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1 'THE STATEMENT

The main theorem of the Freed—Hopkins paper Chern—Weil forms and abstract
homotopy theory is that Chern—Weil forms are the only natural way to get a differential
form from a principal G-bundle.

Theorems along these lines are of interest historically. It is an important ingredient
in the heat kernel proof of the Atiyah—Singer index theorem. Essentially, the idea
of the proof is to use the heat equation to show that there is some formula for
the index of a vector bundle in terms of the derivatives of the metric, and then by
invariant theory, this must be given by the Chern—Weil forms we know and love.
One then computes this for sufficiently many examples to figure out exactly which
characteristic class it is, as Hirzebruch originally did for his signature formula.

To state the theorem, we work in the category Shv(Man,S). For the pur-
poses of this theorem, it actually suffices to work with sheaves of groupoids, i.e.
Shv(Man, 7<1S). This only requires 2-category theory instead of co-category theory.
However, working with oco-categories presents no additional difficulty, and is what
we shall do.

We now introduce the main characters of the story.

Example 1. Any M € Man defines a representable (discrete) sheaf, which we denote
by M again.

Example 2. Any sheaf of sets on Man is in particular sheaf of (discrete) spaces.
Thus, for p > 0, we have a discrete sheaf

QP € Shv(Man, S).

This is in fact a sheaf of vector spaces, and moreover, there are linear natural
transformations d : QP — QP! Thus, we get a sheaf of chain complexes Q°, and

[M,Q°] = Q*(M).



In general, for any sheaf F, we can think of Q°*(F) = [F, Q°] as the de Rham complex
of F.

From now on, fix G a Lie group.

Example 3. For M € Man, define ByG(M) to be the groupoid of principal G-
bundles on M with connection and isomorphisms, which we think of as a 1-truncated
space. This defines By G € Shv(Man, S).

The main theorem is

Theorem 4. The Chern—Weil homomorphism induces an isomorphism
(Sym® g")“ = Q*(BvG).

To prove the theorem, we consider the universal principal G-bundle FyG — By G.
The point is that EvG admits a much more explicit description, and then we use
ByG = EvyG//G to understand By G itself.

EvG can be described explicitly as follows:

Example 5. Define EyG(M) to be the groupoid of trivialized G-bundles on M
with connection. Equivalently, this is the groupoid of connections on the trivial
G-bundle M x G — G. So EvG = Q! @ g.

There is then a natural map EyG(M) — ByG(M), which one can easily check is
the universal principal G-bundle. Our next claim is that ByG(M) = EvG(M)//G,
which is clear once we know what the latter is.

Definition 6. Let F € Shv(Man,S), and let a : G x F — F be an action by G.
Explicitly, for each M € Man, there is a group action

Homman (M, G) x F(M) — F(M)

where Hompma, (M, G) is given the pointwise group structure. We can then define the
action groupoid
(F//G)e = G** x F € Shv(Man, S)2™.

The homotopy quotient of F by G is then
FI1G = [(F//G)el-

Note that this geometric realization is taken in the category Shv(Man, S). To compute
this, one takes the geometric realization in the category of presheaves, then sheafify.

We then see that ByG = EyG//G. Explicitly, the action of the gauge group can
be described as follows — given g : M — G and a € EyG(M) = Q'(M;g), we have

g-a=g"0+Ad,1 .



Remark 7. Formally, to prove that ByG = EyG//G, we first form the quotient
of EvG by G in the category of presheaves. Since Ev G is discrete, this is given by
(the nerve of ) the action groupoid of the G-action on FyG. This gives the presheaf
of trivial principal G-bundles. To show that the sheafification is By G, observe that
there is a natural map from this presheaf to By G, and it is an equivalence on stalks
since all principal G-bundles on contractible spaces are trivial. So it induces an
isomorphism after sheafification.

Our proof then naturally breaks into two steps. First, we compute Q°*(EvG),
and then we need to know how to compute Q°*(F//G) from Q*(F) for any discrete
sheaf F.

We first do the second part.

Lemma 8. Let F € Shv(Man,S) be a discrete sheaf with a G-action o : G x F — F.
Then Q°*(F//G) is the subcomplex of Q°*(F) consisting of the w such that

(1) a*wl{gyxF =w for all g € G; and
(2) tew =0 for all € € g.

The first condition says w should be G-invariant, and the second condition says
w is suitably “horizontal”.

Remark 9. Let us explain what we mean by t¢w. In general, for M a manifold and X
is a vector field on M, we can define tx : QP (M x N) — QP~1(M x N) for all manifolds
N. Then by left Kan extension, this induces a map tx : QP (M x F) — QP~1(M x F)
for all 7 € Shv(Man, S).

Now if F has a G-action and ¢ € g, then ¢ induces an invariant vector field on
G, which we also call £&. We then define ¢ : QP(F) — QP~1(F) by the following
composition

OP(F) = QP(G x F) — QP 1(G x F) —— @~1({e} x F) = Q~1(F),
where the last map is induced by the inclusion.
This gives us a very explicit method to compute the natural transformation ¢¢w

for w € QP(F) and £ € g. Given a test manifold M and ¢ € F(M), which we think
of as a natural transformation ¢ : M — F, we form the composiite

GxM 28 G F -2y F—“,qp
This defines a differential form n € QP(G x M). Then we have

(tew)nr (@) = tenl ey



Proof. We have
W(F//G) = Q([(F//G)el) = Tot(QP((F//G)e))-

Since (F//G)e is a simplicial discrete sheaf, its totalization can be computed by
OP(F//G) = ker ( P (F) 2% r (G x F) ) :

where pr : G x F — F is the projection.

To prove the lemma, we have to show that pr*w = a*w iff the conditions in
the lemma are satisfied. This follows from the more general claim below with
n=a*w — priw.

Claim. Let M be a manifold and F a sheaf. Then n € QP (M x F) is zero iff
(1) nl{eyxr =0 for all z € M
(2) txn =0 for any vector field X on M.

The conditions (1) and (1’) match up exactly. Unwrapping the definition of ¢¢
and noting that ¢xpr*w = 0 always, the only difference between (2) and (2’) is that
in (2), we only test on invariant vector fields on G, instead of all vector fields, and
we only check the result is zero after restricting to a fiber {e} x F. The former is
not an issue because the condition C'*°(G)-linear and the invariant vector fields span
as a C°°(G)-module. The latter also doesn’t matter because we have assumed that
a*w is invariant.

To prove the claim, if F were a manifold, this is automatic, since the first condition
says n vanishes on vectors in the IV direction while the second says it vanishes on
vectors in the M direction.

If F were an arbitrary sheaf, we know 7 is zero when pulled back along any map
(1x¢): M xN— M xF where N is a manifold, by naturality of the conditions.
But since M x F is a colimit of such maps, 7 must already be zero on M x F. [

Now it remains to describe Q*(EyG) = Q°(Q! @ g). More generally, for any
vector space V, we can calculate Q°(2! ® V). We first state the result in the special
case where V = R.

Theorem 10.
QP (QY) =R for all p > 0.

For p=2q, it sends w to (dw)?. For p=2q+1, it sends w to w A (dw)?.

The general case is no harder to prove, and the result is described in terms of
the Koszul complex.



Definition 11. Let V be a vector space. The Koszul complex Kos® V is a differential
graded algebra whose underlying algebra is

Kos*V = A\*V ® Sym*® V.

For v € V| we write v for the corresponding element in /\lV, and o for the cor-
responding element in Sym' V. We set [v| = 1 and |§| = 2. The differential is
then

d(v) =9, d(©)=0.

Theorem 12. For any vector space V, we have an isomorphism of differential
graded algebras
n:Kos* V* 5 Q*(Q @ V).

In particular,
Q*(EvyG) = Kos® g*.

Explicitly, for € V* = N'V*, the element n(¢) € Q1(Q @ V) is defined by
n(0)(a®@v) = (v,0) o

for oo € QY and v € V.. This is then estended to a map of differential graded algebras.
In other words, the theorem says every natural transformation

war QM V) — QP (M)
is (uniquely) a linear combination of transformations of the form

Zai@UiHZMI,J(Uilv"'7Uik’vj17"‘71)je)ai1 /\"'/\Oéik /\dajl /\"‘/\d()éj[
1,J

where My, j is anti-symmetric in the first k variables and symmetric in the last £.
Using this, we conclude
Theorem 13. The Chern—Weil homomorphism gives an isomorphism
(Sym* g")% = Q*(BvG),
and the differential on Q*(Bv Q) is zero.
Note that this Sym® g* is different from that appearing in the Koszul complex.

Proof. We apply the criteria in Lemma 8. The first condition is the G-invariance
condition, and translates to the (---)“ part of the statement. So we have to check
that the forms satisfying the second condition are isomorphic to Sym® g*.



To do so, we have to compute the action of ¢¢ on EyG following the recipe in
Remark 9. Fix w € QP(EyG) and € € g.

Let ¢ : M — EyG be a trivial principal G-bundle with connection A € Q*(M;g).
The induced principal G-bundle on G x M under the action then has connection
¢ + Ad,-1 A. So by definition,

(tew)nr(A) = ve (W(Q + Adg— A)) ’{e}xM :

To compute the action on Kos® g*, it suffices to compute it on /\19* and Sym' g*.
1. If A e g* = \'g*, then A(A) = (4, )), and
Le 0+ Adg—l AN = <L§9 + Le Adga AN,

We know 1¢0 = £, and 1¢ Ad;—1 A = 0 since Ad,-1 A vanishes on all vectors in
the G direction. So we know

e = (&N € N'g".
2. Next, A(4) = (dA, \). We compute

Le <d(9 + Adg—l A), /\> |{e}><]%

1
= [,5 <2[976] + Addg—l /\A + Adgfl dA7 A>

{e}xM
= (— Ade A, \) = (A, — AL ).

So .
eh=—Adixe \'g”.

First observe that in /\*g*, the only elements killed by t¢ are those in /\Og* =~ R.
To take care of the Sym part, set

1
Q= A+ S AL

Since A(4) = (dA, \), we see that Qx(A4) = (4, \), where Q4 is the curvature, and
one calculates ¢¢£2y = 0. By a change of basis, we can identify

Kos® g* = A\®g* ® Sym®(Q, : \ € g*),
and ¢¢ vanishes on the second factor entirely. So we are done. O

More generally, the same proof shows that



Theorem 14. If M is a smooth manifold, the de Rham complex of M x (2 @ V)
is Q(M;KosV*)* (the total complex of Q°(M;Kos® V*)).

In particular, if M has a G-action, then M x EvG//G is exactly the Cartan
model for equivariant de Rham cohomology.

This would follow immediately if we had a result that says Q*(M x F) =
Q*(M)®Q°(F), and since Q°*(Ey(G) is finite dimensional, the completed tensor
product is the usual tensor product.

2 THE PROOF

We now prove of Theorem 12. The p = 0 case is trivial, so assume p > 0.
Recall that we have to show that any natural transformation

war : QHM; V) — QP(M)
is (uniquely) a linear combination of transformations of the form

Zai@)vi»—>ZMLJ(vil,...,vik,vjl,...,vjz)ail ARERWANe7H /\dOéj1 /\-“/\dOzje.
I,J

The uniqueness part is easy to see since we can extract My ; by evaluating wps (o)
for M of dimension large enough. So we have to show every wy; is of this form.

The idea of the proof is to first use naturality to show that for x € M, the form
wys (@), depends only on the N-jet of o at x for some large but finite number N (of
course, a posterioriy N = 1 suffices). Once we know this, the problem is reduced to
one of finite dimensional linear algebra and invariant theory.

Lemma 15. Forw € QP(Q' @ V) and o € Q1 (M; V), the value of wys(a) at x € M
depends only on the N-jet of o at p for some N. In fact, N = p suffices.

We elect to introduce the constant N, despite it being equal to p, because the
precise value does not matter.

Proof. Suppose a and o have identical p-jets at x. Then there are functions
fos fi,- .., [, vanishing at p and 8 € Q'(M; V) such that

o =a+ fofi fpB.

The first step is to replace the f; with more easily understood coordinate functions.
Consider the maps

T X (foseeesfp)
e,

M MxRetl P oap



Let &, B be the pullbacks of the corresponding forms under pr;, and ¢, ...,%, the
standard coordinates on RP™!. Then a, fofi - - - f,3 are the pullbacks of &, oty - - ~tp5
under the first map.

So it suffices to show that wy;ygre+1 (&) and wyyyre+1 (& + toty - - - th) agree as
p-forms at (z,0).

The point now is that by multilinearity of a p-form, it suffices to evaluate these
p-forms on p-tuples of standard basis basis vectors (after choosing a chart for M),
and there is at least one ¢ for which the J;, is not in the list. So by naturality we
can perform this evaluation in the submanifold defined by ¢; = 0, in which these two
p-forms agree. O

By naturality, we may assume M = W is a vector space and x is the origin. The
value of wy () at the origin is given by a map

Ow  JNW, W V) = NPWH,

where JN(W;W* ® V) is the space of N-jets of elements of Q!(W;V). This is a
finite dimensional vector space, given explicitly by

N
INW W@ V) =@ Sym’ Wre W e V.
j=0

Under this decomposition, the 5 piece captures the j*" derivatives of a. Throughout
the proof, we view Sym? W* as a quotient of (W*)®3 hence every function on
Sym? W* is in particular a function on (W*)®7,

At this point, everything else follows from the fact that @y is functorial in W,
and in particular GL(W)-invariant.

Lemma 16. wy is a polynomial function.

This lemma is true in much greater generality — it holds for any set-theoretic
natural transformation between “polynomial functors” Vec — Vec. Here a set-
theoretic natural transformation is a natural transformations of the underlying set-
valued functors. This is a polynomial version of the fact that a natural transformation
between additive functors is necessarily additive, because being additive is a property
and not a structure.

Proof. Write

N
F(W) =@syw’ W aW* oV, GW)=A"W.
=0
We think of these as a functor Vec — Vec (with V fixed). The point is that for

f € Homyec (W, W’), the functions F(f), G(f) are polynomial in f. This together
with naturality will force @y, to be polynomial as well.



To show that & is polynomial, we have to show that if vy,...,v, € F(W), then
ow (O~ Aiv;) is a polynomial function in Ay,...,A,. Without loss of generality, we
may assume each v; lives in the (j; — 1)th summand (so that the summand has j;
tensor powers of W*). _

Fix a number j such that j; | j for all i. We first show that @w (3 X v;) is a
polynomial function in the \;’s.

Let f: W®" — W” be the map that multiplies by /\f/]i on the ith factor, and
¥ WO — W be the sum map. Consider the commutative diagram

Faven) 2 pwen) 22 pw)
e
aweny 29 gweny C9 qor)

Let 0; € F(W®™) be the image of v; under the inclusion of the ith summand.
Then x = ) 0; gets sent along the top row to > A v;. On the other hand, Gyaen ()
is some element in G(W®"), and whatever it might be, the image along the bottom
row gives a polynomial function in the \] / i hence in the );. So we are done.
We now know that for any finite set vy, ..., v,, we can write

wMor 4 M) = D ardft AT

T1y-3Tm

We claim each 7; is a multiple of j (if the corresponding ag is non-zero). Indeed, if we
set \; = (u! — z/f)l/ 7, then the result must be a polynomial in the u; and v; as well,
since it is of the form Oy (3 plvi — vlvy). But S ag(ul — v))™/7 - (ud, — vi)n/i
is polynomial in p;, v; if and only if j | ;.

Now by taking jth roots, we know ww (> A\;v;) is polynomial in the A; when
A; > 0. That is, it is polynomial when restricted to the cone spanned by the v;’s
But since the v;’s are arbitrary, this implies it is polynomial everywhere. O

Lemma 17. Any non-zero GL(W)-invariant linear map @™ W* — A’W* has
M = p and is a multiple of the anti-symmetrization map. In particular, any such
map s anti-symmetric.

Proof. For convenience of notation, replace W* with W. Since the map is in particular
invariant under R* C GL(W), we must have M = p. By Schur’s lemma, the second
part of the lemma is equivalent to claiming that if we decompose WP as a direct
sum of irreducible GL(W) representations, then A\’W appears exactly once. In fact,
we know the complete decomposition of W®? by Schur-Weyl duality.

Let {Vx} be the set of irreducible representations of S,. Then as an S, x GL(W)-
representation, we have

WeP = @ Vi @ Wy,
A



where Wy = Homgp(VA, W®p) is either zero or irreducible, and are distinct for
different X\. Under this decomposition, A\"W corresponds to the sign representation
of Sp. O

So we know @y is a polynomial in j Sym’ W*®@W*®V, and is anti-symmetric
in the W*. So the only terms that can contribute are when j = 0 or j = 1. In
the j = 1 case, it has to factor through /\ZW* ® V. So @w is polynomial in
(W*@ V)@ (A\°W*® V). This exactly says wy () is given by wedging together a
and da (and pairing with elements of V*).
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