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The finite setting

Let p ̸= ℓ be two prime numbers, and Fp the prime field.

▶ Fq a finite extension of Fp;

▶ G = G (Fq) a reductive group over Fq;

▶ F the Frobenius automorphism of G ;

▶ GF = G (Fq) a finite group of Lie type;

▶ T ⊆ G a maximal torus over Fq;

▶ B = TU a Borel subgroup with unipotent radical U.



Deligne-Lusztig representations

▶ For B = TU the Deligne-Lusztig variety is

Y = {g ∈ G ; g−1F (g) ∈ FU}.

▶ The group GF × T F acts on Y by left/right multiplication. Thus

H i
c(Y ,Qℓ) =

⊕
θ∈T̂F

H i
c(Y ,Qℓ)θ.

▶ For a θ ∈ T̂ F , the virtual GF -module

RG
T (θ) = H∗

c (Y ,Qℓ)θ :=
∑
i

(−1)iH i
c(Y ,Qℓ)θ

is called a Deligne-Lusztig representation.



Lusztig’s character sheaves

▶ Consider the variety G̃ = {(g , hB) ∈ G × G/B; h−1gh ∈ B}.
▶ There are natural maps

T
f←− G̃

π−→ G , prT (h
−1gh)← (g , hB)→ g .

▶ Consider IndGB = π!f
∗[2 dimG/B] : DT (T )→ DG (G ).

▶ Irreducible constituents of pH i (IndGB (L)) for multiplicative L and i ∈ Z are called
character sheaves.



Properties

Let χF : GF → Qℓ be the Frobenius trace of an F -stable simple perverse sheave F.

Theorem (Lusztig)

▶ IndGB (L[dimT ]) is semisimple perverse for multiplicative L;

▶ The Forbenius traces of F -stable characters sheaves form a nice basis of class
functions on GF ;

▶ If G = GLn, the Forbenius traces of characters sheaves are irreducible characters
of GF ;

▶ If θ ∈ T̂ F is regular, then IndGB (Lθ[dimT ]) is simple and

χIndGB (Lθ[dimT ]) = ±R
G
T (θ).

Here Lθ is the rank-one multiplicative local system corresponding to θ.



The p-adic setting

Let k be a non-archimedean field with residue field Fq.

▶ k̆ the completion of a maximal unramified extension of k ;

▶ G a reductive group over k ;

▶ T ⊆ G a maximal (elliptic) torus over k, splitting over k̆;

▶ x ∈ B(G , k) ∩A(T , k̆) a fixed point;

▶ Gx,s ⊆ Gx the s-th Moy-Prasad subgroup for s ∈ R⩾0.

▶ for s, r ⩾ 0 put Gs:r = Gx,s/Gx,r+, Tr = Tx,0/Tx,r+ and so on.

Question
How to construct Deligne-Lusztig representations and character sheaves for Gr?



The p-adic setting

Let k be a non-archimedean field with residue field Fq.

▶ k̆ the completion of a maximal unramified extension of k ;

▶ G a reductive group over k ;

▶ T ⊆ G a maximal (elliptic) torus over k, splitting over k̆;

▶ x ∈ B(G , k) ∩A(T , k̆) a fixed point;

▶ Gx,s ⊆ Gx the s-th Moy-Prasad subgroup for s ∈ R⩾0.

▶ for s, r ⩾ 0 put Gs:r = Gx,s/Gx,r+, Tr = Tx,0/Tx,r+ and so on.

Question
How to construct Deligne-Lusztig representations and character sheaves for Gr?



Parahoric DL representations

Definition (Lusztig)

Let B = TU ⊆ G be a Borel subgroup.

▶ the parahoric Deligne-Luszitg variety is

Yr = {g ∈ Gr ; g
−1F (g) ∈ FUr},

on which GF
r × T F

r acts by left/right multiplication.

▶ for ϕ ∈ T̂ F of depth r , the virtual GF
r -module

RG
T ,r (ϕ) = H∗

c (Yr ,Qℓ)ϕ

is called a parahoric Deligne-Lusztig representation.



The parahoric analogue

▶ Consider G̃r = {(g , hBr ) ∈ Gr × Gr/Br ; h
−1gh ∈ Br}.

▶ There are natural maps

Tr
f←− G̃r

π−→ Gr , prTr
(h−1gh)← (g , hBr )→ g .

▶ Consider IndGr
Br

= π!f
∗[2 dimGr/Br ] : D(Tr )→ D(Gr ).

Conjecture (Lusztig)

If ϕ is generic of depth r , then IndGr
Br
(Lϕ[dimTr ]) is an intersection cohomology

complex .



The parabolic induction/restriction functors

Let T ⊆ P = LN ⊆ G be parabolic subgroup.

Fix r ∈ Z⩾1. Consider the natural correspondence of stacks

Pr/Pr

α

{{

β

$$
Lr/Lr Gr/Gr .

The induction/restriction functors are defined by

IndGr
Pr

= β! ◦ α∗ : DLr (Lr ) −→ DGr (Gr );

ResGr
Pr

= α∗ ◦ β! : DGr (Gr ) −→ DLr (Lr ).



(L,G )-generic subcategories

Assume r > 0. Set g = Gr :r and l = Lr :r .

Let Xψ ∈ l∗ be an (L,G )-generic function. Consider the Fourier transforms

Lψ,r := FT (δXψ)[dim l] ∈ DLr (l), Fψ,r = FT (δGr ·Xψ)[dim g] ∈ DGr (g).

Here Gr · Xψ denotes the coadjoint orbit of Xψ.

Definition (Bezrukavnikov-Chan)

The (L,G )-generic subcategories of DLr (Lr ) and DGr (Gr ) are given by

Dψ
Lr
(Lr ) := Lψ,r ⋆! DLr (Lr ) = Lψ,r ⋆∗ DLr (Lr )

Dψ
Gr
(Gr ) := Fψ,r ⋆! DGr (Gr ) = Fψ,r ⋆∗ DGr (Gr ).
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t-exactness

Theorem (Bezrukavnikov-Chan)

The parabolic induction restricts to a t-exact equivalence

IndGr
Pr

: Dψ
Lr
(Lr )

∼−→ Dψ
Gr
(Gr ),

whose inverse is Lψ,r ⋆∗ Res
Gr
Pr
.

Corollary (B.-C.)

In the (T ,G )-generic case, consider Tr ,vreg
fvreg←− G̃r ,vreg

πvreg−→ Gr ,vreg
j
↪→ Gr . Then

IndGr
Br
(L[dimTr ]) ∼= j!∗(πvreg!f

∗
vregLvreg[dimGr ]) for L ∈ Dψ

Tr
(Tr ).

In particular, Lusztig’s conjecture is true.



t-exactness

Theorem (Bezrukavnikov-Chan)

The parabolic induction restricts to a t-exact equivalence

IndGr
Pr

: Dψ
Lr
(Lr )

∼−→ Dψ
Gr
(Gr ),

whose inverse is Lψ,r ⋆∗ Res
Gr
Pr
.

Corollary (B.-C.)

In the (T ,G )-generic case, consider Tr ,vreg
fvreg←− G̃r ,vreg

πvreg−→ Gr ,vreg
j
↪→ Gr . Then

IndGr
Br
(L[dimTr ]) ∼= j!∗(πvreg!f

∗
vregLvreg[dimGr ]) for L ∈ Dψ

Tr
(Tr ).

In particular, Lusztig’s conjecture is true.



Comparison with Deep level DL characters

Theorem (B.-C.)

Suppose p, q ≫ 0. Let ϕ ∈ T̂ F be (T ,G )-generic of depth ⩽ r . Then

χ
IndGrBr (Lϕ[dimTr ])

= (−1)dimGrRGr
Tr
(ϕ).

Question
Does the equality hold true when ϕ is regular?



Generic datum

Definition
A (normalized) generic datum is a triple Λ = (G i , ϕi , ri )0⩽i⩽d , where

▶ G 0 ⊊ · · · ⊊ Gd = G are Levi subgroups;

▶ 0 = r−1 < r0 < · · · < rd−1 ⩽ rd if 1 ⩽ d and 0 ⩽ r0 if d = 0;

▶ ϕi is a character of (G i )F and trivial over (G i
sc)

F for 0 ⩽ i ⩽ d ;

▶ ϕi is of depth ri and (G i ,G i+1)-generic for 0 ⩽ i ⩽ d − 1;

▶ ϕd is of depth rd if rd−1 < rd , and is trivial otherwise;



Yu’s datum

Definition (J.-K. Yu)

A Yu’s datum is a tuple Σ = (Λ, x, ρ), where

▶ Λ = (G i , ϕi , ri )0⩽i⩽d is a generic datum;

▶ x ∈ B(G 0, k) whose natural image x̄ in B(G 0
der, k) is a vertex;

▶ Z (G 0)/Z (G ) is anisotropic;

▶ ρ is an irr. cuspidal rep’n of the reductive quotient of (G 0
x )

F .

Here G 0
x is the stabilizer of x̄ in G 0.



Yu’s construction

To the above Yu’s datum Σ = (Λ, x, ρ), one can associate a subgroup

K̃ = K̃Λ := G 0
xG

1
x,r0/2

· · ·Gd
x,rd−1/2

and the Weil-Heisenberg rep’n κ = κΛ of K̃F

Theorem (Yu, Kim, Fintzen...)

For almost all primes p the map Σ 7→ πΣ := c-indG
F

KF κ̃⊗ ρ gives a bijection

{generic cuspidal data}/∼=
∼−→ {irre. supercuspidal rep’ns}/∼= .



Yu’s construction

To the above Yu’s datum Σ = (Λ, x, ρ), one can associate a subgroup

K̃ = K̃Λ := G 0
xG

1
x,r0/2

· · ·Gd
x,rd−1/2

and the Weil-Heisenberg rep’n κ = κΛ of K̃F

Theorem (Yu, Kim, Fintzen...)

For almost all primes p the map Σ 7→ πΣ := c-indG
F

KF κ̃⊗ ρ gives a bijection

{generic cuspidal data}/∼=
∼−→ {irre. supercuspidal rep’ns}/∼= .



Howe Factorization

Let ϕ ∈ T̂ F be a smooth character.

Definition
A Howe factorization of ϕ ∈ T̂ F is a pair (Λ, ϕ−1), where

▶ Λ = (G i , ϕi , ri )0⩽i⩽d is a generic datum;

▶ ϕ−1 ∈ T̂ F is a character of depth 0;

▶ ϕ =
∏d

i=−1 ϕi |TF .

Theorem (Kaletha)

Howe factorizations exist if p is good for G and p ∤ |π1(Gder)|.
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Subgroups attached to ϕ

Fix a Howe factorization (Λ, , ϕ−1) of ϕ with Λ = (G i , ϕi , ri )0⩽i⩽d .

▶ Kϕ = G 0
x,0G

1
x,r0/2

· · ·Gd
x,rd−1/2

;

▶ H = G 0
x,0+G

1
x,r0/2

· · ·Gd
x,rd−1/2

;

▶ K+
ϕ = G 0

x,0+G
1
x,r0/2+

· · ·Gd
x,rd−1/2+

;

▶ Tϕ = T 0
0+T

1
r0+ · · ·T

d
rd−1+

, where T i = G i
der ∩ T .

For B = TU define the Iwahori type subgroups

Iϕ = (Kϕ ∩ U)T (K+
ϕ ∩ U);

I †ϕ = (Kϕ ∩ U)Tϕ(K
+
ϕ ∩ U),

where U is the opposite of U.
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Variations of deep level constructions

Let Kϕ,r be the image of Kϕ in Gr and so on.

▶ Consider the following variety

Zϕ,r = {g ∈ Gr ; g
−1F (g) ∈ FI †ϕ,r},

on which GF
r × T F

r acts by left/right multiplication.

▶ Define the virtual GF
r -module

RGr
Tr
(ϕ) = H∗

c (Zϕ,r ,Qℓ)ϕ = indGr

KF
ϕ,r

H∗
c (Z

K
ϕ,r ,Qℓ)ϕ,

where ZK
ϕ,r = Zϕ,r ∩ Kϕ,r .

Remark
The module RGr

Tr
(ϕ) is independent of choice of B ⊇ T .
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Geometric analogue of Weil-Heisenberg representation

Suppose L := G 0 is standard w.r.t. B = TU, and hence Lx normalizes Hϕ ∩ Iϕ.

Note that Kϕ,r = Hϕ,rLr , we put ZH
ϕ,r = Zϕ,r ∩ Hϕ,r and ZL

ϕ,r = Zϕ,r ∩ Lr .

▶ The action

HF
ϕ,r ⋊ LFr ↷ ZH

ϕ,r × ZL
ϕ,r , (h, l) : (x , y) 7→ (hlxl−1, ly)

gives HF
ϕ,r ⋊ LFr -modules H i

c(Z
H
ϕ,r ,Qℓ)ϕ and LFr -modules H i

c(Z
L
ϕ,r ,Qℓ)ϕ;

▶ H i
c(Z

L
ϕ,r ,Qℓ)ϕ ∼= (

∏d
i=0 ϕi )⊗ H i

c(Z
L
ϕ,0,Qℓ)ϕ−1 ;

▶ H i
c(Z

H
ϕ,r ,Qℓ)ϕ ⊗ (

∏d
i=0 ϕi ) descend to KF

ϕ,r = HF
ϕ,rL

F
r -modules.
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Geometric analogue of Weil-Heisenberg representation

Put κϕ = H∗
c (Z

H
ϕ,r ,Qℓ)ϕ ⊗ (

∏d
i=0 ϕi ) as a virtual KF

ϕ,r -module.

Theorem (N., Liu-N.)

We have the following properties:

▶ RΓc(Z
H
ϕ,r ,Qℓ)ϕ is nonzero at a single degree;

▶ ±κϕ ∼= κ|KF
ϕ,r
⊗ ε for some character ε of LFx,0;

▶ if q > 3, ε = ϵ|LF0 with ϵ the quadratic character of LFx by Fintzen-Kaletha-Spice.

Remark
The results also hold in mod ℓ coefficient case.
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Cohomology of ZK
ϕ,r

Proposition (N., Ivanov-N.)

The map (x , y) 7→ xy gives an equivariant LF0+:r -torsor

f : ZH
ϕ,r × ZL

ϕ,r → ZK
ϕ,r ,

which induces an isomorphism of KF
ϕ,r -modules

RΓc(Z
K
ϕ,r ,Qℓ)ϕ ∼= RΓc(Z

H
ϕ,r ,Qℓ)ϕ ⊗ RΓc(Z

L
ϕ,r ,Qℓ)ϕ

∼=

(
RΓc(Z

H
ϕ,r ,Qℓ)ϕ ⊗

d∏
i=0

ϕi

)
⊗ RΓc(Z

L
ϕ,0,Qℓ)ϕ−1

∼= ±κϕ ⊗ RΓc(Z
L
ϕ,0,Qℓ)ϕ−1 .



The coincidence

Proposition (Chan, N.)

Assume T is elliptic and ϕ ∈ T̂ F is of depth ⩽ r . Then

⟨RGr
Tr
(ϕ),RGr

Tr
(ϕ)⟩GF

r
= ⟨RGr

Tr
(ϕ),RGr

Tr
(ϕ)⟩GF

r
= ⟨RGr

Tr
(ϕ),RGr

Tr
(ϕ)⟩GF

r
.

In particular, RGr
Tr
(ϕ) = RGr

Tr
(ϕ).

Remark
When ϕ is generic and x is hyperspecial, the coincidence is proved Chen-Stasinski.



A decomposition result

Theorem (N.)

Assume T is elliptic. There is an irreducible decomposition

RGr
Tr
(ϕ) = RGr

Tr
(ϕ) ∼= ind

GF
r

KF
ϕ,r

κϕ ⊗ RL0
T0
(ϕ−1) =

∑
ρ

mρind
GF
r

KF
ϕ,r

κϕ ⊗ ρ,

where ind
GF
r

KF
ϕ,r

κϕ ⊗ ρ are pairwise non-isomorphic irreducible rep’ns.

Corollary (Chan-Oi, N.)

Each irre. supercuspidal rep’n of GF is a direct summand of

c-indG
F

ZFGF
x,0
H i
c(Yr ,Qℓ)ϕ

for some elliptic T , ϕ and i.



Example: Kaletha’s regular supercuspidal rep’ns

Proposition (Chan-Oi, N.)

If T is elliptic and ϕ is regular in the sense of Kaletha, then

πT ,ϕ := ±c-indGF

ZFGF
x,0
RGr
Tr
(ϕ)

is an irreducible supercuspidal rep’n of GF .

Remark
Chan-Oi noticed that the map (T , ϕ) 7→ πT ,ϕ coincides with the LLC for Kaletha’s
regular supercuspidal rep’ns.



A concentration result

Theorem (Ivanov-N.)

There exists B ⊇ T and m ∈ Z such that

RΓc(Yr ,Q)ϕ ∼= RΓc(Zϕ,r )ϕ[m].

In particular, if ϕ−1 is non-singular for L = G 0, the complex RΓc(Yr ,Q)ϕ concentrates
at a single cohomological degree.

Remark
It extends results of Boyarchenko-Weinstein and Chan-Ivanov in the case of inner forms
of GLn.
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Alternative construction of Character sheaves

Let ϕ ∈ T̂ F of depth r ⩾ 0.

▶ Consider G̃r = {(g , hIϕ,r ) ∈ Gr × Gr/Iϕ,r ; h
−1gh ∈ Iϕ,r}.

▶ There are natural maps

Tr/Tϕ,r
f←− G̃r

π−→ Gr , prTr
(h−1gh)← (g , hIϕ,r )→ g .

▶ define

IndGr
Iϕ,r

: DTr (Tr/Tϕ,r )→ DGr (Gr ), F 7→ π!f
∗F[2 dimGr/Iϕ,r ].

Remark
If ϕ is generic, this construction is first introduced by Lusztig.
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Alternative parabolic induction/restriction functors

Let T ⊆ P = LN ⊆ G be parabolic subgroup. Take s = r/2 and define

Ps,r = LrNs:rNs+:r .

Consider the natural correspondence of stacks

Ps,r/Ps,r

α

yy

β

%%
Lr/Lr Gr/Gr .

The induction/restriction functors are defined by

IndGr
Ps,r

= β! ◦ α∗ : DLr (Lr ) −→ DGr (Gr );

ResGr
Ps,r

= α∗ ◦ β! : DGr (Gr ) −→ DLr (Lr ).



t-exactness

Theorem (Ivanov-N.-Yu)

The parabolic induction restricts to a t-exact equivalence

IndGr
Ps,r

: Dψ
Lr
(Lr ) ∼= Dψ

Gr
(Gr ),

whose inverse is Lψ,r ⋆∗ Res
Gr
Ps,r

.

Remark
The proof follows the strategy of Bezrukavonikov-Chan.



Iterated formulation

Recall the Howe factorization (G i , ϕ−1)−1⩽i⩽d of ϕ. Consider

Ψi = Lϕi ⊗ ε
∗
i Ind

G i
ri−1

P i
si−1,ri−1

[dimG i
ri−1
− dimG i

ri
] : DG i−1

ri−1
(G i−1

ri−1
)→ GG i

ri
(G i

ri
).

Here G i−1 ⊆ P i ⊆ G i is a parabolic subgroup and εi : G
i
ri
→ G i

ri−1
is the projection.

Proposition (Ivanov-N.-Yu)

We have
IndGr

Iϕ,r
(Lϕ[Nϕ]) = Ψd ◦ · · · ◦Ψ0(Lϕ−1 [dimT0]).

Here Nϕ = dimT0 +
∑d

i=0(dimG i
ri
− dimG i

ri−1
).



Main results

Theorem (Ivanov-N.-Yu)

We have that
IndGr

Iϕ,r
(Lϕ[Nϕ]) ∼= j!∗(πvreg!f

∗
vregLvreg[dimGr ])

is a semisimple perverse sheaf.

If ϕ is regular, then
χ
IndGrIϕ,r

(Lϕ[Nϕ])
= (−1)dimGrRGr

Tr
(ϕ).

Corollary

IndGr
Iϕ,r

(Lϕ[Nϕ]) coincides with the iterated construction of Bezrukavnikov-Chan using

the functors Ind
G i
ri−1

Pri−1
.



Deep level Springer hypothesis

Let g = Lie(G ) and ψ : k → Q×
ℓ an additive character of level 1.

▶ put gr = gx,0/gx,r+ and g∗−r = g∗x,−r/gx,0+.

▶ let Tψ : C ((g∗−r )
F )→ C (gFr ) be the Fourier transform of functions

Tψ(f )(Y ) :=
∑

Z∈(g∗−r )
F

f (Z )ψ(⟨Z ,Y ⟩).

Theorem (Chan-Oi, Ivanov-N.-Yu)

Let ϕ ∈ T̂ F be of depth r . Then ∃ a regular element X ∈ (g∗−r )
F such that

RGr
Tr
(u) = q− dimMϕTψ(1GF

r ·X )(log(u)) for u ∈ (Gr )unip.

Here Mϕ =
∑d

i=0 dim(G i
ri−1

/G i−1
ri−1
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Further question

Suppose T ⊆ G is a tamely ramified, maximally unramified, elliptic maximal torus.

Theorem (Chan-Kaletha-Zhu, Ivanov-N.)

The construction of Zϕ,r can be generalized by taking Lagrangian subspaces of Hϕ/K
+
ϕ .

Moreover,

H∗
c (Zr ,Qℓ)ϕ ∼= ±ind

GF
r

KF
ϕ,r

κ⊗ RL0
T0
(ϕ†−1).

Question
Is IndGr

Iϕ,r
Lϕ[Nϕ] still a perverse sheaf?



Thanks!


