42kt- -

= @++Yo y + xp )
" '
( y + xp) !?.

clearly ( Epic - P ! 4pin = 0 .
El

Lemma
.
Let 9 : K-7 Glmfk) be as in previous
-

lemma - Assume m > o . Then there exists x E K? {O}

such that 4ft)x=x for all EEK

Proofs when p-- o we have 4µ=e±A where
A is nilpotent mxm -matrix. Can find a c- Km- Lo}
with A-x -o . Then 9472C -- X

,
ht t .

Assume p>o - since Af = 0 , the subspace Lx Ek? A, to}
is fo .

It is stable under Ap , with Atp -- O . Hence the
subspace Lx C-KM A,x=Apx=o} is -70 . Continuing we
see that { x C-KYA,× =Ap×=Ayz× = - - -

IO} is FO . If
* I 0 is in this subspace then 9# = X

,
htt

.
D



4)
Let u:{ lxijk-GLnlksixig.sc. Iori >j} . Letfi U→G4dk)ti

be n homomorphism such that for any h
,
l in

1,- . -im, at SCU) is a polynomial in xij , is,
'
-

Kil

Lemmen Assume that m > o . Ther exists xekmyo}
such that flu) x =x, t u EV.

troof Consider the sequence 5- GoCG, CGI--- cGj-V

of subgroups of
-

V where

← I ' ? ! ) . u't ,
as -f: ,

" i ( '''7,0774¥ ) ,
- - - Then Gi is normal in Gita

and Gi -111g
,
= k . By a previous lemma,

the space

4--1 u C- Km; favor , -V tf Gn} is to
. For + Eth ,

tf Gn , te C-Gz we have 9417542)x=gftz)gltI't, talk
= Scar . Hence gft,) : K -> Va and this is

a national

honour of GHG, =k to GLC, ) . By the previous
lemma, the space rz={very ; qCt1v=v ,

-VtEG23

is to ' continuing we find that { vekm;9Hu=v,tttU}
is ¥0 , 47



Lemma .
n

mmmm mhm5)
Let 5 : Ktx. ..×k*→GLmfk) be a rational

homomorphism . (for any b.Kima , .-, m, the function
is a polynomial in( xn , - - xn ) -7 Skis . . -kn)he

"i,Xi
'
. ) Then there is a direct sum

decomposition km =#Va 9=41, - -- an) C- 21h

where

5 ( ki,- - rn) In = xixz? . . and" x Identity .
Proofs . It is easy the red.ua this to the case n=L.

This follows from a previous lemma .
mum

Let
• = { ( Kc;) C- GLNCK); xij

-0 for i>j } . Let

S -

- O-7 GLm CK) be a honour . such that for

any k,l in 1. -y m, g-75 *
,
e
is a polynomial

in xij (iss) and (Xin Xu -- Xun ) -
h

.

Theorem (Lie - Kolchin ) .
Assume that m > o .

a-

Then there exists VEKM- Lo } and↳i--iMEZy me,YgfIIe. . - xin v
,
it Lxii) EB.S (Xij ) x =



G) Proof . We have UCB. By a previous lemma
we have V = { x c- Km; g (u)x=x , t a c-U}f- O-
since U is normal in B

,
v is stable under B

and in particular under the subgroup of B

consisting of diagonal matrices . Let + c- V- Lo}
be such that K belongs the one of the pieces in
the decomposition V = Va described in an

earlier lemma
.
This satisfies the requirement

.

In particular for any rational homomorphism
g : Glnlk, → Gcm (Ks , m >o, there exists

" t km- LO } and la , , . . . xn) C-Z
" such that

S (ocijlx = dip . - . xndn" K for all (xij) EB -

such an x is called a highest weight
vector
Let B- = { ( Xij) C- Glnlk) ) "ij=o if is j } .
Freeing . Let s : Gluck) → GLO) be
an irreducible rational homomorphism . Then\
there is a unique line L G V which is 8-- stable.
( Irreducible means: V-70 and there is no

subspace of V other than 0,V which is Glnlk) -stable .)



F) The existence follows from Lie - Kolchin

applied to B- instead of B . By the same
result applied to g

't
: Gluck) → Vt , where

⇐(g) 9) v = 8415
')w) que vEV, B C- VE

we can find WE *- O suchthat

{ ( Icij ) w- xii . . . anti w for (xij) EB .

Here can
,
. ., La) C- In. Define f : Glen(K,→ V 't by

f-(g)= gw. Define a homomorphism
4 : V = Hound *, K) -7 Reg (GLNLKIJ

"

by v -74 = composition [ Gln (K) -5 VA-5 KJ .
4 commutes with the action of Glen ,

which acts on

Reg@Lnlk) ) by (gf ) (g ,) - f- (g-
'
ga) i.e . by

left translation . . We have 970; otherwise
we would

have 5=0 hence i =w=O
,
absurd . Since V is

irreducible , wesee that 9 is injective . If vet then
96)lglxijD-vCFglscijH-vfg@ij1w1-sq9i.u.xn9vlgw1zxYi.xYi 461cg)
for g c- Gln H , Kitt B . Thus 46¥) CAA where

A-
a
= Lf C- Rey@Lnckll;
Lcgcxij) ) = xii . . - xin flag), kg ETHNIKI , Kii) EB} .

Here 9--4,, . .. , as) can be any elementof Zn .



8)To conclude the proof it is enough to prove :

Lemma Ket a -

-G , a. ., an ) C- 2
"
.
Set

AT
-

- Lf E Aal plug) -- ftp.V-gc-G, u 't U
-

} .
Then dim ATEI .

Here U
-

= I @i;) tank; gas
.

Intuit
."
' } .

Prouty . Define a : AK
-

T K ( or linear map )
by Itf) =L .

It is enough to prove that f is

injective . Assume that f e- Af
-

, f 4)= 0 . Then

f ( u b 1=0 for any u E U ; b EB . If

yelyij) c- ants) satisfies Yuto, I Y, 7,13170 , etc
then y = Ub for a unique u c-Uj b e B . ercise)
Thus fly) -0 for any y satisfying CA) .
It follows that 8=0 . D

[ we use " Weyl 's principle of irrelevance of
algebraic inequalities " : If P hee , - -pen) is a

polynomial 1K which vanishes on

{⇐ni . - ich) fkn; R , (x, . - xn) to, . - Rklx ,;.-yen) 't 0 } where
Rns - - - Rk are to polyn.lk, then PIO , proof . If PEO then
P Ry . . - Rufo and vanishes on all of kn. Hence it is O .]



⑨ Let s : Unh → 644 be an ivied . rat. repres .

We associate to g a sequence f -
-(fr , - - , fu)EI

"

as follows :

g @ij) v = scum-- - kn? " v for any lxij) E B-
where v EV- O is the unique V

'

- invariant vector

in V Cup to nonzero scalar ) . Note thatg⇒ (V)
depends only on the isomorphism class of V.

For example , assume that a=Can, - - - du ) E Z
"

satisfies 47423. . . Zan . Define La : Glen (K) -7 K
↳ sacristan

- " I :c:iii.""¥÷÷÷:} ÷:÷÷
Let Me be the subspace of Reg(Gluck))
spanned by Are left translates of La .

We have

MEAL since fat A-a lit is the unique U
-

invar. line in Aa)
.

We have oh'm Ma s - I see Iast Remark .)we have=
Mato . We show that Ma is irreducible as

retires . of Gln (K) . Assume Mia
'
cMa is a non- zero

Gln H) -stable subspace of M
'

. By an earlier result, M
'

contains a unique B
-

stable line which is necessarily
the unique b

-
- inrar . line in Aa .

Hence M '=My
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Mais irreducible .
We see that Mito for any

R such that 43 . . Ian . We have

B. ( g (
' 1) = x'Y'... ggg) forge a,

x
".- shek

!

Hence

( In ....no/fa--xid'--xi4sa.Lemma-mhetH
, . - ay c- 2

" be such that Azto .

Then 47. . 3in .

Proof . By Lqg, canard Moz ,Emma, M ftp.ris
Hence exists f C- Aa- o such that flag)=f(g) r uEV .

Hence g@b) = af'. - xin fl) for any u c-UT be B.

If LAO then by an earlier argument f=0, absurd .

Thus to . Can assume f =L . Now

tf;
( 4,7.. . .)
"

is a abnormal int .

Also ft -f)= 9) to hence

11
Edi.
- ditz so that dike-12 .



"1) Theory . There is 1 - 1 correspondence
⇐o . classes of isreal . rat

- ryung - of Gluck) }
¥I{

sequences f = (fi , --ion) Ek
"
s -t- gaffe.. Epn}

.

This is obtained by associating to r the unique
sez.fi, such that ( '¥.. v- x?'. - Inv where
vf is the unique V

-

- invar . vector (up to scalar) . In the

opposite direction to g we associate the unique
irred . wat " subrepres -of AL where a =@ , ..- a)GZ

"

satisfies (Ps , - -gu) =
-(L, , - - , -Ln) .

Last Remark .
-=

If I C- Reg@Ln CK )) , let
Ah be the subspace of Reg@Lnlk) ) spanned

by all left translates of f . Then dim MSN

and the action of Gln ( K) onM by left
translation is a rational reposes. of M .

Prouty . Easy and omitted .


