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Representations of G

'

mmmm Lz (after Frobenius )
Let V be a vector space of doin 21finite field
Fg ; let

a = GLC)
.
We describe the conjugacy

classes in G . Get Fqz be a field with of elements

containing Fg . Let g EG. The eigenvalues of

g :
Viv are roots a polynomial of degree 2
with coefficients hence they are in , d z where

either dr 12 are in fz*=fq-LO} uh

(2) ay
,
>z
are in Ega- Fg and 24=72 .

If an Fda then the conjugacy class of g is

completely determined by a , , 22 . (En are (2) we

have automatically 2
,
-422 .) If 91=22 (so they are

tin Fg
't ) then there are two conjugacy classes

giving rise to affix : one of them is

y -
- 22 , the other one is the conjugacy class

og a.u where u- info , Lu- 1) 2=0 . I In some basis,
u is to 1) . ) Hence #(conj - classes in G) =
#{Cdn, Az) C- tg*xTE; a,⇒z , up to order}
+ A { A E f ga

- Fg up to the equivalence in 79}
+ a # HE EE} 4-444-22 taiga+ alarm

Tm qtr f r
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We identify G with the group G Lzftq ) : 2×2

matrices with entries in Fy , det - to . Let Bo be

the subgroup bd) had it, , b t Ee} . For any
two homomorphisms ×

,
: fait , It , Nz : FF-7C

't
we

define a homomorphism Lad ,XD : B -7 E* by
& bae) → H,@KzfdJ.amdwegormIEX.Xa3iInolBGoKXyXD.we compute its
charactery=L EH ,Xz) at GE G with eigenvalues
2113 . If if Fgz - Eq then g is not conjugate to
an element of Bo , hence ffg)=o . If d , ¥22 are in
Fy then g is conjugate to each of ⇐' abz ) , by!
(b C- Ee ) and the number of x EG which conjugate
g to one of these is #& E GI yg

-

-gy} = @-D;
hence ffgj = Cq- e)2

±¥f (X, i) Xz# t X ,62) Xzdi) )
"1

If 2
, adz and g is not

scalar then g is
A

conjugate to each as for ab
,

) , b EEE and the number

of X E G which conjugate g to one of these is

#Eye at xg -- gy} = @ -pg ; hence test FELIX, that
BoHN .
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If I , -12 and y is a sodas then -

suffocatingly .
KNOW let Xi, XL be another pair of characters of

ft and let fl =L [xp ,XD .
We compute the{

inner product (fl f ') . By Frobenius reciprocity
this equals mum

¥30 Ee¥ Kaaba) x's Kcal =
-

=
'(d)

#÷ a?¥y
,
*

(XilalXzldltXdasXddDXi@XztIfEai.ei.xiaixdaixicasxyas
-

+ see [XilalXzCalXi@xkca1tf8oaGfgt-Tn.Fam.yp.lxhatxldlxHTtxdaixa.tk,CdlXgdT)
= Sx

, ,xh8x, tsxzxisx.pk '



4) Thus
(fly ') = 2 if X

,
-

-Xf.- XEX's

f . Tanu
0 otherwise .

We see that
-

Ike
,
Xz) depends only on the unordered

pair ④a,
XD;
IIe

, Xp is irreducible if Xp f- Xz
and is non- isomorphic to ING

,
X's ) if X; F XL

are not the same as X, ,xz up to order;

.

I kn
, XD with X,=Xz is the direct

sum of two non- isomorphic irreol repress .
and is disjoint from Ilx;

,
XL ) if H, y'd

is not the same as (X, ,Xz) .
The number of distinct irred . reps . obtained

in this way is G -blather t 2cg -D .

This is short of the expected number of- 1 .

The remaining erred . rep. are more difficult
to get . Frobenius obtained them as differences
of induced replies .



5) we identify V = fgz as an Fz -vector
~

space . Then tzfgz can be viewed as a subgroup
of G . ( Left multiplication by an element of Ftzz
is an Eq - linear isomorphism VIV. I Let
X : FIE → ①

*
be a homomorphism .

We can

form Imd E CX) . Let f× be its character .

We compute Lxcg) for g EG with eigenvalues
11,22 . An element 2 C- FEZ = T , viewed as
element of G has eigenvalues d

,
79

.
Hence

if d , pz are distinct in Ff then 1×67=0 .
If In , Az are in Ege - Fq then g is conjugate
two exactly two elements of T, represented by
21
,
Az and the number of x C- G which

conjugate g the one of these elements equals
##EG I yg=gy} = # T= E- L . Thus

Fx Is Effy ( X + X(721 ) .
~

=L

If -4=22 then g must be a scalar and

his )- ¥1, His
= Eleni Xcx .) .



6) "Let it be the subgroup {Coba); age!#g) of Bo .
We fix a nontrivial homomorphism
Y : Fg → E 't . Recall that X i f#→ C

*

was given . We define I : H→ c* by
El : :txat¥¥ .

we a. ball :
'

::) )
←Ifaf '

a :b
't 'a) =xcaayxcadaty.at/-.xcaaytlEa1Hba.1=xcoba1xyoa'a'it .

Thus
, I is a homomorphism . Let ff : G -7 E

be the character of [not ,§ (xn ) . We
- compete

f¥g) for g G G with eigenvalues in
,
22 .

If a, 722 then g is not conjugate to an element
of H, so that L'⑨1=0 - If d , -42 and g is

non - scalar then GX is conjugate to each of ( flab!
with b ¥0 and the number of elements which
conjugate g to such an element is
#Heal

.

yl 3,1=19 . 3 , )y) = gig - i) . Hence

4%1=3*971 yes
,

K - xian) . Isaihmd
BE Eetg is scalar then {⑨ = ¥7

#D= @ xcxd .



F)We now consider the difference Lf Lx . Its

value at iG with eigenvalues 71,72 is

- (x Hr ) -1kHz) ) if tzEEq5Fq
° if 2,772 in FL
- X kn) if d ,=dz , g non scalar

(g
- n) X (x , ) if d , -- az, y

scalar .

We now consider another character X
'
: Fgf -7 Ct

and me compute (Sf - f× I fly . - L× .) . It is
A

nukeZIXHI -ixia's ) ( x'Git # 'GE) - I
2

* tree

.mx#i,-n5xNxTD+ E.qtt-HX.cat
where N = #g¥ IN '=q#÷, . Thus

A

:*. ' * t
.?¥¥x+4¥

,
"
'd

'

II't "" EH ' . I

£
,
x ' t Sx

, x' 2
. Thus



xxx -risk . -ex ' ' is ÷.
0 otherwise

we see that f
'

x
- fry is

the char - of an irred . rep . of degree of -11
whenever X # XE

,
which is not isom - to

the char . associated to X ' with X' FX'9,
X
' 4- 2X , XE) .

We thus obtain gizq distinct irreed . rep .

of degree get , which wast be distinct from
the previously constructed replies . which have

degree f q . The total number of distinct
irr . reps . constructed above is

19-17192-22 t 24 -t) t EE = E- 2 .

We see that all erred . reps . of G
are obtained exactly once .

Now assume that dimvltq -is 3 .

The

irr - reps . of GLX) have the following degrees.
(Steinberg)



Y
L l Param

q2tq "

q3 - -
- - Steinberg 1- dim . "

( g. + 1) ( Itg -11 ) - - - - ' induced from EFF 13 param)
gftqt I 12 Param I

glg'-19+1) ← Param,

(g - 1) ( q2-19+1 )
- - - - - induced from EET ( 3param)

( g - e) (E-r) - - - - .
these are the most difficult

(
3. param)

The irrud rep of Glen Hq ) were classified ( and
Their character determined ) by 3. A.Green ( 1955)


