
" Introduction to representationtourney

theory .

-

TIME :

M Representations of finite groups,
see : Serre - Linear representations of finite
groups [ uses only linear algebra] .

. I
. - -

2) Representations g the symmetric
group C following Specht 19327

3) Brutish decomposition is GL n ,
Fleche

algebra
l

4) Repres. of Ghz over a finite f-
'etat

( following Frobenius )
Remus of bln over a finite field⇒

appearing in functions on flag manifolds .

Steinberg representation
6) PAYodnlsr representations of Gln over a

finite field , following Carter
- Lusztg 1976 .

7) Rational representations of Gln

following Chevalley
8) The new basis of a Hecke algebra
g) Weyl character formula and p - analogue



2) Linear representations .

-

v : vector space 11C

Gilly = {T : Ky V linear isomorphism} :
a group under composition . If V has

basis {ei I i=r , ... . , n y , then GUV) can be
identified with set of nxn matrices ( agjj )
ai; t C such that detcaijffo , by :
T -7 ( aijl where Tej ) = [ aijei .
composition corresponds to matrixmultiplication

.

G : finite group . A linear representation
of G in V is a homomorphism
S : G→ GUV) .
Thus to each S E

G we associate

Sls) C- GUY so that edt) = Scs)Sf )
for s, TE G . It follows that g① = A ,
5154=561-1 .
We always assume dim V s s . We say
dim V is the degree off .



3) If Kit is a basis of V we have

5h leg) = Ee. rijs) ei and

rik Cst ) = §, r i, rjklt ), t ink .

If g , s
'
are repres . y G in V

,
V
'

,

we say that 5, s
'
are isomorphic if

there exists a linear isom . T
.

- V-7 V
'

such that
v# v
"

thees EE
is commutative

( t ⇒EDT )

for any s EG.
Examples . A rupees . of degree 1 of G
is a hornom g : G→ e

't
= Cl- {03 .

The unit repress . of G is g : G -7 E
't

, getL , -Vs .
(2) Let g= # (G)

,
T a E- vector space

with basis Let ; t EG} - for s EG define fin . iso.
961 : V→ V by g et = est . This is a

linear reports . , the
"regular representation

"

of G.



g) Assume X is a finite set on which G

acts . Thus for any s EG we are given a

bijection x→ sa from X to ¥ such that

s(tx)= Cst)* it s , t, x
and L x -* ttx

Let V be a vector space with basis

{ex ; x EX } - For S E G define Sf) : VTV

(line .
Isom .) by g (ex) = esx X KEX.

This is a linear rupees . of G.

( The regular repress is a special case . )

Let g : G→ G LD) be a tin . repress . A

subspace WCV is invariant ( or stable) if
pls ) EW for any x EW . Let 545) : W-y w
be the restriction of s . Then s→ Swp is a
tin . repres . of G on W.

'we show .

.

Lemma
.nunnery

for was above there exists a subspace W
'
C r

such that W ' is invariant and ✓= W④ W
'
.



0
Proof. We can find a subspace Wo

'CV

( perhaps no-n - invariant ) such that
V = W ⑦ WG . Let To : V-7T be
the unique linear map such that To Iwf = O,
Fo1w= identity . We define

T : Hr by the Es#To seitan
EEG

We have
g T = T gfs , for any si

f g# Too SHY I as To SCE's)
= Est ') To Slt '

- '

g .

t

t .

If XEV we have g# To ht
' ') E g# W=W

hence TV CW. If x E W we have

s Isft
'

Yay ⇒HI SCE ')x=x since glt
- 'Ix c- W

and To law - I -

Hence Tfc, = ¥a In
x. = 'c '

tea



6)Let W'= {see VI Tx=0} . This is an

invariant subspace off since TSH--g T.
We have Wr W

'
.

- O . ( tf x c-Wh W'

then Tx = x and Tx = O
,
so ×-- O ) . We have

✓ = Wt w ! ( If x e
-V then x = Txt (x-Tx)

with Tx EW, T (x-Tx)= Tx - TEO since

1- IT hence inTx C-W
'
. ) Thus

,

✓= W⑦ W
'

r a

Ig q : G -7447 , 52 : at GL@z ) are

his - reports, then g : G-7 GL(with Wz ) where

S : Wr④Wz -7W, Nz is EY, wz) -7 (g , we , Sdss wz)
is a lin - rupees . ( the

"direct sum" of Sa , gz ) .

Similarly we can define the direct sum of
the bin - replies gii G → a L (Wi) , i - r , - .., h .

In the previous lemma , the line: rep. T

is isom .
to the direct sum of the rep . on W

and the one on W ?



7)Let g : a → a 4h flea bin - rep .

We say-that g is irreducible (or simple )
if ✓=/ U and there is no invariant

subspace WC V other than 0
,
r
.

11 Any tin - rep. is a direct sum of irred .

reps .
l follows from Lemma .)

If gg : at GLC ) , Sj G-7 GL (Vz )
are bin - reports . then

g : G -7 GL Cry Vz)
SH f - ④ y) - Gls)x ⑦SH L

for x G Vy, y C- Vz
,
SE G

is a ein . reports - of degree
dim dim(Vz) .

If S : G -7 GLY) is a bin . rep .

and V*

is the vector space dual to
-

V then

S* : G→ GUV *) , g *g) = gfs
-ytranspose

is a bin -rep . ( If T:Mv is a lion .map , then
1-
transp

: if → rt is §→§ ' where

§
'
= 34617 for vEV . )



8)
Grothendieck group .-
Let THG) be the free abelian group
with basis given by the irred . rep . ofG
( up to isomorphism) . If g : G-7GW) is
a repres . of G , then g can be

viewed as

the element Ty This; where go. are

the irred . reps . of G and mi = (Si if )
are integers Zo . The direct sum of two

representations corresponds to the sum in R(G)
of the elements corresp . to the tworepresentations

.


