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Motivation

classical operadei Kostal duality .

I

[ Quillen : Moore] over Q1

q I
- connected

1 acommutative a alg .

} { connected }
Bar df lie alg

→ equivalence of homotopy categories .

[Ginzburg - kapranov] This reflects the kosznl duality
between the commutative operand Comm and the

lie operad lie 1 via a bar construction ) .

G- : Can we do this in spectra ?

[Lurie] : Any operad 0 in Spectra has a Kostal dual

operand Bar cl. 0 , 1)
.

Comm in> Fish ( 0 , $ ,
$ ,

- - - )

lie in ☒ Bar Ll , Eis , 1)
= ( 0 , 2 ± Lidl , Zuid ,

- -
- )

W

The spectral tie operad What is this ?



§ 1 . Goodwillie calculus

F : Top* → Top* a nice functor .

lpodniilie constructed a tower of fibration
f-

NYE

- . . → Put → Rn -it → - - → Pit → pitexitI t

hofib := Dit Dn-it Dit ← Goodwillie layers
whose inverse limit is I in good cases

.

In analogy to the Taylor expansion fun = If"¥ ,

1

Du Fox) ± ÑL8nF ④ X④" ) him
¥

" Fath
"

, ath Goodwillie derivative , a naive In- Spectrum .

e¥ .

I = id: Top-✗ → Top* .

[ Johnson , Arone- Mahowald] nth partition complex
t

Dncd) CX ) = Ñ ( Dfl n ) ④ -5 ✗ ④
" I win

Spanier - Whitehead dual .

So In Lid) = Dflln )



{ 2 .
Classical computations

[ AM] : ✗ = Si
,
i odd

.

Then Dniid ) ( Si ) = * if n is not a power of
some prime p

If a- pk , K > o ,
then Dpkcid ) (Si ) is p-primary torsion

.

They also computed the mod p homology . . tp .

Rink
.

To get similar results for even sphere ,

differentiate the EHP sequence .

[Atone- Dwyer , Mitchell- Priddy , Kuhn ,
etc]

D.pk ( Si ) ± c -2k
- i
Lukli ) is the stable

summand of the Thom complex ④ Mp)k)iF← reduced real

regular rep .

associated to the Steinberg idempotent
in the group ring of Glkc Hp ) .



§ 3. Back to the spectral lie Operad !

[ Ching .
Salvatore]

2*4d) = DI Esare 1. E. 1) as sym . sequences .

[ Ching] constructed explicit oooperad structure on

Bar 4. E. 1)
,
so 2* cid) is an operad .

Later on ,
drove conceptual ways to see this :

Throne- Ching , Furie ]
Chain tale : 2*42 G) = 2*7 ° 2-✗G..

2Nd,

[Furie] Operandi Kostal duality .

G-
.

Where is the
"

tie
"

?

L : algebra over SL : = 2* Lid .

Then thx CU has a shifed Lie bracket

[ . ] : flinch ④ Huh→ Amen-1cL)



[ Antolin - Camarena
.
Brantner] :

At the level of spectra , the shifted lie biteet
is already present i

☒ " ④ L④2→ $
"

④*In-2¥ 2did ) (F)uz
Slt

(Zuid) ④ 004hL
weight 2 structural map fr f

L

Here • guide $
"
with trivial E- action

• Freest4- ④ Jncid ) ⑨ L④ "
→ L

Hen

is the structural map .

• The Jacobi identity can also be checked at the

level of spectra .



§ 6 .

Other structures on ttxcli In ?

Motivation : For A an Ecs - alf , thx CA ) has a

product and Dyer - Lashof operations Qi .

[Behrens ] . Constructed Dyer - Lashof - like many
operations Ii on ttxcli Ttv ) for L c- Abyss
and computed relations .

or algebra of operations -12
.

^

• CAM] can be expressed as

Heel Dyes
"

D= Frailties" ) )

[flat01in - Camarena] Checked compatibility
'

of brackets

with Ei 's to get the target category of H*cL) and

computed the homology of Freefall .)
( Technique : Differentiate Hilton -Milnor to reduce ✗

a wedge of spheres to a single sphere .

)



§J
.

G- i Are spectral tie algebras Kostal dual
to Ths - algebras ?

No ! Kostal duality for algebras over operands
are subtle : For 0 any operad

0 i-5 Bar Clio , 1) Barolo , 1)
Cooperad

Bar D

Algo → CoAlfBarchan → At#Barclay ?

No - - .

e.f. trivial 0 - algebra A

A ↳ Bara . 0,1A )= Barolo . 1)A)

→
= ⑦ Banko , 1) Cn ) ④ A④ "

Divided power codflbra n hIn

① I[ Frames - Gaits gory] hen
Tl DBar 4,0 , 1) a) ④ ID A)

⑦"

n



[ Brantner- Mathew] : For 0 -

- Eñoperad in Modttttp
and A an 0 - alg ,

D Baru , 0 .A) is a spectral

partition lie algebra , i. e. an algebra over the
monad lie¥p ,

#as
-

t

preserves filtered Colin & geo .

realization

coconnective z{ complete ↳

My ⇒ { spectral partition LiederKD :

| Noetherian a- cats with degreewise f-into |Ths- Ttp- alg .

homotopy groups
↳ Moduli ftp.a-os

±→ Spectral partition lie algebras .

11

Alg lie"Ep .am .

This generalizes Lurie- Piidham to char 20
.

Rink
.

The algebra of operations on Cie¥pag algs are

Kostal dual to the Dyer - Lashof algebra .



§ 6
.

Chromatic Version

Ikuhnt Tate vanishing
Norm

G)hen → c- Tim is an equiv . in
-

Spam .

Hence spectral tie alg.
= spectral partition lie alg .

I Brantner] Additive operations on E- theory of spectral
tie algebras are compatible with the shifted brackets .

The algebra of these operations are kosznl dual to

Reek 's ring of additive operations on Ers - En - alg .

• Recall Bousfield - Kuhn functor -0L : 5¥" → Span ,
which admits a left adjoint 0 .

[ Eldred - tents- Mathew - Meier

E. Q is a monad ,
and there is an equiv .

SIN -7 Alftsoocsptcm )

-



Etents] Two = Freest
,
the monad associated to

SL in Spain . So fx
"

-7 I lfstcsptunil
• Generalities Quillen 's result

{ simply - connected

yrational pted spaces ☒

g
1. connected q

connected

www.adf/a } dgtiealga }


