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I what we've beendoing

Recall
G We reduced the cobordismhypothesisto an inductive

formulation that roughly says the Loo n l category
Bordin is obtainedfrom the Coo n 2 category Bordn y
byfreely adjoining an 0cm equivariant n morphism

4 0 Sn i

0
2 We used Norsetheory toprogressively add generators
and relations framed

Bordn y to F Bordnff
functions

Iforget
Bordn

Point The cobordismhypothesisfollowsfrom the two claims
last time

Claim 2 cobhypo framedfunctionversion C Symm Mon
Coo n category with deals Zo Bord n y C

Symm Mon functor There is an equivalence

I Hn
Z z s



Claim 2 Theforgetfulfunctor is an equivalence of
Coo nt categories

Today A cohomology1Obstructiontheoryapproachto
claim 2



2 The contractibilityof thespaceof framedfunctions

Observation Claim 2 isequivalent to the claim that

given
7 An Cn 2 manifold M

2 n il manifolds X and X and diffeomorphisms

DX I Met Ox

3 A cobordism B X X trivial along the common
boundary 14

Then the SpaceFunk B of framedfunctions on B
is contractible

Theorem IgUsa 1987 With B as above Funk B
is Ch 7 connected

Using a generalusing a lot ofgeometry1foliations h principle
in

Theorem Eliashberg Mishachev 2017 keepersafter Galatia
2017TheSpace Funk is contractible

Lurie's Method Igusa's result shows that

Bordft Bordin

is an equiv on homotopy Inti n categories Use
this a homologytheoryfor Coo N categories



Review of the Classical Case

Note For n 0 the input is an equivalence onfundamentalgroupoids

ClassicalTheorem Amorphism f X Y inSpc is an
equivalence iff
l f induces an equivalence on fundamental groupoids

2 For every integerm 30 and local system
A e T Ab

the inducedmap
m m

f H y A H X A

is an isomorphism

Motivation Overview of theproof

Recall Let nzo A Space X is n truncated if for
a XE X and i n we have ti lX x O

write SpcencSpc for the full Subcat Spannedby
the n truncated spaces

The inclusion Spen Spc admits a left adjoint
Zen Spc Spcen Moreover Zen preserves
products



Postnikov Convergence For anySpace Z

Z I im zenz Z Z Zeoz

Even better

Spc Is lim l Spcen Speen s

in Catcoo i
Point In the theorem we want to share that for every
space 2

f Map Y Z 4 Map X Z

Sl Sl

linnHapCY EnZ tinyMap X Zenz

we can reduce to the case 2 is n truncated

base h 1 is condition 7

induction want to use 2 to show that

HapCY Zen r Z 7 Map X een y Z

k
HapLY Zen Z heap X Zen 7

Observe By the LES of a fibration for each 2 c Z

fibz Zen 2 Zen n Z is a kCA z n

2 Az defines a local system A Zen2 Ab



Quick interlude on cohomology with localcoefficients

Usual Cohomology Y Space A abelian group
m
H T A to HapCY KLA m

Sections of
KCA n xY PI y

Ma
Pspcy

Y KLA M x Y

Variant If A ee Y Ab is a localsystem
there's a uniquemorphism KyCA m Y with fibs
kCAy m varying with y Ay

Fun LT Spc Spca
yes Klay m T KyCA m

Then

HmLY'sA 1 I toMapspe LT Ky Asm

Point To understand it MapCT Zenz choose
a basepoint g iY ZenZ and write

g Y 5
een 2 Zen y Z

We have LESS in homotopy



i i

r

tk MapCT Zenit g IT c Map X Zen.it gf
induction

v r

Hn Y g A Hn k x f g A2

It dMaplY Zenz g tidMaplX Zenz FfS lemma

TKCMapCY.zen.it g tk Map X ZenNZ gfinduct

v r

Anti KEY g A Hh KK f g AZ

v r
i i



3 ObstructiontheoryforCoo n categories

Notes
7 We'llexplain what we want of such atheory
No proofs

2 Ongoing work of

Yonatan Harpaz Joost Nuiten MatanPrasma
Chris Kapu kin Morgan

Opie

provides such atheory
What do we need
7 Then cations Postnikov convergence

2 Local systems
f
Coo n categories

3 Eilenberg MacLane Objects

Truncations

Recall Let me neo An Lm n Category is an Coo n

Category where all morphisms above level m are

trivial
E g cm o Category m truncated Space
Fact The inclusion Catemn Cat go n admits a

left adjoint



effin Cate n Catann
for n o this is n truncation

Informally

Obj define obj C
oo n 7

Mapc X TMapaimonic X Y Ze m i

Coo n 7 cat

Example By Igusa Effi Bordft s IIF't Bord n

Postnikov Convergence CT tim Zern C
M

Notreallyprecise
Complete Local Systems

Definition Define local systems on an Coo n category

inductively on n as follows

O For n O LOCCC FunCCAb FunGenC Ab

n For n 0 a local system on C consists of
a An assignment for all y C C a local

system
Axy

E Loc Mapelx y
Coo n 2 cat

Ib For each triplex y Z E C a compositionmorphism



Pri x y
x prz Aya C Ax z

t.composition
in Loc Mapelx y x teapdy Z

Associativity and unitality
Conditions

Example C O s 1

Abelian groups Ao o Ao n A not Ai since

Hap4,01 0
Actions Ao o X Aon Ao n

Aoy X Ai r Ao r

AOo XAo o Ao o

in A A
thegroup
addition

Eilenberg MacLaneObjects31Cohomology

Definition Let C be an co n category and A a

local system on C Define Loo n categories
ofAKd A m C M z n

inductively on n as follows Eilenberg MacLane

O n 0 Kc A m from before Space over C



h n 0 Obj KcCA m ObjCC

Hap kda mgk8 kµapµ.lyAx y m 7

composition inducedby the mapsmay z

iso classes ofHMG A Sections of
8A KcCAm C

9there's a natural O section C KcCA m
and Matt AXA Amakingthis an abelian group

variant If C is symmetric monoidal we can

consider muliplicative localsystems A on C

KcLA m inherits a naturalSymm Mon Structure

is0 Classes oftime fog EEE of

The forgetfulmap Hm C A HmCC A is not

generally an isomorphism



when n o this is a variantof the
for maps ofEcomonoids

classicalTheorem

Toposition Let fi D D be aSymM monoidal functor
betweensymm mon Coo ni categories Then f is an

equivalence iff
l Zen n f Zen D Zen r LD l is an equivalence
of Ch ti n Categories

2 Foreverymultiplicative localsystem A 0h D and M Z O

ft H D A HI D f A

is an isomorphism

What we want Toprove the cobordism hypothesis we

need to see that for all multiplicative localSystems A
on Bord n

Hz Bord n BordNH A O

Relative cohomology
fits into usual LES

We have a LES

It Bordn Bordft A Hf Bordn Bordn n Al

om

Hf Bordft Bordn n j f A Hf Bordn Bordft A
f Bordft Fordn



HI Bord n Bordft A O Om is an isomorphism
for all mfor all m

Bythe cobordismhypothesis forframedfunctions
sections of

HQ Bordft Bordn if A KBIndaitt BEEF

in KBordNH f A M

For each xcBO n and we canevaluate the localsystem
A CLoc Bordn On the h morphism y 0 Sn 1 in Bord n
to obtain an abelian group LA componentofDn Sn 1

at x cBoth

the assignment X LA defines a localsystemLA on130Cn

Sending a section S Bordnft KBoroff f A m to thesection

Both K Boen tha M n

SlMx

defines anisomorphism



Hf Bordnt Bordn n f A Is Hm n Both La

Sothecobordismhypothesis is equivalent to

Claim 3 cobordismhypothesis infinitesimal version For

all m the canonical map
HQ Bord n Bordn A Hm n Both La

is an isomorphism

Example If A is constant then

Hf Bordn Bordn i's A Hm 1Bordnl lBordn i 1 A
9

classifying
space

3gthe Galatices Madsen Tillman n Weiss Theorem

lBordKl Do 2k MTO K

Madsen Tillman
spectrum

he Galatius Madsen Tillman Weiss fiber sequence

In MTO h l In MTO n If 130cm

implies claim 3 in this case


