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The finite setting

Let p # £ be two prime numbers, and [F,, the prime field.

» g a finite extension of Fp;
G = G(Fy) a reductive group over Fy;

F the Frobenius automorphism of G;
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>
> GF = G(F,) a finite group of Lie type;
» T C G a maximal torus over F;

>

B = TU a Borel subgroup with unipotent radical U.



Deligne-Lusztig representations

» For B = TU the Deligne-Lusztig variety is
Y ={ge€G;gF(g) € FU}.

» The group G x TF acts on Y by left/right multiplication. Thus

LY, Q) = @ HIY, Qo

GeTF
» Fora 6 e TF, the virtual GF-module

RE(0) = HZ(Y,Qp)o ==Y (—1)'HI(Y, Qo

i

is called a Deligne-Lusztig representation.



Lusztig's character sheaves

> Consider the variety G = {(g, hB) € G x G/B; h"'gh € B}.

» There are natural maps
T 65 G, prr(h*gh) « (g,hB) — g.

> Consider Ind§ = mf*[2dim G/B] : D7(T) — Dg(G).

> Irreducible constituents of PH(Ind§ (L)) for multiplicative £ and i € Z are called
character sheaves.



Properties

Let x5 : GF — Q, be the Frobenius trace of an F-stable simple perverse sheave F.
Theorem (Lusztig)

» Ind§(L[dim T]) is semisimple perverse for multiplicative £;

» The Forbenius traces of F-stable characters sheaves form a nice basis of class
functions on GF;

» If G = GL,, the Forbenius traces of characters sheaves are irreducible characters
of GF;

> If6 € TF is regular, then Ind$(Lg[dim T]) is simple and

G
XInd§(Lo[dim T]) = +R7(0).

Here Ly is the rank-one multiplicative local system corresponding to 0.



The p-adic setting

Let k be a non-archimedean field with residue field .

> k the completion of a maximal unramified extension of k;
» G a reductive group over k;

» T C G a maximal (elliptic) torus over k, splitting over k;
> x € B(G, k) NA(T, k) a fixed point;

» Gy s C Gy the s-th Moy-Prasad subgroup for s € R>o.
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for s,r > 0 put Gs.r = Gy s/Gxr+, Tr = Tx0/ Tx,r+ and so on.



The p-adic setting

Let k be a non-archimedean field with residue field .

> k the completion of a maximal unramified extension of k;

» G a reductive group over k;

» T C G a maximal (elliptic) torus over k, splitting over k;

> x € B(G, k) NA(T, k) a fixed point;

» Gy s C Gy the s-th Moy-Prasad subgroup for s € R>o.

» fors,r >0 put Gs.r = Gxs/Gxrt+, Tr = Tx0/ Tx,r+ and so on.

Question
How to construct Deligne-Lusztig representations and character sheaves for G,?



Parahoric DL representations

Definition (Lusztig)
Let B= TU C G be a Borel subgroup.

» the parahoric Deligne-Luszitg variety is
Y, = {g € G,;g_lF(g) € FUr}a
on which GF x TF acts by left/right multiplication.
> for ¢ € TF of depth r, the virtual GF-module

RE.(0) = HX(Yr, Qg

is called a parahoric Deligne-Lusztig representation.



The parahoric analogue

> Consider G, = {(g, hB,) € G, x G,/B,; h"'gh € B,}.

» There are natural maps
T, «— G G, prr,(h7'gh) « (g, hB;) > g.

> Consider Indg = mf*[2dim G,/B,] : D(T;) — D(G,).

Conjecture (Lusztig)

If ¢ is generic of depth r, then Indg:(ng[dim T,]) is an intersection cohomology
complex .



The parabolic induction /restriction functors

Let T C P = LN C G be parabolic subgroup.

Fix r € Z>1. Consider the natural correspondence of stacks
P./P,
PN
L)L, Gr/Gr.
The induction /restriction functors are defined by

Indg: =proa”™: Dy, (L) — D¢, (G);
Resg = ax 0 8' 1 Dg,(Gr) — Dy, (L)



(L, G)-generic subcategories

Assume r > 0. Set g = G,., and [ = L,.,.

Let Xy, € I* be an (L, G)-generic function. Consider the Fourier transforms
ﬁw’r = FT((SXw)[dim [] c DL,([)a 3"“1/,,, = FT((;G,-Xw)[dim g] S DG,(Q)-

Here G, - X, denotes the coadjoint orbit of X.



(L, G)-generic subcategories

Assume r > 0. Set g = G,., and [ = L,.,.

Let Xy, € I* be an (L, G)-generic function. Consider the Fourier transforms
ﬁw’r = FT((SXw)[dim [] c DL,([)a .rﬂ/,,r = FT((;G,-Xw)[dim g] S DG,(g)-

Here G, - X, denotes the coadjoint orbit of X.

Definition (Bezrukavnikov-Chan)

The (L, G)-generic subcategories of D;,(L,) and Dg,(G,) are given by
DY (L) := Ly %1 Dp, (L) = Lyr % Dy, (Ly)
DE (Gr) == Fy,r %1 DG, (Gr) = Fy.r %i D, (Gy).



t-exactness

Theorem (Bezrukavnikov-Chan)

The parabolic induction restricts to a t-exact equivalence
Gr . ~
Ind§ : DY (L) = DE (Gy),

whose inverse is Ly, ; %4 Resg:.



t-exactness

Theorem (Bezrukavnikov-Chan)

The parabolic induction restricts to a t-exact equivalence
Gr . ~
Indg : D} (L) = DE (Gy),
whose inverse is Ly, ; %4 Resg:.
Corollary (B.-C.)

. . fvrc = Tvre, _/
In the (T, G)-generic case, consider T, reg <— Gryreg — Grvreg < Gr. Then

Indg (L]dim T]) 22 ji(Toreg! Frreg Lvregldim G]) for £ € DY (T,).

vreg

In particular, Lusztig's conjecture is true.



Comparison with Deep level DL characters

Theorem (B.-C.)
Suppose p,q > 0. Let ¢ € TF be (T, G)-generic of depth < r. Then

_ dim G, pG:
Xind§ (£ [dim T,]) = (=)™ >Ry ().

Question
Does the equality hold true when ¢ is regular?



Generic datum

Definition .

A (normalized) generic datum is a triple A = (G', ¢, ri)o<i<d, Where
» GO C ... C G9 = G are Levi subgroups;
> 0=r1<n<- - <rg1<rgifl<dand0<<nifd=0;
> ¢; is a character of (G')F and trivial over (G..)F for 0 < i < d;
> ¢; is of depth r; and (G', G'*1)-generic for 0 < i < d — 1;
>

¢q is of depth ry if rgy_1 < ry, and is trivial otherwise;



Yu's datum

Definition (J.-K. Yu)
A Yu's datum is a tuple ¥ = (A, x, p), where

> A= (G', ¢j, ri)o<i<d is a generic datum;

> x € B(GO, k) whose natural image X in B(GY, , k) is a vertex;
> Z(G%)/Z(G) is anisotropic;

» pis an irr. cuspidal rep'n of the reductive quotient of (G2)F.

Here G? is the stabilizer of X in G°.



Yu's construction

To the above Yu's datum X = (A, x, p), one can associate a subgroup

K=Kn:=GlGs, -G

X,rd—1/2

and the Weil-Heisenberg rep’'n k = kp of KF



Yu's construction

To the above Yu's datum X = (A, x, p), one can associate a subgroup
K=Ky:= GlGy o G

X,rd—1/2

and the Weil-Heisenberg rep’'n k = kp of KF

Theorem (Yu, Kim, Fintzen...)

For almost all primes p the map ¥ +— 7y = c—indﬁi?s ® p gives a bijection

{generic cuspidal data} /e — {irre. supercuspidal rep’ns} Je -



Howe Factorization

Let ¢ € 7/'\"— be a smooth character.

Definition .

A Howe factorization of ¢ € TF is a pair (A, ¢_1), where
> A= (G', ¢, ri)o<i<q is a generic datum;
> p_; € TF is a character of depth O;

> ¢=H?':71 il -



Howe Factorization

Let ¢ € 7/'\"— be a smooth character.

Definition .

A Howe factorization of ¢ € TF is a pair (A, ¢_1), where
> A= (G', ¢, ri)o<i<q is a generic datum;
> p_; € TF is a character of depth O;

> ¢=H?':71 il -

Theorem (Kaletha)
Howe factorizations exist if p is good for G and p 1 |m1(Gger)|-



Subgroups attached to ¢

Fix a Howe factorization (A,, ¢_1) of ¢ with A = (G', ¢;, ri)o<i<d.

_ d .
> K¢ - GxOGx /2" Gx,rd,1/2’
d .
> H= G 0+Gx /20 Gx,rd,1/2’
+ _ d .
> K GXO-I-GX /24 ”Gx JFd—1/2+"

> Ty =T Th, - T ., where T'=Gj, . NT.



Subgroups attached to ¢

Fix a Howe factorization (A,, ¢_1) of ¢ with A = (G', ¢;, ri)o<i<d.

_ d .
> K¢ - GxOGx /2" Gx,rd,1/2’
d .
> H= G 0+Gx /20 Gx,rd,1/2’
+ _ d .
> K Gx ,0+ Gx /24 Gx,rd_1/2+'

> Ty =TO, T, -~ T _ where T =Gj NT.

rd—1
For B = TU define the lwahori type subgroups

Iy = (Ks NU)T(KS N U);
Il = (Ko N U)T4(KS N0),

where U is the opposite of U.



Variations of deep level constructions

Let Ky, be the image of K in G, and so on.

» Consider the following variety
Zyr ={g € Gig F(g) € FIJ ,},

on which GF x TF acts by left/right multiplication.
» Define the virtual G -module
RE (¢) = Hi(Zp,r, Qp)p = ind% H:(Z, Qoo

where Zf\ = Z; N Ky .



Variations of deep level constructions

Let Ky, be the image of K in G, and so on.

» Consider the following variety
Zyr ={g € Gig F(g) € FIJ ,},

on which GF x TF acts by left/right multiplication.
» Define the virtual G -module
RE (¢) = Hi(Zp,r, Qp)p = ind% H:(Z, Qoo

where Zf\ = Z; N Ky .

Remark
The module R%(QS) is independent of choice of BD T.



Geometric analogue of Weil-Heisenberg representation

Suppose L := G is standard w.r.t. B = TU, and hence Ly normalizes Hg N g,

Note that Ky, = Hy L, we put Z!, = Z4 . N Hy, and Z§ = Zy, N L,.
» The action

Hf, » L~ Zﬂr X Z;,, (h,1) : (x,y) — (hixI™%, Iy)

gives H(';r x LF-modules H(’;(Zgr,@g)¢ and Lf-modules Hé(Z$7r,@Z)¢;



Geometric analogue of Weil-Heisenberg representation

Suppose L := G is standard w.r.t. B = TU, and hence Ly normalizes Hg N g,

Note that Ky, = Hy L, we put Z!, = Z4 . N Hy, and Z§ = Zy, N L,.
» The action

H, @ L~ Z8 < Z o (B 1) 2 (x,y) = (hixI™Y, ly)
gives H(';r x LF-modules Hé(zgr,@g)¢ and Lf-modules Hé(Z$7r,@Z)¢;
> H(Z§, Qoo = ([0 @) @ HU(ZE0 Qo

> H(ZS, Q) © (TT%., ¢) descend to K, = Hj L7 -modules.



Geometric analogue of Weil-Heisenberg representation

Put ky = H:(Zgr,@g)qs ® (H;j:o ¢;) as a virtual Kq';r—module.
Theorem (N., Liu-N.)

We have the following properties:
> RTc(Z],, Q)¢ is nonzero at a single degree;

> try = /<;|K£ ® € for some character € of Lf,;
sr ’

> ifg>3¢e= 6|Lg with € the quadratic character of Lf by Fintzen-Kaletha-Spice.



Geometric analogue of Weil-Heisenberg representation

Put ky = H:(Zgr,@g)qs ® (H;j:o ¢;) as a virtual Kq';r—module.
Theorem (N., Liu-N.)

We have the following properties:
> RTc(Z],, Q)¢ is nonzero at a single degree;

> try = n|K£ ® € for some character € of Lf,;
sr ’

> ifg>3¢e= 6|Lg with e the quadratic character of Lf by Fintzen-Kaletha-Spice.

Remark
The results also hold in mod ¢ coefficient case.



Cohomology of Z*fr

Proposition (N., Ivanov-N.)

The map (x,y) — xy gives an equivariant Lg+:r—torsor
. 7H L K
foZy, X2, — 2y,
which induces an isomorphism of K' ,-modules
RT(Z,Q)p = RT(Zfl,Qu)p © RT (25,4, Q)

d
= (RFC(ZQ,,Qg)d, & H ¢),> & ch(Zé_?Oa@Z)d)fl

i=0
=~ :|:/<,¢ & ch(Z;Ov@E)fﬁ—l'



The coincidence

Proposition (Chan, N.)
Assume T is elliptic and ¢ € TF is of depth < r. Then

(RZ(6), RFZ (&) o = (RF(8), RT(6)) 67 = (RF(6), R (6)) -

In particular, R%(qﬁ) = fR%(@

Remark
When ¢ is generic and x is hyperspecial, the coincidence is proved Chen-Stasinski.



A decomposition result

Theorem (N.)

Assume T is elliptic. There is an irreducible decomposition

R%(d’) = :R%((ZS) lndKF K¢ & RLO Z mplndKF Kg @ p,

where ind K’F k¢ @ p are pairwise non-isomorphic irreducible rep'ns.

Corollary (Chan-Oi, N.)

Each irre. supercuspidal rep’'n of GF is a direct summand of
. .GF ; -
cind$, o, HL(Y,, Qg

for some elliptic T, ¢ and i.



Example: Kaletha's regular supercuspidal rep’'ns

Proposition (Chan-Oi, N.)
If T is elliptic and ¢ is regular in the sense of Kaletha, then

. F
T, = :I:c—lndgp cF, R%(qﬁ)

is an irreducible supercuspidal rep'n of GF.

Remark
Chan-Oi noticed that the map (T, ¢) — 71 4 coincides with the LLC for Kaletha's
regular supercuspidal rep’ns.



A concentration result

Theorem (lvanov-N.)
There exists B O T and m € Z such that

RTc(Yr,Q)p = RT(Z,r)p[m]-

In particular, if $_1 is non-singular for L = G°, the complex RT (Y;,Q), concentrates
at a single cohomological degree.



A concentration result

Theorem (lvanov-N.)
There exists B O T and m € Z such that

RT (Y, @)qﬁ = RTc(Zp,r)[m].

In particular, if $_1 is non-singular for L = G°, the complex RT (Y;,Q), concentrates
at a single cohomological degree.

Remark

It extends results of Boyarchenko-Weinstein and Chan-lvanov in the case of inner forms
of GL,,.



Alternative construction of Character sheaves

Let 6 € TF of depth r > 0.
> Consider G, = {(g, hly,,) € G, x G, /Iy h " gh € Iy, }.

» There are natural maps
f =~ =z —
Tr/T¢,r — Gr — Gra prTr(h lgh) — (g, hl¢,r) — g.
> define

Ind” : D7,(To/Ts,) = D6, (Gr),  F > mf*F[2dim G, /Iy, ]-



Alternative construction of Character sheaves

Let 6 € TF of depth r > 0.
> Consider G, = {(g, hly,,) € G, x G, /Iy h " gh € Iy, }.

» There are natural maps
f =~ =z —
Tr/T¢,r — Gr — Gra prTr(h lgh) — (g, hl¢,r) — g.
> define

Ind” : D7,(To/Ts,) = D6, (Gr),  F > mf*F[2dim G, /Iy, ]-

Remark
If ¢ is generic, this construction is first introduced by Lusztig.



Alternative parabolic induction /restriction functors

Let T C P = LN C G be parabolic subgroup. Take s = r/2 and define
Ps = L Ne.Ngy./.
Consider the natural correspondence of stacks
Ps.r/Ps.r
PN
L./L, G,/G;.
The induction /restriction functors are defined by

Indg = pioa*: D (L) — Dg,(G);
ReSP;r = Q, oﬁ! : Dg,(G;) — Dy, (L,).



t-exactness

Theorem (lvanov-N.-Yu)
The parabolic induction restricts to a t-exact equivalence

Indf = D} (L) = D¢ (G,),
whose inverse is Ly, ; % Resg; -

Remark
The proof follows the strategy of Bezrukavonikov-Chan.



Iterated formulation

Recall the Howe factorization (G', ¢_1)_1<i<q of ¢. Consider

Gi . . . )
Vi =Ly @eind,y " [dim Gl —dim G]: Dy (Gi71) = Gg; (G)).
-1 T e

Si—1:fi—1 !

Here G'~1 C P/ C G' is a parabolic subgroup and ¢; : Gri,- — G/ is the projection.

ri-1
Proposition (lvanov-N.-Yu)
We have
Indf” (£4[Ng]) = Wa o0 Wo(Ly., [dim To)).

Here Ny = dim To + % (dim G/ —dim G/ ).



Main results

Theorem (Ivanov-N.-Yu)
We have that
Idf" (£[Ng]) = jie(Terogt e Evregldim G])

vreg

is a semisimple perverse sheaf.

If ¢ is regular, then
_ dim G, pG/
Xlnd’iarr(bd’[lvd) = (=1)*" RT,(¢)-

Corollary

Indi’r(£¢[N¢]) coincides with the iterated construction of Bezrukavnikov-Chan using

Gl
the functors Indp' .
fi—1



Deep level Springer hypothesis

Let g = Lie(G) and ¢ : k — Q, an additive character of level 1.
> put g = 8x0/8x,+ and g*, =gx . /8x 0+
> let Ty : C((g*,)F) — C(gl) be the Fourier transform of functions

Ty(A(Y) = Y f(2W(Z,Y)).

Ze(g*,)F



Deep level Springer hypothesis

Let g = Lie(G) and ¢ : k — Q, an additive character of level 1.
> put g = 8x0/8x,+ and g*, =gx . /8x 0+
> let Ty : C((g*,)F) — C(gl) be the Fourier transform of functions

Ty(A(Y) = Y f(2W(Z,Y)).

Ze(g*,)F

Theorem (Chan-Oi, lvanov-N.-Yu)
Let ¢ € TF be of depth r. Then 3 a regular element X € (g*,)F such that

R (u) = g~ ™M Ty (167 x)(log(u)) for u & (Gr)unip-

Here My = Z?:Odim(G" /GI—h).

ri—1 ri—1



Further question

Suppose T C G is a tamely ramified, maximally unramified, elliptic maximal torus.
Theorem (Chan-Kaletha-Zhu, Ivanov-N.)

The construction of Zy , can be generalized by taking Lagrangian subspaces of Hy/ KJ.
Moreover,

“(7 T i G
HZ(Z,, Q) = :l:degr;@ ® R#g(ng_l)

Question
Is Ind,c;’rL¢[N¢] still a perverse sheaf?



Thanks!



