
 

N FOLDCOMPLETESEGAL SPACES

1 COMPLETE SEGAL SPACES

Recall Fully faith nerve functor
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Essential imageofN Coe See Simplicialsets X s t
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SEGAL CONDITION

An x categegony are a generalisation of categories from set theory
to homotopytheory

sets me homotopytypes a.k.a spaces vulg
identities isomorphisms rn connecting paths homotopy equivalences

Blackbox The modelcategory of topological spacespresents the
homotopy theory of spaces



Recall A square W Y
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I p E of continuousmaps of topological
spaces is a homotopy pullback if the canonical map
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is a weak equivalence

Replacing set with topological space and pullback

with homotopypullback we obtain

DEFINITION A simplicial topological space X M Top
is a Segal space if
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Given a Segal space X then tf x x cXo we thinkof

Xh x xi or f g't x Is d f dof Ti x 3

as the horn space of x x

We can construct a homotopy category Obj Underlying set of Xc
Mor to Xtxx'I V x X eXo

EXAMPLE Any homotopically constant simplicial topological space is a

Segal space

In thisway we may identify thehomotopy theory of spaces as a subtheory

of Segal spaces
const

Top SeaCae E Hom 9 Top

EXAMPLE Any category is a Segal space

Newphenomenon X Segal space x x'cXomaybe equivalent
in two differentways

x x ane isomorphic 7CTf o't e Xh x x1 which becomes

isomorphism in homotopy category

x x in some path component of Xo
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2 no degeneracymaps
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DEFINITION A Segal space X is complete if tf x x'c Xo

Path x xy Xhc a
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is a weak equivalence



NOTATION V h I I eke h L k i 23 Eh O m k l I k

Let X be a Segal space then X E X subspace consisting of
c e Xn i thn C inv V h I I eke h

PROPOSITION

1 Let X be a Segal space then

tfx x'c Xo ftp.f.gyexhlx.x J f y inv c contdf f contd.gl inv

ul X complete iff Xin homotopy constant

Motivation

Classical Reek Hom 9 Top admits a model

structure where fibrantobjects are ReedfibrantSegal spaces

Forcing fully faithful essentially surjectivefuneton to be

w e produces new model structure wherefibrant objects

are the completeSegal spaces

Modem N o should be an equivalence

But the bordism example shows that we don't necessarily want
to complete See Ayala Francis for modernperspective



2 Category objects

DEFINITION A category object in a category C is

a simplicial diagram C satisfying the Segal condition

EXAMPLE

I A categoryabject in See is a category

2 A categoryobject in Top is a topological category 2

3 A categoryobject in Cat is a doublecategory

Observethat Sea is canonically a full subcategory of both
Top and CAT

A topologically enriched category X is the same as a topological

category X s t Xo c See
A z category X is the same as a double category
s t Xo CSET



3 n foldComplete Segal Spaces

3.1 Inductive definition

n o A o fold complete Segal space is a topological space

n e A 1 fold complete Segal space is a complete Segal space

Analogy A Segalobject in See is a category



const
n e Recall Top CSS E Hom 9 Top

A 2 fold complete Segal space is a simplicial object

op CSS

such that
a X satisfies Segal condition

homotopy pullback competed bendwise

b Xo homotopically constant

c X o complete

Idea Extract underlying Segal spaceof X
inv

n i s Xu

n 2 And so on



3.2 Not so inductive definition

n o A o fold complete Segal space is a topological space

n e A 1 fold complete Segal space is a complete Segal space

he 2 A n fold complete Segal space is a functor Mx x P Top

a V I E i en t k ki i kit kaZo

Xtc ki kit i ikn
is a Segal space

b V I e i en K k ki Z O

Xk kie o oo

is homotopicallyconstant

c V I E i en t k ki Z O

X k ki coO O

is a completeSegal space


